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List of topics

• Numerical methods: how to compute square roots

• Symbolic computation

• Basics of Mathematica

• The Euclidean algorithm

• Euclidean division



How to compute square roots: the Newton-
Raphson algorithm

Problem: find a numerical solution of the (nonlinear) equation

starting from the initial guess       . The true solution is close to 
the starting value, i.e.,

Then  

f(x) = 0
<latexit sha1_base64="gLjDS0KDm1sdqzbrUvnxxbq004U=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBPUgFL14rODaQruUbJptQ7PZNcmKZemf8OJBxau/x5v/xrTdg7Y+GHi8N8PMvCARXBvH+UaFpeWV1bXiemljc2t7p7y7d6/jVFHm0VjEqhUQzQSXzDPcCNZKFCNRIFgzGF5P/OYjU5rH8s6MEuZHpC95yCkxVmqF1adjfImdbrni1Jwp8CJxc1KBHI1u+avTi2kaMWmoIFq3XScxfkaU4VSwcamTapYQOiR91rZUkohpP5veO8ZHVunhMFa2pMFT9fdERiKtR1FgOyNiBnrem4j/ee3UhOd+xmWSGibpbFGYCmxiPHke97hi1IiRJYQqbm/FdEAUocZGVLIhuPMvLxLvpHZRc29PK/WrPI0iHMAhVMGFM6jDDTTAAwoCnuEV3tADekHv6GPWWkD5zD78Afr8AXkHjno=</latexit><latexit sha1_base64="gLjDS0KDm1sdqzbrUvnxxbq004U=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBPUgFL14rODaQruUbJptQ7PZNcmKZemf8OJBxau/x5v/xrTdg7Y+GHi8N8PMvCARXBvH+UaFpeWV1bXiemljc2t7p7y7d6/jVFHm0VjEqhUQzQSXzDPcCNZKFCNRIFgzGF5P/OYjU5rH8s6MEuZHpC95yCkxVmqF1adjfImdbrni1Jwp8CJxc1KBHI1u+avTi2kaMWmoIFq3XScxfkaU4VSwcamTapYQOiR91rZUkohpP5veO8ZHVunhMFa2pMFT9fdERiKtR1FgOyNiBnrem4j/ee3UhOd+xmWSGibpbFGYCmxiPHke97hi1IiRJYQqbm/FdEAUocZGVLIhuPMvLxLvpHZRc29PK/WrPI0iHMAhVMGFM6jDDTTAAwoCnuEV3tADekHv6GPWWkD5zD78Afr8AXkHjno=</latexit><latexit sha1_base64="gLjDS0KDm1sdqzbrUvnxxbq004U=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBPUgFL14rODaQruUbJptQ7PZNcmKZemf8OJBxau/x5v/xrTdg7Y+GHi8N8PMvCARXBvH+UaFpeWV1bXiemljc2t7p7y7d6/jVFHm0VjEqhUQzQSXzDPcCNZKFCNRIFgzGF5P/OYjU5rH8s6MEuZHpC95yCkxVmqF1adjfImdbrni1Jwp8CJxc1KBHI1u+avTi2kaMWmoIFq3XScxfkaU4VSwcamTapYQOiR91rZUkohpP5veO8ZHVunhMFa2pMFT9fdERiKtR1FgOyNiBnrem4j/ee3UhOd+xmWSGibpbFGYCmxiPHke97hi1IiRJYQqbm/FdEAUocZGVLIhuPMvLxLvpHZRc29PK/WrPI0iHMAhVMGFM6jDDTTAAwoCnuEV3tADekHv6GPWWkD5zD78Afr8AXkHjno=</latexit><latexit sha1_base64="gLjDS0KDm1sdqzbrUvnxxbq004U=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXBPUgFL14rODaQruUbJptQ7PZNcmKZemf8OJBxau/x5v/xrTdg7Y+GHi8N8PMvCARXBvH+UaFpeWV1bXiemljc2t7p7y7d6/jVFHm0VjEqhUQzQSXzDPcCNZKFCNRIFgzGF5P/OYjU5rH8s6MEuZHpC95yCkxVmqF1adjfImdbrni1Jwp8CJxc1KBHI1u+avTi2kaMWmoIFq3XScxfkaU4VSwcamTapYQOiR91rZUkohpP5veO8ZHVunhMFa2pMFT9fdERiKtR1FgOyNiBnrem4j/ee3UhOd+xmWSGibpbFGYCmxiPHke97hi1IiRJYQqbm/FdEAUocZGVLIhuPMvLxLvpHZRc29PK/WrPI0iHMAhVMGFM6jDDTTAAwoCnuEV3tADekHv6GPWWkD5zD78Afr8AXkHjno=</latexit>

x0
<latexit sha1_base64="jldm1rfRUUBM06Q0FJSbYRytmIw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T123W6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHfyjXM=</latexit><latexit sha1_base64="jldm1rfRUUBM06Q0FJSbYRytmIw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T123W6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHfyjXM=</latexit><latexit sha1_base64="jldm1rfRUUBM06Q0FJSbYRytmIw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T123W6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHfyjXM=</latexit><latexit sha1_base64="jldm1rfRUUBM06Q0FJSbYRytmIw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpF262YTdjVhCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vYfdJIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zEZXmibw3oxSDmPYljzijxkp3T123W6m6NXcKski8glShQKNb+er0EpbFKA0TVOu256YmyKkynAkclzuZxpSyIe1j21JJY9RBPj11TI6t0iNRomxJQ6bq74mcxlqP4tB2xtQM9Lw3Ef/z2pmJLoKcyzQzKNlsUZQJYhIy+Zv0uEJmxMgSyhS3txI2oIoyY9Mp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c4Tz4rw7H7PWJaeYOYA/cD5/AHfyjXM=</latexit>

xs = x0 + �x
<latexit sha1_base64="TWxRDfO/KZdyN17XlaD3wOdj9Xg=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCIJREBHUhFN24rGBsoQ1hMrlph04ezEykNRR/xY0LFbd+iDv/xmmbhbYeuHDmnHuZe4+fciaVZX0bpYXFpeWV8mplbX1jc8vc3rmXSSYoODThiWj5RAJnMTiKKQ6tVACJfA5Nv3899psPICRL4js1TMGNSDdmIaNEackz9waexJd44Fn4GHcC4Iroh1m1atYEeJ7YBamiAg3P/OoECc0iiBXlRMq2baXKzYlQjHIYVTqZhJTQPulCW9OYRCDdfLL9CB9qJcBhInTFCk/U3xM5iaQcRr7ujIjqyVlvLP7ntTMVnrs5i9NMQUynH4UZxyrB4yhwwARQxYeaECqY3hXTHhGEKh1YRYdgz548T5yT2kXNvj2t1q+KNMpoHx2gI2SjM1RHN6iBHETRI3pGr+jNeDJejHfjY9paMoqZXfQHxucPdR6Tfg==</latexit><latexit sha1_base64="TWxRDfO/KZdyN17XlaD3wOdj9Xg=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCIJREBHUhFN24rGBsoQ1hMrlph04ezEykNRR/xY0LFbd+iDv/xmmbhbYeuHDmnHuZe4+fciaVZX0bpYXFpeWV8mplbX1jc8vc3rmXSSYoODThiWj5RAJnMTiKKQ6tVACJfA5Nv3899psPICRL4js1TMGNSDdmIaNEackz9waexJd44Fn4GHcC4Iroh1m1atYEeJ7YBamiAg3P/OoECc0iiBXlRMq2baXKzYlQjHIYVTqZhJTQPulCW9OYRCDdfLL9CB9qJcBhInTFCk/U3xM5iaQcRr7ujIjqyVlvLP7ntTMVnrs5i9NMQUynH4UZxyrB4yhwwARQxYeaECqY3hXTHhGEKh1YRYdgz548T5yT2kXNvj2t1q+KNMpoHx2gI2SjM1RHN6iBHETRI3pGr+jNeDJejHfjY9paMoqZXfQHxucPdR6Tfg==</latexit><latexit sha1_base64="TWxRDfO/KZdyN17XlaD3wOdj9Xg=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCIJREBHUhFN24rGBsoQ1hMrlph04ezEykNRR/xY0LFbd+iDv/xmmbhbYeuHDmnHuZe4+fciaVZX0bpYXFpeWV8mplbX1jc8vc3rmXSSYoODThiWj5RAJnMTiKKQ6tVACJfA5Nv3899psPICRL4js1TMGNSDdmIaNEackz9waexJd44Fn4GHcC4Iroh1m1atYEeJ7YBamiAg3P/OoECc0iiBXlRMq2baXKzYlQjHIYVTqZhJTQPulCW9OYRCDdfLL9CB9qJcBhInTFCk/U3xM5iaQcRr7ujIjqyVlvLP7ntTMVnrs5i9NMQUynH4UZxyrB4yhwwARQxYeaECqY3hXTHhGEKh1YRYdgz548T5yT2kXNvj2t1q+KNMpoHx2gI2SjM1RHN6iBHETRI3pGr+jNeDJejHfjY9paMoqZXfQHxucPdR6Tfg==</latexit><latexit sha1_base64="TWxRDfO/KZdyN17XlaD3wOdj9Xg=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCIJREBHUhFN24rGBsoQ1hMrlph04ezEykNRR/xY0LFbd+iDv/xmmbhbYeuHDmnHuZe4+fciaVZX0bpYXFpeWV8mplbX1jc8vc3rmXSSYoODThiWj5RAJnMTiKKQ6tVACJfA5Nv3899psPICRL4js1TMGNSDdmIaNEackz9waexJd44Fn4GHcC4Iroh1m1atYEeJ7YBamiAg3P/OoECc0iiBXlRMq2baXKzYlQjHIYVTqZhJTQPulCW9OYRCDdfLL9CB9qJcBhInTFCk/U3xM5iaQcRr7ujIjqyVlvLP7ntTMVnrs5i9NMQUynH4UZxyrB4yhwwARQxYeaECqY3hXTHhGEKh1YRYdgz548T5yT2kXNvj2t1q+KNMpoHx2gI2SjM1RHN6iBHETRI3pGr+jNeDJejHfjY9paMoqZXfQHxucPdR6Tfg==</latexit>

0 = f(x0 + �x) ⇡ f(x0) + f 0(x0)�x
<latexit sha1_base64="5lJjbavrrG3wMNIZLQ0rKEQt8xA=">AAACHXicbVDLSsNAFJ34rPUVdelmsIgtQklEURdC0Y3LCsYWmhAmk0k7dPJgZiItoV/ixl9x40LFhRvxb5ymEbT1wMDhnHO5c4+XMCqkYXxpc/MLi0vLpZXy6tr6xqa+tX0n4pRjYuGYxbztIUEYjYglqWSknXCCQo+Rlte/Gvute8IFjaNbOUyIE6JuRAOKkVSSq58YF0F14BrwENo+YRLBQQ3aKEl4PIC5U1NWcJCznwR09YpRN3LAWWIWpAIKNF39w/ZjnIYkkpghITqmkUgnQ1xSzMiobKeCJAj3UZd0FI1QSIST5eeN4L5SfBjEXL1Iwlz9PZGhUIhh6KlkiGRPTHtj8T+vk8rgzMlolKSSRHiyKEgZlDEcdwV9ygmWbKgIwpyqv0LcQxxhqRotqxLM6ZNniXVUP6+bN8eVxmXRRgnsgj1QBSY4BQ1wDZrAAhg8gCfwAl61R+1Ze9PeJ9E5rZjZAX+gfX4DYs+ehw==</latexit><latexit sha1_base64="5lJjbavrrG3wMNIZLQ0rKEQt8xA=">AAACHXicbVDLSsNAFJ34rPUVdelmsIgtQklEURdC0Y3LCsYWmhAmk0k7dPJgZiItoV/ixl9x40LFhRvxb5ymEbT1wMDhnHO5c4+XMCqkYXxpc/MLi0vLpZXy6tr6xqa+tX0n4pRjYuGYxbztIUEYjYglqWSknXCCQo+Rlte/Gvute8IFjaNbOUyIE6JuRAOKkVSSq58YF0F14BrwENo+YRLBQQ3aKEl4PIC5U1NWcJCznwR09YpRN3LAWWIWpAIKNF39w/ZjnIYkkpghITqmkUgnQ1xSzMiobKeCJAj3UZd0FI1QSIST5eeN4L5SfBjEXL1Iwlz9PZGhUIhh6KlkiGRPTHtj8T+vk8rgzMlolKSSRHiyKEgZlDEcdwV9ygmWbKgIwpyqv0LcQxxhqRotqxLM6ZNniXVUP6+bN8eVxmXRRgnsgj1QBSY4BQ1wDZrAAhg8gCfwAl61R+1Ze9PeJ9E5rZjZAX+gfX4DYs+ehw==</latexit><latexit sha1_base64="5lJjbavrrG3wMNIZLQ0rKEQt8xA=">AAACHXicbVDLSsNAFJ34rPUVdelmsIgtQklEURdC0Y3LCsYWmhAmk0k7dPJgZiItoV/ixl9x40LFhRvxb5ymEbT1wMDhnHO5c4+XMCqkYXxpc/MLi0vLpZXy6tr6xqa+tX0n4pRjYuGYxbztIUEYjYglqWSknXCCQo+Rlte/Gvute8IFjaNbOUyIE6JuRAOKkVSSq58YF0F14BrwENo+YRLBQQ3aKEl4PIC5U1NWcJCznwR09YpRN3LAWWIWpAIKNF39w/ZjnIYkkpghITqmkUgnQ1xSzMiobKeCJAj3UZd0FI1QSIST5eeN4L5SfBjEXL1Iwlz9PZGhUIhh6KlkiGRPTHtj8T+vk8rgzMlolKSSRHiyKEgZlDEcdwV9ygmWbKgIwpyqv0LcQxxhqRotqxLM6ZNniXVUP6+bN8eVxmXRRgnsgj1QBSY4BQ1wDZrAAhg8gCfwAl61R+1Ze9PeJ9E5rZjZAX+gfX4DYs+ehw==</latexit><latexit sha1_base64="5lJjbavrrG3wMNIZLQ0rKEQt8xA=">AAACHXicbVDLSsNAFJ34rPUVdelmsIgtQklEURdC0Y3LCsYWmhAmk0k7dPJgZiItoV/ixl9x40LFhRvxb5ymEbT1wMDhnHO5c4+XMCqkYXxpc/MLi0vLpZXy6tr6xqa+tX0n4pRjYuGYxbztIUEYjYglqWSknXCCQo+Rlte/Gvute8IFjaNbOUyIE6JuRAOKkVSSq58YF0F14BrwENo+YRLBQQ3aKEl4PIC5U1NWcJCznwR09YpRN3LAWWIWpAIKNF39w/ZjnIYkkpghITqmkUgnQ1xSzMiobKeCJAj3UZd0FI1QSIST5eeN4L5SfBjEXL1Iwlz9PZGhUIhh6KlkiGRPTHtj8T+vk8rgzMlolKSSRHiyKEgZlDEcdwV9ygmWbKgIwpyqv0LcQxxhqRotqxLM6ZNniXVUP6+bN8eVxmXRRgnsgj1QBSY4BQ1wDZrAAhg8gCfwAl61R+1Ze9PeJ9E5rZjZAX+gfX4DYs+ehw==</latexit>



0 = f(x0 + �x) ⇡ f(x0) + f 0(x0)�x
<latexit sha1_base64="5lJjbavrrG3wMNIZLQ0rKEQt8xA=">AAACHXicbVDLSsNAFJ34rPUVdelmsIgtQklEURdC0Y3LCsYWmhAmk0k7dPJgZiItoV/ixl9x40LFhRvxb5ymEbT1wMDhnHO5c4+XMCqkYXxpc/MLi0vLpZXy6tr6xqa+tX0n4pRjYuGYxbztIUEYjYglqWSknXCCQo+Rlte/Gvute8IFjaNbOUyIE6JuRAOKkVSSq58YF0F14BrwENo+YRLBQQ3aKEl4PIC5U1NWcJCznwR09YpRN3LAWWIWpAIKNF39w/ZjnIYkkpghITqmkUgnQ1xSzMiobKeCJAj3UZd0FI1QSIST5eeN4L5SfBjEXL1Iwlz9PZGhUIhh6KlkiGRPTHtj8T+vk8rgzMlolKSSRHiyKEgZlDEcdwV9ygmWbKgIwpyqv0LcQxxhqRotqxLM6ZNniXVUP6+bN8eVxmXRRgnsgj1QBSY4BQ1wDZrAAhg8gCfwAl61R+1Ze9PeJ9E5rZjZAX+gfX4DYs+ehw==</latexit><latexit sha1_base64="5lJjbavrrG3wMNIZLQ0rKEQt8xA=">AAACHXicbVDLSsNAFJ34rPUVdelmsIgtQklEURdC0Y3LCsYWmhAmk0k7dPJgZiItoV/ixl9x40LFhRvxb5ymEbT1wMDhnHO5c4+XMCqkYXxpc/MLi0vLpZXy6tr6xqa+tX0n4pRjYuGYxbztIUEYjYglqWSknXCCQo+Rlte/Gvute8IFjaNbOUyIE6JuRAOKkVSSq58YF0F14BrwENo+YRLBQQ3aKEl4PIC5U1NWcJCznwR09YpRN3LAWWIWpAIKNF39w/ZjnIYkkpghITqmkUgnQ1xSzMiobKeCJAj3UZd0FI1QSIST5eeN4L5SfBjEXL1Iwlz9PZGhUIhh6KlkiGRPTHtj8T+vk8rgzMlolKSSRHiyKEgZlDEcdwV9ygmWbKgIwpyqv0LcQxxhqRotqxLM6ZNniXVUP6+bN8eVxmXRRgnsgj1QBSY4BQ1wDZrAAhg8gCfwAl61R+1Ze9PeJ9E5rZjZAX+gfX4DYs+ehw==</latexit><latexit sha1_base64="5lJjbavrrG3wMNIZLQ0rKEQt8xA=">AAACHXicbVDLSsNAFJ34rPUVdelmsIgtQklEURdC0Y3LCsYWmhAmk0k7dPJgZiItoV/ixl9x40LFhRvxb5ymEbT1wMDhnHO5c4+XMCqkYXxpc/MLi0vLpZXy6tr6xqa+tX0n4pRjYuGYxbztIUEYjYglqWSknXCCQo+Rlte/Gvute8IFjaNbOUyIE6JuRAOKkVSSq58YF0F14BrwENo+YRLBQQ3aKEl4PIC5U1NWcJCznwR09YpRN3LAWWIWpAIKNF39w/ZjnIYkkpghITqmkUgnQ1xSzMiobKeCJAj3UZd0FI1QSIST5eeN4L5SfBjEXL1Iwlz9PZGhUIhh6KlkiGRPTHtj8T+vk8rgzMlolKSSRHiyKEgZlDEcdwV9ygmWbKgIwpyqv0LcQxxhqRotqxLM6ZNniXVUP6+bN8eVxmXRRgnsgj1QBSY4BQ1wDZrAAhg8gCfwAl61R+1Ze9PeJ9E5rZjZAX+gfX4DYs+ehw==</latexit><latexit sha1_base64="5lJjbavrrG3wMNIZLQ0rKEQt8xA=">AAACHXicbVDLSsNAFJ34rPUVdelmsIgtQklEURdC0Y3LCsYWmhAmk0k7dPJgZiItoV/ixl9x40LFhRvxb5ymEbT1wMDhnHO5c4+XMCqkYXxpc/MLi0vLpZXy6tr6xqa+tX0n4pRjYuGYxbztIUEYjYglqWSknXCCQo+Rlte/Gvute8IFjaNbOUyIE6JuRAOKkVSSq58YF0F14BrwENo+YRLBQQ3aKEl4PIC5U1NWcJCznwR09YpRN3LAWWIWpAIKNF39w/ZjnIYkkpghITqmkUgnQ1xSzMiobKeCJAj3UZd0FI1QSIST5eeN4L5SfBjEXL1Iwlz9PZGhUIhh6KlkiGRPTHtj8T+vk8rgzMlolKSSRHiyKEgZlDEcdwV9ygmWbKgIwpyqv0LcQxxhqRotqxLM6ZNniXVUP6+bN8eVxmXRRgnsgj1QBSY4BQ1wDZrAAhg8gCfwAl61R+1Ze9PeJ9E5rZjZAX+gfX4DYs+ehw==</latexit>

�x ⇡ � f(x0)

f 0(x0)
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x1 = x0 �
f(x0)

f 0(x0)

x2 = x1 �
f(x1)

f 0(x1)

x3 = x2 �
f(x2)

f 0(x2)
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1.2. Newton's Method

Figure 1.1. Newton iteration for the arctan function.

in how the Newton step is approximated. Computing the step may require evalua-
tion and factorization of the Jacobian matrix or the solution of (1.3) by an iterative
method. Not all methods for computing the Newton step require the complete
Jacobian matrix, which, as we will see in Chapter 2, can be very expensive.

In the example from Figure 1.1, the step s in item 2 was satisfactory, and
item 3 was not needed. The reader should be warned that attention to the step
length is generally very important. One should not write one's own nonlinear solver
without step-length control (see section 1.6).

1.2.1 Local Convergence Theory

The convergence theory for Newton's method [24,42,57] that is most often seen in
an elementary course in numerical methods is local. This means that one assumes
that the initial iterate XQ is near a solution. The local convergence theory from
[24,42,57] requires the standard assumptions.

Assumption 1.2.1. (standard assumptions)

1. Equation 1.1 has a solution x*.

2. F' : fJ —* RNxN is Lipschitz continuous near x*.

3. F'(x*) is nonsingular.

Recall that Lipschitz continuity near x* means that there is 7 > 0 (the Lips-
chitz constant) such that

3

arctanx = 0
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Each Newton-Raphson step is 
equivalent to solving the linear 
equation  

where the function represents the 
tangent to the function f(x) in x0.

y = f(x0) + f 0(x0)x = 0
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Computing the square root: 
an application of the Newton-Raphson method

Successive iterates: 

f(x) = x2 � S = 0
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x =
p
S
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f 0(x) = 2x; � f(x)

f 0(x)
= �x2 � S

2x
= �x

2
+

S

2x
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This is the Babylonian method for 
computing the square rootxn+1 =

xn

2
+

S

2xn
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Example with the Babylonian method: square root of 2

Successive iterates 
with 15 figures precision

1 1.5

2 1.416666666666667

3 1.41421568627451

4 1.41421356237469

5 1.414213562373095

6 1.414213562373095

7 1.414213562373095

8 1.414213562373095

9 1.414213562373095

10 1.414213562373095

No change from 
this point on



Convergence of the Babylonian method is very fast

Consider the fractional error

then we find 

✏n =
xn �

p
Sp

S
<latexit sha1_base64="mDFN9bJCf73dqS+WzmgQolS4nps=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARRLAkIqgLoejGZUVrC00ok+lJO3QyiTMTsYS+gxtfxY0LFbeu3Pk2Ti+Ctv4w8PGfczhz/iDhTGnH+bJyM7Nz8wv5xcLS8srqmr2+caPiVFKo0pjHsh4QBZwJqGqmOdQTCSQKONSC7vmgXrsDqVgsrnUvAT8ibcFCRok2VtPe8yBRjBsU+BR7oSQ0uze8jz11KzW+6mc/0LSLTskZCk+DO4YiGqvStD+9VkzTCISmnCjVcJ1E+xmRmlEO/YKXKkgI7ZI2NAwKEoHys+FNfbxjnBYOY2me0Hjo/p7ISKRULwpMZ0R0R03WBuZ/tUaqw2M/YyJJNQg6WhSmHOsYDwLCLSaBat4zQKhk5q+YdojJRZsYCyYEd/LkaagelE5K7uVhsXw2TiOPttA22kUuOkJldIEqqIooekBP6AW9Wo/Ws/VmvY9ac9Z4ZhP9kfXxDZa/nY8=</latexit><latexit sha1_base64="mDFN9bJCf73dqS+WzmgQolS4nps=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARRLAkIqgLoejGZUVrC00ok+lJO3QyiTMTsYS+gxtfxY0LFbeu3Pk2Ti+Ctv4w8PGfczhz/iDhTGnH+bJyM7Nz8wv5xcLS8srqmr2+caPiVFKo0pjHsh4QBZwJqGqmOdQTCSQKONSC7vmgXrsDqVgsrnUvAT8ibcFCRok2VtPe8yBRjBsU+BR7oSQ0uze8jz11KzW+6mc/0LSLTskZCk+DO4YiGqvStD+9VkzTCISmnCjVcJ1E+xmRmlEO/YKXKkgI7ZI2NAwKEoHys+FNfbxjnBYOY2me0Hjo/p7ISKRULwpMZ0R0R03WBuZ/tUaqw2M/YyJJNQg6WhSmHOsYDwLCLSaBat4zQKhk5q+YdojJRZsYCyYEd/LkaagelE5K7uVhsXw2TiOPttA22kUuOkJldIEqqIooekBP6AW9Wo/Ws/VmvY9ac9Z4ZhP9kfXxDZa/nY8=</latexit><latexit sha1_base64="mDFN9bJCf73dqS+WzmgQolS4nps=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARRLAkIqgLoejGZUVrC00ok+lJO3QyiTMTsYS+gxtfxY0LFbeu3Pk2Ti+Ctv4w8PGfczhz/iDhTGnH+bJyM7Nz8wv5xcLS8srqmr2+caPiVFKo0pjHsh4QBZwJqGqmOdQTCSQKONSC7vmgXrsDqVgsrnUvAT8ibcFCRok2VtPe8yBRjBsU+BR7oSQ0uze8jz11KzW+6mc/0LSLTskZCk+DO4YiGqvStD+9VkzTCISmnCjVcJ1E+xmRmlEO/YKXKkgI7ZI2NAwKEoHys+FNfbxjnBYOY2me0Hjo/p7ISKRULwpMZ0R0R03WBuZ/tUaqw2M/YyJJNQg6WhSmHOsYDwLCLSaBat4zQKhk5q+YdojJRZsYCyYEd/LkaagelE5K7uVhsXw2TiOPttA22kUuOkJldIEqqIooekBP6AW9Wo/Ws/VmvY9ac9Z4ZhP9kfXxDZa/nY8=</latexit><latexit sha1_base64="mDFN9bJCf73dqS+WzmgQolS4nps=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARRLAkIqgLoejGZUVrC00ok+lJO3QyiTMTsYS+gxtfxY0LFbeu3Pk2Ti+Ctv4w8PGfczhz/iDhTGnH+bJyM7Nz8wv5xcLS8srqmr2+caPiVFKo0pjHsh4QBZwJqGqmOdQTCSQKONSC7vmgXrsDqVgsrnUvAT8ibcFCRok2VtPe8yBRjBsU+BR7oSQ0uze8jz11KzW+6mc/0LSLTskZCk+DO4YiGqvStD+9VkzTCISmnCjVcJ1E+xmRmlEO/YKXKkgI7ZI2NAwKEoHys+FNfbxjnBYOY2me0Hjo/p7ISKRULwpMZ0R0R03WBuZ/tUaqw2M/YyJJNQg6WhSmHOsYDwLCLSaBat4zQKhk5q+YdojJRZsYCyYEd/LkaagelE5K7uVhsXw2TiOPttA22kUuOkJldIEqqIooekBP6AW9Wo/Ws/VmvY9ac9Z4ZhP9kfXxDZa/nY8=</latexit>

✏n+1 ⇡ ✏2n
2

<latexit sha1_base64="02HTPbDv+O+gYwIj8CnY7cgOH14=">AAACFnicbZBPS8MwGMbT+W/Of1WPXoJDEITSDkG9Db14nGDdYJ0jzdItLE1Dkoqj9Ft48at48aDiVbz5bcy2Irr5QuDH87wvb94nFIwq7bpfVmlhcWl5pbxaWVvf2Nyyt3duVJJKTHycsES2QqQIo5z4mmpGWkISFIeMNMPhxdhv3hGpaMKv9UiQToz6nEYUI22kru0ERCjKDGb8yMthgISQyT2EQSQRzn5cflvLs1retauu404KzoNXQBUU1ejan0EvwWlMuMYMKdX2XKE7GZKaYkbySpAqIhAeoj5pG+QoJqqTTe7K4YFRejBKpHlcw4n6eyJDsVKjODSdMdIDNeuNxf+8dqqj005GuUg14Xi6KEoZ1AkchwR7VBKs2cgAwpKav0I8QCYQbaKsmBC82ZPnwa85Z453dVytnxdplMEe2AeHwAMnoA4uQQP4AIMH8ARewKv1aD1bb9b7tLVkFTO74E9ZH9/GYp/l</latexit><latexit sha1_base64="02HTPbDv+O+gYwIj8CnY7cgOH14=">AAACFnicbZBPS8MwGMbT+W/Of1WPXoJDEITSDkG9Db14nGDdYJ0jzdItLE1Dkoqj9Ft48at48aDiVbz5bcy2Irr5QuDH87wvb94nFIwq7bpfVmlhcWl5pbxaWVvf2Nyyt3duVJJKTHycsES2QqQIo5z4mmpGWkISFIeMNMPhxdhv3hGpaMKv9UiQToz6nEYUI22kru0ERCjKDGb8yMthgISQyT2EQSQRzn5cflvLs1retauu404KzoNXQBUU1ejan0EvwWlMuMYMKdX2XKE7GZKaYkbySpAqIhAeoj5pG+QoJqqTTe7K4YFRejBKpHlcw4n6eyJDsVKjODSdMdIDNeuNxf+8dqqj005GuUg14Xi6KEoZ1AkchwR7VBKs2cgAwpKav0I8QCYQbaKsmBC82ZPnwa85Z453dVytnxdplMEe2AeHwAMnoA4uQQP4AIMH8ARewKv1aD1bb9b7tLVkFTO74E9ZH9/GYp/l</latexit><latexit sha1_base64="02HTPbDv+O+gYwIj8CnY7cgOH14=">AAACFnicbZBPS8MwGMbT+W/Of1WPXoJDEITSDkG9Db14nGDdYJ0jzdItLE1Dkoqj9Ft48at48aDiVbz5bcy2Irr5QuDH87wvb94nFIwq7bpfVmlhcWl5pbxaWVvf2Nyyt3duVJJKTHycsES2QqQIo5z4mmpGWkISFIeMNMPhxdhv3hGpaMKv9UiQToz6nEYUI22kru0ERCjKDGb8yMthgISQyT2EQSQRzn5cflvLs1retauu404KzoNXQBUU1ejan0EvwWlMuMYMKdX2XKE7GZKaYkbySpAqIhAeoj5pG+QoJqqTTe7K4YFRejBKpHlcw4n6eyJDsVKjODSdMdIDNeuNxf+8dqqj005GuUg14Xi6KEoZ1AkchwR7VBKs2cgAwpKav0I8QCYQbaKsmBC82ZPnwa85Z453dVytnxdplMEe2AeHwAMnoA4uQQP4AIMH8ARewKv1aD1bb9b7tLVkFTO74E9ZH9/GYp/l</latexit><latexit sha1_base64="02HTPbDv+O+gYwIj8CnY7cgOH14=">AAACFnicbZBPS8MwGMbT+W/Of1WPXoJDEITSDkG9Db14nGDdYJ0jzdItLE1Dkoqj9Ft48at48aDiVbz5bcy2Irr5QuDH87wvb94nFIwq7bpfVmlhcWl5pbxaWVvf2Nyyt3duVJJKTHycsES2QqQIo5z4mmpGWkISFIeMNMPhxdhv3hGpaMKv9UiQToz6nEYUI22kru0ERCjKDGb8yMthgISQyT2EQSQRzn5cflvLs1retauu404KzoNXQBUU1ejan0EvwWlMuMYMKdX2XKE7GZKaYkbySpAqIhAeoj5pG+QoJqqTTe7K4YFRejBKpHlcw4n6eyJDsVKjODSdMdIDNeuNxf+8dqqj005GuUg14Xi6KEoZ1AkchwR7VBKs2cgAwpKav0I8QCYQbaKsmBC82ZPnwa85Z453dVytnxdplMEe2AeHwAMnoA4uQQP4AIMH8ARewKv1aD1bb9b7tLVkFTO74E9ZH9/GYp/l</latexit>

The fractional error decreases 
quadratically !

Moreover, the method is stable.
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<latexit sha1_base64="R5Fhk05OiImL70oon/NTB4VFcdE="></latexit><latexit sha1_base64="R5Fhk05OiImL70oon/NTB4VFcdE="></latexit><latexit sha1_base64="R5Fhk05OiImL70oon/NTB4VFcdE="></latexit><latexit sha1_base64="R5Fhk05OiImL70oon/NTB4VFcdE="></latexit>



The quadratic convergence is a general property of the NR method

The generic iteration step is

therefore, when we introduce the errors        such that  

we find 

xn+1 = xn � f 0(xn)

f(xn)

<latexit sha1_base64="g5PaGz5miOmgl9yVN4uMUccYDg4=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKKEFWCimBBqmBhLBJ9SG0UOa7TWnWcyHZQqyh/wMKvsDCAECsrG3+D22aAliNZPj7nXl3f40WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0Bjdjv/lAhKQhv1ejiDgB6nHqU4yUllzzcOgm/MRO4RUcuhyewo4vEE78o5J+HqeJP71ds2iVrQngPLEzUgQZaq751emGOA4IV5ghKdu2FSknQUJRzEha6MSSRAgPUI+0NeUoINJJJvuk8EArXeiHQh+u4ET93ZGgQMpR4OnKAKm+nPXG4n9eO1b+pZNQHsWKcDwd5McMqhCOw4FdKghWbKQJwoLqv0LcRzoQpSMs6BDs2ZXnSeOsbFfK53eVYvU6iyMP9sA+KAEbXIAquAU1UAcYPIJn8ArejCfjxXg3PqalOSPr2QV/YHz+AFngmv4=</latexit>

xn = x+ ✏n

<latexit sha1_base64="Nx7w0KUIZMUtsGW3CSUZpoZU3/o=">AAAB/XicbZDLSgMxFIbP1Futt3rZuQkWQRDKjFR0IxTduKxgL9CWkklP29BMZkgy0lqKr+LGhSJufQ93vo1pOwtt/SHw851zOCe/Hwmujet+O6ml5ZXVtfR6ZmNza3snu7tX0WGsGJZZKEJV86lGwSWWDTcCa5FCGvgCq37/ZlKvPqDSPJT3ZhhhM6BdyTucUWNRK3swaElyRQbklDQw0lxYaHHOzbtTkUXjJSYHiUqt7FejHbI4QGmYoFrXPTcyzRFVhjOB40wj1hhR1qddrFsraYC6OZpePybHlrRJJ1T2SUOm9PfEiAZaDwPfdgbU9PR8bQL/q9Vj07lsjriMYoOSzRZ1YkFMSCZRkDZXyIwYWkOZ4vZWwnpUUWZsYBkbgjf/5UVTOct7hfz5XSFXvE7iSMMhHMEJeHABRbiFEpSBwSM8wyu8OU/Oi/PufMxaU04ysw9/5Hz+AOy5lEM=</latexit>

✏n

<latexit sha1_base64="+MYs7D1c6DJWoIUVTZqH8rN2/iI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02MNEcxHLvuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NL56SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMzeJwOukBkxsYQyxe2thI2ooszYkEo2BG/55VXSuqh6terlfa1Sv8njKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsWgtOPnMMfyB8/kD1x2RCQ==</latexit>

✏n+1 = ✏n � f 0(xn)

f(xn)

<latexit sha1_base64="r/n1u82Nq3Mux57l9m+Aag8WoRU=">AAACHXicbZBNS8MwGMfT+TbnW9Wjl+AQJ+JoZaIXYejF4wT3AmspaZbOsDQtSSqO0i/ixa/ixYMiHryI38ZsK6KbD4T8+P+fh+T5+zGjUlnWl1GYm19YXCoul1ZW19Y3zM2tlowSgUkTRywSHR9JwignTUUVI51YEBT6jLT9weXIb98RIWnEb9QwJm6I+pwGFCOlJc+sOSSWlGlM+aGdwXP4I3B4BJ1AIJwG+5V7jx9kaTC5PbNsVa1xwVmwcyiDvBqe+eH0IpyEhCvMkJRd24qVmyKhKGYkKzmJJDHCA9QnXY0chUS66Xi7DO5ppQeDSOjDFRyrvydSFEo5DH3dGSJ1K6e9kfif101UcOamlMeJIhxPHgoSBlUER1HBHhUEKzbUgLCg+q8Q3yIdiNKBlnQI9vTKs9A6rtq16sl1rVy/yOMogh2wCyrABqegDq5AAzQBBg/gCbyAV+PReDbejPdJa8HIZ7bBnzI+vwEOXKFG</latexit>



Next, notice that the derivatives can be rewritten in the following way 

f(xn) = f(x+ ✏n) ⇡ f(x) + f 0(x)✏n +
1

2
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2
n
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2
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2
n

f 0(xn) = f 0(x+ ✏n) ⇡ f 0(x) + f 00(x)✏n

<latexit sha1_base64="hPb4G6IUXE+vnlt1OeIWZ6ICX2A="></latexit>

✏n+1 = ✏n � f(xn)

f 0(xn)
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<latexit sha1_base64="O0OjcX/v5Od5eYjZb4cSoNreuSM="></latexit>

a quadratic formula again !
Fast convergence is guaranteed for the NR 
method.



Variants?

One of many variants uses the extraction of the inverse square root

then  we find

This method is interesting because each iterations involves one subtraction and four 
multiplications instead of one addition, two multiplications and one division. Since divisions 
are considerably slower than the other elementary operations, this variant is faster. One 
finds the square root with one final multiplication: 

f(x) =
1

x2
� S = 0 ) f 0(x) = �2/x3; �x = � f(x)

f 0(x)
=

1/x2 � S

2/x3
<latexit sha1_base64="Y7XPDlN6jHkI+fBLNMLQzAPmzCE="></latexit><latexit sha1_base64="Y7XPDlN6jHkI+fBLNMLQzAPmzCE="></latexit><latexit sha1_base64="Y7XPDlN6jHkI+fBLNMLQzAPmzCE="></latexit><latexit sha1_base64="Y7XPDlN6jHkI+fBLNMLQzAPmzCE="></latexit>
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<latexit sha1_base64="XWta1qYC8ScAMLvyYEX5Ztqh8T8=">AAACLnicbZDLSgMxFIYz9VbrbdSlm2ARKsUyUwV1USgK4rKitYW2Dpk004ZmMkOSkZZh3siNr9KNiIpbH8P0sqitBwIf/38OJ+d3Q0alsqx3I7W0vLK6ll7PbGxube+Yu3uPMogEJlUcsEDUXSQJo5xUFVWM1ENBkO8yUnN71yO/9kyEpAF/UIOQtHzU4dSjGCktOeZN34l53k5KsO9wmIdNTyAca07iYpKz4Qm8HzlPxWNYmjNPZ0zHzFoFa1xwEewpZMG0Ko45bLYDHPmEK8yQlA3bClUrRkJRzEiSaUaShAj3UIc0NHLkE9mKx/cm8EgrbegFQj+u4FidnYiRL+XAd3Wnj1RXznsj8T+vESnvohVTHkaKcDxZ5EUMqgCOwoNtKghWbKABYUH1XyHuIh2K0hFndAj2/MmLUC0WLgv23Vm2fDVNIw0OwCHIARucgzK4BRVQBRi8gCH4AJ/Gq/FmfBnfk9aUMZ3ZB3/K+PkF+KOljA==</latexit><latexit sha1_base64="XWta1qYC8ScAMLvyYEX5Ztqh8T8=">AAACLnicbZDLSgMxFIYz9VbrbdSlm2ARKsUyUwV1USgK4rKitYW2Dpk004ZmMkOSkZZh3siNr9KNiIpbH8P0sqitBwIf/38OJ+d3Q0alsqx3I7W0vLK6ll7PbGxube+Yu3uPMogEJlUcsEDUXSQJo5xUFVWM1ENBkO8yUnN71yO/9kyEpAF/UIOQtHzU4dSjGCktOeZN34l53k5KsO9wmIdNTyAca07iYpKz4Qm8HzlPxWNYmjNPZ0zHzFoFa1xwEewpZMG0Ko45bLYDHPmEK8yQlA3bClUrRkJRzEiSaUaShAj3UIc0NHLkE9mKx/cm8EgrbegFQj+u4FidnYiRL+XAd3Wnj1RXznsj8T+vESnvohVTHkaKcDxZ5EUMqgCOwoNtKghWbKABYUH1XyHuIh2K0hFndAj2/MmLUC0WLgv23Vm2fDVNIw0OwCHIARucgzK4BRVQBRi8gCH4AJ/Gq/FmfBnfk9aUMZ3ZB3/K+PkF+KOljA==</latexit><latexit sha1_base64="XWta1qYC8ScAMLvyYEX5Ztqh8T8=">AAACLnicbZDLSgMxFIYz9VbrbdSlm2ARKsUyUwV1USgK4rKitYW2Dpk004ZmMkOSkZZh3siNr9KNiIpbH8P0sqitBwIf/38OJ+d3Q0alsqx3I7W0vLK6ll7PbGxube+Yu3uPMogEJlUcsEDUXSQJo5xUFVWM1ENBkO8yUnN71yO/9kyEpAF/UIOQtHzU4dSjGCktOeZN34l53k5KsO9wmIdNTyAca07iYpKz4Qm8HzlPxWNYmjNPZ0zHzFoFa1xwEewpZMG0Ko45bLYDHPmEK8yQlA3bClUrRkJRzEiSaUaShAj3UIc0NHLkE9mKx/cm8EgrbegFQj+u4FidnYiRL+XAd3Wnj1RXznsj8T+vESnvohVTHkaKcDxZ5EUMqgCOwoNtKghWbKABYUH1XyHuIh2K0hFndAj2/MmLUC0WLgv23Vm2fDVNIw0OwCHIARucgzK4BRVQBRi8gCH4AJ/Gq/FmfBnfk9aUMZ3ZB3/K+PkF+KOljA==</latexit><latexit sha1_base64="XWta1qYC8ScAMLvyYEX5Ztqh8T8=">AAACLnicbZDLSgMxFIYz9VbrbdSlm2ARKsUyUwV1USgK4rKitYW2Dpk004ZmMkOSkZZh3siNr9KNiIpbH8P0sqitBwIf/38OJ+d3Q0alsqx3I7W0vLK6ll7PbGxube+Yu3uPMogEJlUcsEDUXSQJo5xUFVWM1ENBkO8yUnN71yO/9kyEpAF/UIOQtHzU4dSjGCktOeZN34l53k5KsO9wmIdNTyAca07iYpKz4Qm8HzlPxWNYmjNPZ0zHzFoFa1xwEewpZMG0Ko45bLYDHPmEK8yQlA3bClUrRkJRzEiSaUaShAj3UIc0NHLkE9mKx/cm8EgrbegFQj+u4FidnYiRL+XAd3Wnj1RXznsj8T+vESnvohVTHkaKcDxZ5EUMqgCOwoNtKghWbKABYUH1XyHuIh2K0hFndAj2/MmLUC0WLgv23Vm2fDVNIw0OwCHIARucgzK4BRVQBRi8gCH4AJ/Gq/FmfBnfk9aUMZ3ZB3/K+PkF+KOljA==</latexit>

p
S = S ⇥ 1p

S
<latexit sha1_base64="ZI2q1o/TM0ShKsW+rbtvpq1YJ50=">AAACDHicbVBNS8NAEN34WetX1KOXxSp4KokI6kEoevFY0dhCU8pmu2mXbjZxdyKUkD/gxb/ixYOKV3+AN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tubmFxaXlksr5dW19Y1Ne2v7TseposyjsYhVMyCaCS6ZBxwEayaKkSgQrBEMLkd+44EpzWN5C8OEtSPSkzzklICROva+r+8V4Bt8bsoHHjGN/VARmrl5Vnh5x644VWcMPEvcglRQgXrH/vK7MU0jJoEKonXLdRJoZ0QBp4LlZT/VLCF0QHqsZagkZm07G3+T4wOjdHEYK1MS8Fj9PZGRSOthFJjOiEBfT3sj8T+vlUJ42s64TFJgkk4WhanAEONRNLjLFaMghoYQqri5FdM+MVmACbBsQnCnX54l3lH1rOpeH1dqF0UaJbSL9tAhctEJqqErVEceougRPaNX9GY9WS/Wu/UxaZ2zipkd9AfW5w9t3JrA</latexit><latexit sha1_base64="ZI2q1o/TM0ShKsW+rbtvpq1YJ50=">AAACDHicbVBNS8NAEN34WetX1KOXxSp4KokI6kEoevFY0dhCU8pmu2mXbjZxdyKUkD/gxb/ixYOKV3+AN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tubmFxaXlksr5dW19Y1Ne2v7TseposyjsYhVMyCaCS6ZBxwEayaKkSgQrBEMLkd+44EpzWN5C8OEtSPSkzzklICROva+r+8V4Bt8bsoHHjGN/VARmrl5Vnh5x644VWcMPEvcglRQgXrH/vK7MU0jJoEKonXLdRJoZ0QBp4LlZT/VLCF0QHqsZagkZm07G3+T4wOjdHEYK1MS8Fj9PZGRSOthFJjOiEBfT3sj8T+vlUJ42s64TFJgkk4WhanAEONRNLjLFaMghoYQqri5FdM+MVmACbBsQnCnX54l3lH1rOpeH1dqF0UaJbSL9tAhctEJqqErVEceougRPaNX9GY9WS/Wu/UxaZ2zipkd9AfW5w9t3JrA</latexit><latexit sha1_base64="ZI2q1o/TM0ShKsW+rbtvpq1YJ50=">AAACDHicbVBNS8NAEN34WetX1KOXxSp4KokI6kEoevFY0dhCU8pmu2mXbjZxdyKUkD/gxb/ixYOKV3+AN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tubmFxaXlksr5dW19Y1Ne2v7TseposyjsYhVMyCaCS6ZBxwEayaKkSgQrBEMLkd+44EpzWN5C8OEtSPSkzzklICROva+r+8V4Bt8bsoHHjGN/VARmrl5Vnh5x644VWcMPEvcglRQgXrH/vK7MU0jJoEKonXLdRJoZ0QBp4LlZT/VLCF0QHqsZagkZm07G3+T4wOjdHEYK1MS8Fj9PZGRSOthFJjOiEBfT3sj8T+vlUJ42s64TFJgkk4WhanAEONRNLjLFaMghoYQqri5FdM+MVmACbBsQnCnX54l3lH1rOpeH1dqF0UaJbSL9tAhctEJqqErVEceougRPaNX9GY9WS/Wu/UxaZ2zipkd9AfW5w9t3JrA</latexit><latexit sha1_base64="ZI2q1o/TM0ShKsW+rbtvpq1YJ50=">AAACDHicbVBNS8NAEN34WetX1KOXxSp4KokI6kEoevFY0dhCU8pmu2mXbjZxdyKUkD/gxb/ixYOKV3+AN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tubmFxaXlksr5dW19Y1Ne2v7TseposyjsYhVMyCaCS6ZBxwEayaKkSgQrBEMLkd+44EpzWN5C8OEtSPSkzzklICROva+r+8V4Bt8bsoHHjGN/VARmrl5Vnh5x644VWcMPEvcglRQgXrH/vK7MU0jJoEKonXLdRJoZ0QBp4LlZT/VLCF0QHqsZagkZm07G3+T4wOjdHEYK1MS8Fj9PZGRSOthFJjOiEBfT3sj8T+vlUJ42s64TFJgkk4WhanAEONRNLjLFaMghoYQqri5FdM+MVmACbBsQnCnX54l3lH1rOpeH1dqF0UaJbSL9tAhctEJqqErVEceougRPaNX9GY9WS/Wu/UxaZ2zipkd9AfW5w9t3JrA</latexit>



Note, however, that the variant is not stable !!!

The parenthesis may be negative. This happens for

and in this case the solution picks up the wrong sign. 

Moreover, if 

then successive iterates are larger and larger (in absolute value) and the solution diverges
(the solution is unstable). 

xn+1 =
xn

2
(3� Sx2

n)
<latexit sha1_base64="G6sQg0VCMJOfShNbnIyZwY7Vt5o=">AAACC3icbVBPS8MwHE3nvzn/TT16CQ5hIo52CupBGHrxONG6wVZLmqVbWJqWJJWN0g/gxa/ixYOKV7+AN7+N2daDbj4IvLz3fiS/50WMSmWa30Zubn5hcSm/XFhZXVvfKG5u3ckwFpjYOGShaHpIEkY5sRVVjDQjQVDgMdLw+pcjv/FAhKQhv1XDiDgB6nLqU4yUltxiaeAm/MBKz2HbFwgnA5enSTUtH8FDeAP17b66r1NmxRwDzhIrIyWQoe4Wv9qdEMcB4QozJGXLMiPlJEgoihlJC+1YkgjhPuqSlqYcBUQ6yXiZFO5ppQP9UOjDFRyrvycSFEg5DDydDJDqyWlvJP7ntWLlnzoJ5VGsCMeTh/yYQRXCUTOwQwXBig01QVhQ/VeIe0iXonR/BV2CNb3yLLGrlbOKdX1cql1kbeTBDtgFZWCBE1ADV6AObIDBI3gGr+DNeDJejHfjYxLNGdnMNvgD4/MHTmeZaw==</latexit><latexit sha1_base64="G6sQg0VCMJOfShNbnIyZwY7Vt5o=">AAACC3icbVBPS8MwHE3nvzn/TT16CQ5hIo52CupBGHrxONG6wVZLmqVbWJqWJJWN0g/gxa/ixYOKV7+AN7+N2daDbj4IvLz3fiS/50WMSmWa30Zubn5hcSm/XFhZXVvfKG5u3ckwFpjYOGShaHpIEkY5sRVVjDQjQVDgMdLw+pcjv/FAhKQhv1XDiDgB6nLqU4yUltxiaeAm/MBKz2HbFwgnA5enSTUtH8FDeAP17b66r1NmxRwDzhIrIyWQoe4Wv9qdEMcB4QozJGXLMiPlJEgoihlJC+1YkgjhPuqSlqYcBUQ6yXiZFO5ppQP9UOjDFRyrvycSFEg5DDydDJDqyWlvJP7ntWLlnzoJ5VGsCMeTh/yYQRXCUTOwQwXBig01QVhQ/VeIe0iXonR/BV2CNb3yLLGrlbOKdX1cql1kbeTBDtgFZWCBE1ADV6AObIDBI3gGr+DNeDJejHfjYxLNGdnMNvgD4/MHTmeZaw==</latexit><latexit sha1_base64="G6sQg0VCMJOfShNbnIyZwY7Vt5o=">AAACC3icbVBPS8MwHE3nvzn/TT16CQ5hIo52CupBGHrxONG6wVZLmqVbWJqWJJWN0g/gxa/ixYOKV7+AN7+N2daDbj4IvLz3fiS/50WMSmWa30Zubn5hcSm/XFhZXVvfKG5u3ckwFpjYOGShaHpIEkY5sRVVjDQjQVDgMdLw+pcjv/FAhKQhv1XDiDgB6nLqU4yUltxiaeAm/MBKz2HbFwgnA5enSTUtH8FDeAP17b66r1NmxRwDzhIrIyWQoe4Wv9qdEMcB4QozJGXLMiPlJEgoihlJC+1YkgjhPuqSlqYcBUQ6yXiZFO5ppQP9UOjDFRyrvycSFEg5DDydDJDqyWlvJP7ntWLlnzoJ5VGsCMeTh/yYQRXCUTOwQwXBig01QVhQ/VeIe0iXonR/BV2CNb3yLLGrlbOKdX1cql1kbeTBDtgFZWCBE1ADV6AObIDBI3gGr+DNeDJejHfjYxLNGdnMNvgD4/MHTmeZaw==</latexit><latexit sha1_base64="G6sQg0VCMJOfShNbnIyZwY7Vt5o=">AAACC3icbVBPS8MwHE3nvzn/TT16CQ5hIo52CupBGHrxONG6wVZLmqVbWJqWJJWN0g/gxa/ixYOKV7+AN7+N2daDbj4IvLz3fiS/50WMSmWa30Zubn5hcSm/XFhZXVvfKG5u3ckwFpjYOGShaHpIEkY5sRVVjDQjQVDgMdLw+pcjv/FAhKQhv1XDiDgB6nLqU4yUltxiaeAm/MBKz2HbFwgnA5enSTUtH8FDeAP17b66r1NmxRwDzhIrIyWQoe4Wv9qdEMcB4QozJGXLMiPlJEgoihlJC+1YkgjhPuqSlqYcBUQ6yXiZFO5ppQP9UOjDFRyrvycSFEg5DDydDJDqyWlvJP7ntWLlnzoJ5VGsCMeTh/yYQRXCUTOwQwXBig01QVhQ/VeIe0iXonR/BV2CNb3yLLGrlbOKdX1cql1kbeTBDtgFZWCBE1ADV6AObIDBI3gGr+DNeDJejHfjYxLNGdnMNvgD4/MHTmeZaw==</latexit>

x0 >
p

3/S
<latexit sha1_base64="sxfc0mh4/9HfgUborQG/111uJwg=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcTEE7Zqol4M0YtHjFZIoGm2ywIbttu6OyWShn/ixYMar/4Ub/4bF+hBwZdM8vLeTGbmhYngGhzn2yosLC4trxRXS2vrG5tb9vbOg45TRZlHYxGrRkg0E1wyDzgI1kgUI1EoWD3sX4/9+oApzWN5D8OE+RHpSt7hlICRAtt+Chx8iVv6UUF2cnQ3CuyyU3EmwPPEzUkZ5agF9lerHdM0YhKoIFo3XScBPyMKOBVsVGqlmiWE9kmXNQ2VJGLazyaXj/CBUdq4EytTEvBE/T2RkUjrYRSazohAT896Y/E/r5lC59zPuExSYJJOF3VSgSHG4xhwmytGQQwNIVRxcyumPaIIBRNWyYTgzr48T7zjykXFvT0tV6/yNIpoD+2jQ+SiM1RFN6iGPETRAD2jV/RmZdaL9W59TFsLVj6zi/7A+vwBe86Sdw==</latexit><latexit sha1_base64="sxfc0mh4/9HfgUborQG/111uJwg=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcTEE7Zqol4M0YtHjFZIoGm2ywIbttu6OyWShn/ixYMar/4Ub/4bF+hBwZdM8vLeTGbmhYngGhzn2yosLC4trxRXS2vrG5tb9vbOg45TRZlHYxGrRkg0E1wyDzgI1kgUI1EoWD3sX4/9+oApzWN5D8OE+RHpSt7hlICRAtt+Chx8iVv6UUF2cnQ3CuyyU3EmwPPEzUkZ5agF9lerHdM0YhKoIFo3XScBPyMKOBVsVGqlmiWE9kmXNQ2VJGLazyaXj/CBUdq4EytTEvBE/T2RkUjrYRSazohAT896Y/E/r5lC59zPuExSYJJOF3VSgSHG4xhwmytGQQwNIVRxcyumPaIIBRNWyYTgzr48T7zjykXFvT0tV6/yNIpoD+2jQ+SiM1RFN6iGPETRAD2jV/RmZdaL9W59TFsLVj6zi/7A+vwBe86Sdw==</latexit><latexit sha1_base64="sxfc0mh4/9HfgUborQG/111uJwg=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcTEE7Zqol4M0YtHjFZIoGm2ywIbttu6OyWShn/ixYMar/4Ub/4bF+hBwZdM8vLeTGbmhYngGhzn2yosLC4trxRXS2vrG5tb9vbOg45TRZlHYxGrRkg0E1wyDzgI1kgUI1EoWD3sX4/9+oApzWN5D8OE+RHpSt7hlICRAtt+Chx8iVv6UUF2cnQ3CuyyU3EmwPPEzUkZ5agF9lerHdM0YhKoIFo3XScBPyMKOBVsVGqlmiWE9kmXNQ2VJGLazyaXj/CBUdq4EytTEvBE/T2RkUjrYRSazohAT896Y/E/r5lC59zPuExSYJJOF3VSgSHG4xhwmytGQQwNIVRxcyumPaIIBRNWyYTgzr48T7zjykXFvT0tV6/yNIpoD+2jQ+SiM1RFN6iGPETRAD2jV/RmZdaL9W59TFsLVj6zi/7A+vwBe86Sdw==</latexit><latexit sha1_base64="sxfc0mh4/9HfgUborQG/111uJwg=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcTEE7Zqol4M0YtHjFZIoGm2ywIbttu6OyWShn/ixYMar/4Ub/4bF+hBwZdM8vLeTGbmhYngGhzn2yosLC4trxRXS2vrG5tb9vbOg45TRZlHYxGrRkg0E1wyDzgI1kgUI1EoWD3sX4/9+oApzWN5D8OE+RHpSt7hlICRAtt+Chx8iVv6UUF2cnQ3CuyyU3EmwPPEzUkZ5agF9lerHdM0YhKoIFo3XScBPyMKOBVsVGqlmiWE9kmXNQ2VJGLazyaXj/CBUdq4EytTEvBE/T2RkUjrYRSazohAT896Y/E/r5lC59zPuExSYJJOF3VSgSHG4xhwmytGQQwNIVRxcyumPaIIBRNWyYTgzr48T7zjykXFvT0tV6/yNIpoD+2jQ+SiM1RFN6iGPETRAD2jV/RmZdaL9W59TFsLVj6zi/7A+vwBe86Sdw==</latexit>

x0 >
p

5/S
<latexit sha1_base64="j+s9rMI8Rf0+PrscSs7vLjltRQw=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcTEE7ZGo14M0YtHjFZIoGm2ywIbttu6OyWShn/ixYMar/4Ub/4bF+hBwZdM8vLeTGbmhYngGhzn2yosLC4trxRXS2vrG5tb9vbOg45TRZlHYxGrRkg0E1wyDzgI1kgUI1EoWD3sX4/9+oApzWN5D8OE+RHpSt7hlICRAtt+Chx8iVv6UUF2enQ3CuyyU3EmwPPEzUkZ5agF9lerHdM0YhKoIFo3XScBPyMKOBVsVGqlmiWE9kmXNQ2VJGLazyaXj/CBUdq4EytTEvBE/T2RkUjrYRSazohAT896Y/E/r5lC59zPuExSYJJOF3VSgSHG4xhwmytGQQwNIVRxcyumPaIIBRNWyYTgzr48T7zjykXFvT0pV6/yNIpoD+2jQ+SiM1RFN6iGPETRAD2jV/RmZdaL9W59TFsLVj6zi/7A+vwBftqSeQ==</latexit><latexit sha1_base64="j+s9rMI8Rf0+PrscSs7vLjltRQw=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcTEE7ZGo14M0YtHjFZIoGm2ywIbttu6OyWShn/ixYMar/4Ub/4bF+hBwZdM8vLeTGbmhYngGhzn2yosLC4trxRXS2vrG5tb9vbOg45TRZlHYxGrRkg0E1wyDzgI1kgUI1EoWD3sX4/9+oApzWN5D8OE+RHpSt7hlICRAtt+Chx8iVv6UUF2enQ3CuyyU3EmwPPEzUkZ5agF9lerHdM0YhKoIFo3XScBPyMKOBVsVGqlmiWE9kmXNQ2VJGLazyaXj/CBUdq4EytTEvBE/T2RkUjrYRSazohAT896Y/E/r5lC59zPuExSYJJOF3VSgSHG4xhwmytGQQwNIVRxcyumPaIIBRNWyYTgzr48T7zjykXFvT0pV6/yNIpoD+2jQ+SiM1RFN6iGPETRAD2jV/RmZdaL9W59TFsLVj6zi/7A+vwBftqSeQ==</latexit><latexit sha1_base64="j+s9rMI8Rf0+PrscSs7vLjltRQw=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcTEE7ZGo14M0YtHjFZIoGm2ywIbttu6OyWShn/ixYMar/4Ub/4bF+hBwZdM8vLeTGbmhYngGhzn2yosLC4trxRXS2vrG5tb9vbOg45TRZlHYxGrRkg0E1wyDzgI1kgUI1EoWD3sX4/9+oApzWN5D8OE+RHpSt7hlICRAtt+Chx8iVv6UUF2enQ3CuyyU3EmwPPEzUkZ5agF9lerHdM0YhKoIFo3XScBPyMKOBVsVGqlmiWE9kmXNQ2VJGLazyaXj/CBUdq4EytTEvBE/T2RkUjrYRSazohAT896Y/E/r5lC59zPuExSYJJOF3VSgSHG4xhwmytGQQwNIVRxcyumPaIIBRNWyYTgzr48T7zjykXFvT0pV6/yNIpoD+2jQ+SiM1RFN6iGPETRAD2jV/RmZdaL9W59TFsLVj6zi/7A+vwBftqSeQ==</latexit><latexit sha1_base64="j+s9rMI8Rf0+PrscSs7vLjltRQw=">AAAB+HicbVBNT8JAEN3iF+JX1aOXjcTEE7ZGo14M0YtHjFZIoGm2ywIbttu6OyWShn/ixYMar/4Ub/4bF+hBwZdM8vLeTGbmhYngGhzn2yosLC4trxRXS2vrG5tb9vbOg45TRZlHYxGrRkg0E1wyDzgI1kgUI1EoWD3sX4/9+oApzWN5D8OE+RHpSt7hlICRAtt+Chx8iVv6UUF2enQ3CuyyU3EmwPPEzUkZ5agF9lerHdM0YhKoIFo3XScBPyMKOBVsVGqlmiWE9kmXNQ2VJGLazyaXj/CBUdq4EytTEvBE/T2RkUjrYRSazohAT896Y/E/r5lC59zPuExSYJJOF3VSgSHG4xhwmytGQQwNIVRxcyumPaIIBRNWyYTgzr48T7zjykXFvT0pV6/yNIpoD+2jQ+SiM1RFN6iGPETRAD2jV/RmZdaL9W59TFsLVj6zi/7A+vwBftqSeQ==</latexit>
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f (x)

x
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Figure 9.4.2. Unfortunate case where Newton’s method encounters a local extremum and shoots off to
outer space. Here bracketing bounds, as in rtsafe, would save the day.

x

f (x)
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1

Figure 9.4.3. Unfortunate case where Newton’s method enters a nonconvergent cycle. This behavior is
often encountered when the function f is obtained, in whole or in part, by table interpolation. With a
better initial guess, the method would have succeeded.

The NR method may have stability problems when the trial solution is far from the 
actual solution and there are derivative flips
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better initial guess, the method would have succeeded.



Symbolic computation
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Charles-Eugène Delaunay (9 April 1816 – 5 August 1872) 
was a French astronomer and mathematician. 

His lunar motion studies were important in advancing 
both the theory of planetary motion and mathematics.
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MASSIVE ALGEBRAIC CALCULATION 
completed by hand in 1867 was 
recomputed for the first time in 1970 
with a computer-algebra system. 

The original calculation was undertaken by the 
French astronomer Charles Delaunay and was 
published in two volumes; a page of the second 
volume is reproduced here. 
Delaunay's calculation, which took 10 years to finish 
and another 10 years to check, gave the position of 
the moon as a function of time to a precision never 
before attained. Three errors were detected when 
the calculation was checked by Andre Deprit, 
Jacques Henrard and Arnold Rom of the Boeing 
Scientific Research Laboratories in Seattle. The major 
error, which gave rise to the other two errors, is 
outlined in color. The checking required about 20 
hours of running time on a computer. Although 
computer algebra was responsible for exposing 
Delaunay's errors, the tables have since been 
turned: the remarkable precision of the calculation 
has been employed to test a few new computer-
algebra systems for accuracy before they were put 
into service. 

(from Pavelle, Rothstein & Fitch, Sci. Am. Issue 6, 
1981)
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Delaunay’s constants have been substituted into our analytical solution of the main problem of lunar 
theory. The results are compared with Delaunay’s reduced formulas. Corrections are proposed to four 
terms in the mean motion of the perigee, three in the mean motion of the node, 45 in the reduced expression 
for the latitude, and 49 in that for the longitude. 

I. RECONSTRUCTION OF DELAUNAY^ THEORY 

THE solution to the main problem of lunar theory 
[Delaunay (1860, 1867), hereafter designated by 

TML] proceeds essentially in four steps. 

(i) Canonical transformations from osculating ele- 
ments (l,g,h,L,G,H) to normalized angles and 
actions are proposed to render the new 
angles and the Sun’s mean anomaly lf ignorable in the 
transformed Hamiltonian 3TC*. This function is expressed 
implicitly in terms of the new actions (!,*,£*,#*) by 
means of the principal quantities a*, e*, and 7* and of 
the secondary quantities w*, m*, a* such that 

^*2a*3m* = n* / n*, a* = a*/a'. 

The algorithms used by Delaunay yield automatically 
the new actions Z*, G*, R* in terms of the quantities 
w*, a*, e*, 7*, ef (see TML, Chap. 6, pp. 235-236). 

(ii) The normalizing phase variables are substituted 
in the longitude F, the latitude TJ, and the function 
1/V (see TML, Chap. 7). 

(iii) New functions ñ, ë, 7 of the actions Z*, G*, H* 
are defined implicitly by the following rules : 

(a) ñ or the mean motion of the Moon is the coeffi- 
cient of t in the transformed longitude F; 

(b) ë or the constant of eccentricity is so chosen that 
the coefficient of sin in the transformed longitude F 
has the same form as the coefficient of sin l in the 
longitude developed in powers of the osculating eccen- 
tricity and the osculating quantity 7= sin 7/2. 

(c) 7 or the constant of inclination is so chosen that 
the coefficient of sin Z* in the transformed latitude U 
has the same form as the coefficient of sinZ in the 
latitude developed in powers of the osculating eccen- 
tricity and of 7. 

Secondary constants m, ä, ä are introduced so that 
ñ2a3=¿2(Af+Z), m=n'/ñ, à—a/a!. 

By means of these definitions, the quantities tz*, e*, 7* 
are expressed in power series of the constants m, â, ë, 7, 
and e'. (See TML, Chap. 11, pp. 799 and 800.) 

(iv) The expressions for /z*, £*, 7* in terms of m, â, ë,7, 
and er are substituted into the transformed coordinates 
F, U, and 1/V. The results constitute Delaunay’s 
reduced formulas (see TML, Chap. 11, pp. 803-924). 
These substitutions were also performed in the mean 

motions for the perigee and the node, first by Cayley 
(1871) and then by Delaunay (1872). 

Delaunay proposed originally to normalize the Hamil- 
tonian to order 8 so as to derive the mean motions of 
perigee and node to order 7, and to develop the angle 
coordinates F and U to order 7 whereas the function 
\/r would be produced to order 5. In Delaunay’s 
conventions, the constants m, ë, and 7 are of order 1 
whereas ä is of order 2. As for the Sun’s eccentricity e', 
the conventions are somewhat less rigid (see TML, 
Chap. 2, p. 33) : e( and e'2 are taken as quantities of 
order 1 and 2, respectively, but e'3, e'A, and e'b are taken 
as being of order 4, 5, and 6, and e'6 as being of order 8. 

These conventions have saved Delaunay a consider- 
able amount of computations. But they are not always 
justified : Some terms containing a power ef* for j> 3 
appear already in the expansion of the perturbation 
function with substantially large coefficients. In our 
developments of the main problem, we have not adopted 
Delaunay’s simplifications relative to e( : For us e'* is 
taken as being of order j. 

We have normalized the Hamiltonian of the main 
problem in three steps. The monthly terms were elimi- 
nated first in one canonical transformation built on 
the model of a Lie transform (Deprit 1969), then the 
annual terms were all evacuated in one batch, and we 
completed the task by eliminating the long-period 
terms. We aimed at retaining in Sill* all secular terms of 
the type 

mhaj2
e
hyhefj\ (1) 

such that 

k = ji+2j2<15, Í3+Í4+Í5<(19-¿)/2. 

In this way, we can reach the principal parts (i.e., not 
containing a, e, 7, e') in the mean motions down to 
power 15 of m (Deprit et al. 1970b). 

By application of the formalism of Lie transforms, 
we have developed the longitude, the latitude, and the 
sine parallax in terms of the normalizing angles and 
actions. Then we constructed automatically Delaunay’s 
reduced constants in terms of the normalizing actions 
and we reduced the expressions for the coordinates. 

At this stage we needed to check our operations. We 
could have resorted to differential identities analogous 
to Adams’ theorem (Desprit 1970), but it would have 
meant another major effort in programming and com- 
puting. Instead we decided for a comparison, term by 
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Computational and algorithmic tools

• LISP

• Gosper’s algorithm (a procedure for finding sums of hypergeometric 
terms that are themselves hypergeometric terms. That is: suppose we 
have a(1) + ... + a(n) = S(n) − S(0), where S(n) is a hypergeometric term 
(i.e., S(n + 1)/S(n) is a rational function of n); then necessarily a(n) is itself 
a hypergeometric term, and given the formula for a(n) Gosper's algorithm 
finds that for S(n))

• Risch’s algorithm (a semi-algorithm for indefinite integration. It is used in 
some computer algebra systems to find antiderivatives. It is named after 
the American mathematician Robert Henry Risch, a specialist in computer 
algebra who developed it in 1968)

• ...
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ABSTRACT Given a summand a., we seek the "indefinite
sum" S(n) determined (within an additive constant) by

m
A, a. = S(m) - S(O)
n= 1

or, equivalently, by
a,, = S(n) - S(n - 1).

erate case where an is identically zero.) Express this ratio as
an - Pn qn

an-1 Pn-I rn10]

[1]
An algorithm is exhibited which, given a., finds those S(n) with
the property

S(n) = a rational function of n. [2]
S(n - 1)

With this algorithm, we can determine, for example, the three
identities

m
3.-

nJjI bj2 +cj+d 1 - m-bj2 +cj+d
____I bj2+cj+ e

n= I bj2+ cj+ e
j= I

"Al'j3+ bj2+ cj+ d 1- aj3+ bj2+cj+ g

=1=a jrlaj3+bj2+Cj+
n- faj3+bj2 +cj+e
oc1

e - d

[5]
where pn, qn, and ra are polynomials in n subject to the fol-
lowing condition:

gcd(q., r.+j) = 1, [6]
for all non-negative integers j.

It is always possible to put a rational function in this form,
for if gcd(qa, ra+j) = g(n), then this common factor can be
eliminated with the change of variables

[3al
[6']

d which leaves the term ratio unchanged. The values of j for
- which such gs exist can be readily detected as the non-negative

[3b] integer roots of the resultant of q,, and rn+j with respect to
n.

n-IL2+ 2b 3b+ c+ d-e_ 2b b(2m+ 3)+ c+ d-e mjII bj2+cj+ d
mil +C+ e-d b+c+e \e-d b(m+12 +c(m+)+e/J=bj2 +cj+ e

and _ _ _ _ _ _ _ _= __-_ _ _ _ _ _ _ _ _ _ _ _ _ _ _

=:lbj2+cj+e b2-c2 +d2 +e2+ 2bd-2de+ 2eb
o=I

[3c

and we can also conclude that
n-i

E, H+l [3d]
n=1 fl j3+ 1

o=I
is inexpressible as S(m) - S(O), for any S(n) satisfying Eq. 2.

The technique relies on a particular change of variables to re-
duce Eq. 1 to a system of linear equations which is consistent
if Eq. 2 holds.
Method
If S(n)/S(n - 1) is a rational function of n, then by Eq. 1 the
term ratio

S(n)
aa - S(n)-S(n-1) S(n -1)1

an-l S(n-1)-S(n-2) 1 _ S(n-2)
S(n -1)

We now write

S(n) = 'l+ 1 f(n)a
Pn [7]

where f(n) is to be determined. By using Eq. 1,
f(n) = Pn S(n) - Pa 1

qn+ 1 S(n)-S(n-1) qn+ I 1 __S(n-_1)
S(n)

so f(n) is a rational function of n whenever S(n)/S(n - 1) is.
By substituting Eq. 7 into Eq. 1, we get

an =+ f(n)an q f(n-1)an-i.Pn Pa-I
Multiplying this through by Pn/an, and using Eq. 5, we have

[4]

must also be a rational function of n. (We exclude the degen-
The costs of publication of this article were defrayed in part by the
payment of page charges. This article must therefore be hereby marked
"advertisement" in accordance with 18 U. S. C. §1734 solely to indicate
this fact.

Pn = qn+jLf(n) - rnf(n - 1), [8]
the functional equation for f.
THEOREM. If S(n)/S(n -1) is a rational function of n, then

f(n) is a polynomial.
Proof: We already know that f(n) is a rational function when

S(n)/S(n - 1) is, so suppose

f(n)= c(n) [9]

40

I qn f I'nqn +-
, rn *-

g(n) g(n - j)'
Pn +- P.g(n)g(n - 1) ... g(n - j + 1),
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ABSTRACT Given a summand a., we seek the "indefinite
sum" S(n) determined (within an additive constant) by

m
A, a. = S(m) - S(O)
n= 1

or, equivalently, by
a,, = S(n) - S(n - 1).

erate case where an is identically zero.) Express this ratio as
an - Pn qn

an-1 Pn-I rn10]

[1]
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S(n) = a rational function of n. [2]
S(n - 1)
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m
3.-
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____I bj2+cj+ e
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e - d
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o=I

[3c
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o=I
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THE SOLUTION OF THE PROBLEM OF INTEGRATION 
IN FINITE TERMS 

BY ROBERT H. RISCH 

Communicated by M. H. Protter, October 22, 1969 

Introduction. The problem of integration in finite terms asks for an 
algorithm for deciding whether an elementary function has an ele-
mentary indefinite integral and for finding the integral if it does. 
"Elementary" is used here to denote those functions built up from 
the rational functions using only exponentiation, logarithms, trig-
onometric, inverse trigonometric and algebraic operations. 

This vaguely worded question has several precise, but inequivalent 
formulations. The writer has devised an algorithm which solves the 
classical problem of Liouville. A complete account is planned for a 
future publication. The present note is intended to indicate some of 
the ideas and techniques involved. 

Basic notions. We will deal exclusively with differential fields 3D of 
characteristic zero; a differential field being a field endowed with a 
unary operation ' which satisfies the sum and product rule for deriva-
tives. 3D has a differential subfield Kt called the constant field of 3D. 
I t consists of all a G 3D such that a! = 0. 

If 3) is a differential subfield of $, then ^ (and any /G*?) is said to 
be elementary over 3D iff 3F = 3D(0i, • • • , 0n) where each 0t- satisfies a t 
least one of the following conditions: 

(1) 6i is algebraic over 3D(0i, • • • , 0,~i), 
(2) 9'i/di•=ƒ' for some/G3D(0x, • • • , 0i_i) (the exponential case), 
(3) f/f=0't for some ƒ G 3D (0i, • • • , 0*_i) (the logarithmic case). 
If in (2) or (3) 0t- is transcendental over 3D(0i, • • • , 0,_i) and the 

constant field of 3D(0i, • • • ,0;_i) is the same as that of 3D(0i, • • • , 0*), 
then 0» is a monomial over 3D(0i, • • • , 0t-x). If each 0* is either alge-
braic or a monomial over £)(0i, • • • , 0t-i) then # is regular elementary 
over 3D. 

(1), (2) and (3) are all the operations needed since we get the 
trigonometric and inverse trigonometric operations by adjoining 
V ( - l ) toK. 

The following basic result gives us the form assumed by elementary 
AMS Subject Classifications. Primary 1280, 3402; Secondary 1451. 
Key Words and Phrases. Elementary function, integration in finite terms, algo-

rithm, differential field, Jacobian variety, bounding torsion. 
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In 1963/64, during an extended stay at SLAC, 
Martinus J. G. Veltman  designed the computer 
program Schoonschip for symbolic manipulation 
of mathematical equations, which is now 
considered the very first computer algebra 
system.

Veltman initially developed the program to 
compute the quadrupole moment of the W 
boson, the computation of which led to "a 
monstrous expression involving in the order of 
50,000 terms in intermediate stages".

Martinus Justinus Godefriedus "Tini" Veltman 
(born 27 June 1931) is a Dutch theoretical 
physicist. He shared the 1999 Nobel Prize in 
physics with his former student Gerardus 't Hooft 
for their work on particle theory.
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2S(:" )+S(A ')-ASS(Z, ') =0. For pc decays, on
the other hand, the M'= 2 rule remains valid for
—"m, Z -Nm, and K—37t, but we have not been

able to derive the same rule for A and " decays
in the presence of SU(3) breaking.
We close this note with a few remarks: (a) As

stated before, the amplitude corresponding to (1)
was assumed to satisfy the duality principle that
governs hadronic processes. This assumption,
though not yet verified, may not be unreasonable
since for such quasihadronic processes there is
so far no evidence for a fixed pole singularity us-
ually present in nonhadronic amplitudes. Fur-
thermore, we note that the Pomeranchuk singu-
larity is not involved in our case. (b) It is known
that for baryon-antibaryon scattering, ' such as
&&-~4, arguments similar to that which we em-
ployed here lead to the problem that the relevant
amplitude should vanish. Frankly, we have no
clear-cut solution to this problem. " We note,
however, that our case rather corresponds to me-
son-baryon scattering, for which we have met no
such difficulty.
We would like to express our appreciation to
Professor H. Yukawa for his interest in this
work and to Professor Z. Maki and Professor M.
Konuma for discussions.
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8In a recent paper Suzuki attempted, from a similar

point of view, to explain some properties of pc baryon
decays [M. Suzuki, Phys. Rev. Letters 22, 1217,
1413N) (1969)].
For reactions involving octet spurions we do not

meet such situations. The number of conditions that
prohibit exotic resonances in certain channels is
always smaller than the number of nonexotic ampli-
tudes in its dual channels.
For E 3x decays we require, as an additional as-

sumption, the factorization property of five-point am-
plitudes.
We consider, in place of (1), the scattering involv-

ing spurions with I=2, jY[ =1, and )Iz) =a.
In the present case, there are three independent am-

plitudes to describe p decays since the ~I=2 transition
is sti11 effective in Z+ decays. However, it can be
shown by explicit calculations that the triangle re1ation
is satisfied.
H. Sugawara, Phys. Rev. Letters 15, 870 (1965);

M. Suzuki, Phys. Rev. Letters 15, 986 (1965).
It is our feeling that the difficulty associated with

baryon-antibaryon scattering should be settled on quite
different grounds. Several possibilities have so far
been suggested to solve this problem. See S. Pinsky,
Phys. Rev. Letters 22, 677 (1969); J.E.Mandula,
J.Weyers, and G. Zweig, ibid. 23, 266 (1969).
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Stanford Linear Accelerator Center, Stanford University, ' Stanford, California 94305

(Received 25 July 1969)
We report a calculation of the three-photon-exchange (electron-loop) contribution to

the sixth-order anomalous magnetic moment of the muon. Our result, which contains a
logarithmic dependence on the muon-to-electron mass ratio, brings the theoretical pre-
diction into agreement with the CERN measurements, within the 1-standard-deviation
experimental accuracy.

In the last few years increasingly accurate mea-
surements of the magnetic moment of the muon
have been performed at CERN. The most recent

value of the anomalous part of the muon g factor
is' [a = —,'(g-2)]
a,„=(116616+31)x10
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n '=137.03608+0.00026 (4)

for the fine-structure constant, one obtains from
(2) and (3) the theoretical prediction

a = (116564+ 2) x 10

which disagrees slightly (1.7 standard deviations)
with the experimental value (1). The error inter-
val in (5) reflects the uncertainty in the strong-
interaction contribution (0.5x10 '), in the value
of a/2w (0.2 x10 '), and in the sixth-order cor-
rection described in Ref. 7 (0.6 x10 '). It does
not take into account the uncertainty in the magni-
tude of the vacuum-polarization contribution of
higher mass hadrons. " We have also not includ-
ed possible weak-interaction corrections" to the
muon moment which could be expected to be of
order 1 &&10
Also not included in the above error estimate

is the contribution from the sixth-order diagrams
containing photon-photon scatter ing subdiagrams
(Fig. 1). This contribution has heretofore not
been calculated and was assumed to be small.
To examine the validity of such an assumption we
have carried out an explicit calculation of this
contribution. Our result turns out to be surpris-
ingly large:

4a „„=(18.4+1.1)(Q/m)'= (23.0+1.4)
10 s (6)

The theoretical result for a which has been cal-
culated thus far from standard quantum electrody-
namics is

o,/2p+0. 76578(n/vr) +3.00(n/w)'. (2)
The second term has been evaluated analytically
up to and including terms of order (o./w)'(m, /
m„)'.' The last term consists of several parts:
an estimate of the sixth-order contributions to
the electron g factor [0.13(o/p)'], ' the contribu-
tion to the electron g factor from certain sixth-
order Feynman diagrams not contained in the
above estimate [0.055(o/m)'], ' and a calculation
of those sixth-order terms which are generated
by the insertion of electron loops of second and
fourth order into the virtual-photon lines of the
second- and fourth-order electromagnetic verti-
ces of the muon [2.82(o/v)']. ' '
The latest estimate of the contribution from

strong interactions (vacuum polarization due to
hadrons) to the muon g factor, based on the Or-
say colliding-beam data for e'+ e -p, w, and y
resonances, is'

b,a„~ = (6.5+0.5) x10
If one uses the value"

I
I 1I I L ~ ~

P
FIG. 1. Feynman diagrams containing subdiagrams

of photon-photon scattering type. The heavy, thin, and
dotted lines represent the muon, electron, and photon,
respectively. There are three more diagrams obtained
by reversing the direction of the electron loop.

This leads us to a revised theoretical prediction

and

a,„„=(116587 a 3) x 10 ' (7)

a,„,-a,„„=(29+34) x10
= (250+290) ppm. (8)

Thus the addition of the photon-photon scattering
contribution essentially eliminates the discrepan-
cy mentioned above. The theoretical error in (7)
includes the uncertainty due to the numerical in-
tegration of the contribution (6) (1.4x10 '). This
error could be reduced if necessary. %e wish to
emphasize that, with the inclusion of the photon-
photon scattering contribution (6), all of the Feyn-
man diagrams from quantum electrodynamics
which contribute to the difference of the muon
and electron magnetic moments through sixth ord-
er have been calculated or bounded. '
The largeness of the contribution (6) is closely

related to a logarithmic dependence on the muon-
to-electron mass ratio. In fact, in the limit of
large m „/m, the result (6) can be expressed in
the form

ba „„=[(6.4+0.1)ln(m„/m, )+const]
x(o/m) . (9)

Thus earlier arguments' indicating a cancellation
a,mong the diagrams of Fig. 1 for the logarithmic
terms are disproved.
We have calculated all integrands contributing

to the logarithmic term in (9) by hand. The com-
plete integrand was obtained by two separate, dis-
similar methods with the help of REDUCE, "an
algebraic computation program developed by
Hearn. The numerical integration over the Feyn-
man parameters is carried out using a program
written by G. Sheppey at CERN'4 and improved
by one of us (A.J.D. ). The term +1.1 in (6) is our
estimate of error in the numerical integration
over seven Feynman parameters. In extracting
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the coefficient of the term ln(m„/m, ) in (9), in-
tegration over two of the parameters is done an-
alytically; the term +0.1 in (9) is the estimated
error in the integration over the remaining pa-
rameters. Both of these errors may be reduced
if necessary.
Our method of calculation also allows us to ob-

tain the correction to the g factor of the electron
which arises from diagrams similar to those of
Fig. i. Details of both the muon and electron cal-
culations will be published shortly.
The near agreement of theory and experiment

in Eg. (8) can be used to obtain an interesting
bound on the electromagnetic coupling to the en-
tire spectrum of hadrons. The hadronic contribu-
tion to the muon g factor can be written as

oo
b.a„~ = —,f, , 2 o, , (s)G(s)ds, (10)

where

and o, , (s) is the total e"e annihilation cross
section into hadrons at the center-of-mass ener-
gy E„~ =E++E = vs. We assume that the con-
tribution to Aa„~ for s up to and including the y
resonance in o, , is given by (3). Then for the
higher mass hadrons (s ~s*&m~') we define

m, ' " o, + -(s)
had 12 3

s*1+0 --'-'—lnS* gpss P

(12)

If we regard the difference (8) as a sort of upper
limit for ~ah&*, we obtain

f, , o, +, —(s)ds/s &8.2p,b.
In other words, higher mass hadrons can at most
give three or four times the contributions of the
p, ~, and y to 4ah~. A reduction of the experi-
mental error for the muon moment could not on-
ly further confirm the quantum-electrodynamic
corrections, but it would also further bound the
cross section for e'e annihilation.
We are greatly in debt to Dr. A. C. Hearn for

providing his algebraic computation program
H,EDU'CE and his assistance in its use. One of us
(T.K.) would like to thank Dr. K. C. Wali for the
kind hospitality at Argonne National Laboratory
and Dr. S. D. Drell for the kind hospitality at the
Stanford Linear Accelerator Center, where part
of this work was done. Two of us (S.J.B. and

A.J.D.) wish to thank Dr. S. D. Drell for his sug-
gestions and encouragement.
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In this report we calculate I 5, the rate for orthopositronium to decay to five photons. We find that
I 5= [0.0189(11)]aI Lo, where I Lo is the lowest-order orthopositronium decay rate. The relevance of our
result to the experimental situation is discussed.

The positronium atom is involved in a number of tests of
QED. Although they are generally not as precise as the
beautiful studies of the electron and muon magnetic mo-
ments, the positronium tests complement that work because
they involve bound-state physics and annihilation processes.
In this Brief Report we present a calculation of the five-
photon decay rate of orthopositronium (the spin-triplet
state) and discuss its relevance to recent measurements of
the total orthopositronium decay rate.
Orthopositronium decays to an odd number of photons.

Current experiments do not determine the total number of
final-state photons, so the measurable decay rate can be
written as a sum of partial rates,

I = I 3+1 5+I 7+

The theoretical prediction for I is'
1

1 =1 Lo 1 ——[10.282(3) ]——,a'ln —+0 (o')
7r 0.'

= 7.038 30(7) p, sec '+ 0 (0.0004 p, sec

where

1 Lo= (7r' —9)ma =7.21116(4) psec9' (3)

roughly two standard deviations above the theoretical pre-
diction. The coefficient of a2I'Lo in (2) would have to be
approximately 30 if it were to account for the entire
discrepancy. Terms of order o. I Lo arise in two ways, as ra-
diative corrections to I'3, and as the lowest-order contribu-
tion to I 5, which is computed here.
The five-photon parital decay rate is (to lowest order)

1 4 lr = dk, ~ . dk (2 ) 5(P —k — —k )—~M~'5I

(5)
where dk;= [(22r)'2~k;~] 'd'k;, P = (2m, 0) and where

is the invariant matrix element squared, summed over
final polarizations, and averaged over the three orthoposi-
tronium spin states. The invariant matrix element is

The most recent and most precise experimental result for I"
1S

7.05l(5) p.sec

, [ 4]M= —167r ( g tr ye (s)( —yR (s) —1) 'y& (4)( —yg (s), (4)—1)
m ass

0 (T '
Eppg

X y& (3) {yQ&r(2) ~(1)—1 ) y Eo (2) (yR o(l) —1 ) y'Eo (1) 0 0 ].
The sum is over the 5! permutations of the final photons (Ss is the symmetric group of ordet 5), The four vectors
&), . . . , &s are photon polarizations, and e is the orthopositronium spin three-vector. The R 's and g's are d;me„s;o„less
momentum vectors: R, =N —R', and QJ=N —K;—X& with N = (1, 0) and R';= (~kj~/m k(/m) Qne finds that

T(o-'(54321);a-(12345))
5f

5 a. ES5

where
29 4 8

4

a- (ij klm ) = a- (i ) a- (j ) (r (k ) a. ( I ) o- ( m )

T(abcde;ijklm ) = 4 tr[ ( —yN + 1)y„(—yR, —1) 'y~ ( —yg, b —1)

(7)

x (yg„—1)-'y, (yR, —1) -'y„(yN+ 1)y" (yR, 1)-'y"'(y Q„ 1)—1

"y "(—yg( —1) (lO)

The expression for (1/5!)~M~ can be rewritten as

T (54321;(r ( 12345 ) )l
ZeS ~eS5 5
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T (abcde, ij klm ) = T (edcba ', mlkji ) (12)
is derived by taking the transpose of the gamma matrices in
T and then using the property Cy~C ' = —y„ofthe
charge-conjugation matrix C to undo the transposition. The
other, reversal sym m etry,

where diagram topology is determined by o- and photon
identity by A. .
Because we integrate over a phase space symmetric under

photon interchange, we could drop the "(1/5!) g&, s k" in5

(11), reducing the length of the integrand by a factor of 5!,
and still obtain the correct result for I q. We use the sym-
metric physical integrand instead of the shorter unsym-
metric one because the physical integrand is positive and
smooth, and is better suited to Monte Carlo integration
techniques.
Each term in Eq. (11) may be represented by a diagram

with labeled photons. There are 5! topologically distinct dia-
grams (associated with the permutation o-) for which the
trace over gamma matrices must be evaluated algebraically.
Because each topology has 5! photon labelings (X) there are
(5l) different diagrams to be computed numerically for
each evaluation of the integrand. These numbers are re-
duced by two symmetries. One, charge symmetry,

Then three angles were identified as Euler angles and were
integrated out (giving a factor of 87r ) and the theta func-
tions were realized as restrictions on the remaining three
photon energies, leaving an eight-dimensional integral.
The resulting integral was evaluated numerically using the

adaptive Monte Carlo integration routine vEGAs. Thirteen
iterations of 768 points each were computed. The average
of these thirteen numbers (weighted equally) is our result,

V = [0.0189(11)]n 1 (15)

where an estimate of the statistical error (lo-) is given in
parentheses. It should be noted that, because of potential
singularities, the convergence of the integral is a sensitive
check of the correctness of the integrand.
Our result for I ~ is a very small (approximately 1 ppm)

correction to I . It is invisible to foreseeable experiments,
and does not help in explaining the discrepancy between the
predicted and measured values of the decay rate. More
light will be shed on this problem when the pending 200-
ppm experimental measurement is done, and when the
0 (n') corrections to 1 3 are computed.
As a check of our methods the four-photon partial decay

rate of parapositronium (the spin-singlet state) was also ob-
tained. Our result

T ( abede, ij klm ) = T (mlkji, edcba ) (13) 1'4 = [0.01389(6) ]m a' (16)
is obtained by reversing the order of the gamma matrices in
T. Only 45 of the 120 diagram topologies are independent
after accounting for these symmetries. The algebraic ma-
nipulation program REDUcE (Ref. 4) was used to evaluate
these 45 traces which all contain terms of up to 20 gamma
matrices. Similarly, to evaluate the integrand numerically at
a given point in phase space, only 3660 of the 14400 dia-
grams need be computed explicitly.
The phase-space integral was performed as follows. First

the energy-momentum-conserving delta function was elim-
inated, so that

r, = 1 0 1 1
32&2 dktdkpdk3d Q, 4He(Q') 8(Q )

4m 5!
(14)

where Q =I' —k&—k2—kq and 0 = Q /(Q —Q' k4) .

agrees well with previous evaluations of this quantity. '
The evaluation of I 4 was first attempted by McCoyd.

McCoyd's result was about a factor of 4 too low because of
an incorrect assumption about the phase-space population.
However, McCoyd carried out a monumental amount of
algebra by hand, and we have verified that his result for the
"non relati vistic limit of reduced cross section:
e+ + e 4y" is correct. This result, consisting of 149
simple terms, is much shorter than the equivalent, but not
fully simplified, expression that we obtained using REDUcE.

One of us (F.R.B.) held a National Science Foundation
Fellowship during the course of this work. This work was
supported in part by National Science Foundation Grant No.
PHY-80-19754.
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The early days, mainly LISP based systems

1958 FORTRAN
1960 LISP
1965 MATHLAB
1967 SCHOONSHIP
1968 REDUCE
1970 SCRATCHPAD, evolved into AXIOM
1971 MACSYMA
1979 muMATH, evolved into DERIVE

Commercialization and migration to C

1972 C
1981 SMP, with successor MATHEMATICA
1988 MAPLE
1992 MuPAD

Specialized systems

1975 CAYLEY (group theory), with successor MAGMA
1985 PARI (number theory calculations)
1989 FORM (particle physics)
1992 MACAULAY (algebraic geometry)

A move to object-oriented design and open-source

1984 C++
1995 Java
1999 GiNaC

Figure 1: A historical survey on computer algebra system together with the first appearance
of some programming languages.

5

Computer algebra systems in particle physics
(from Weinzierl, ’’Computer Algebra in Particle Physics’’ 
https://arxiv.org/abs/hep-ph/0209234v1)

https://arxiv.org/abs/hep-ph/0209234v1


For an updated list see also 

https://en.wikipedia.org/wiki/List_of_computer_algebra_systems

https://en.wikipedia.org/wiki/List_of_computer_algebra_systems


Setup your environment

Go to http://lab.wolframcloud.com and register

http://lab.wolframcloud.com/


Basics of Mathematica

Go to 

http://www.wolfram.com/language/elementary-introduction/2nd-ed/

v. anche il corso del Prof. Marco Budinich

https://wwwusers.ts.infn.it/~mbh/Prog_2019-2020_1.pdf

http://www.wolfram.com/language/elementary-introduction/2nd-ed/
https://wwwusers.ts.infn.it/~mbh/Prog_2019-2020_1.pdf




������� Solve[x^3 + b*x^2 + c*x + d == 0, x]

��	���� ��x � -
b
3

-
21/3 �-b2 + 3 c�

3 �-2 b3 + 9 b c - 27 d + 3 3 -b2 c2 + 4 c3 + 4 b3 d - 18 b c d + 27 d2 �
1/3 +

�-2 b3 + 9 b c - 27 d + 3 3 -b2 c2 + 4 c3 + 4 b3 d - 18 b c d + 27 d2 �
1/3

3×21/3
�,

�x � -
b
3

+
�1 + � 3 � �-b2 + 3 c�

3×22/3 �-2 b3 + 9 b c - 27 d + 3 3 -b2 c2 + 4 c3 + 4 b3 d - 18 b c d + 27 d2 �
1/3 -

�1 - � 3 � �-2 b3 + 9 b c - 27 d + 3 3 -b2 c2 + 4 c3 + 4 b3 d - 18 b c d + 27 d2 �
1/3

6×21/3
�,

�x � -
b
3

+
�1 - � 3 � �-b2 + 3 c�

3×22/3 �-2 b3 + 9 b c - 27 d + 3 3 -b2 c2 + 4 c3 + 4 b3 d - 18 b c d + 27 d2 �
1/3 -

�1 + � 3 � �-2 b3 + 9 b c - 27 d + 3 3 -b2 c2 + 4 c3 + 4 b3 d - 18 b c d + 27 d2 �
1/3

6×21/3
��

Mathematica easily solves 3rd degree algebraic equations ...

... and more symbolic algebra and analysis but it can also do much more





• Mathematica has nearly 6,000 built-in functions covering all areas of technical 
computing

• Mathematica has the following features
• Symbolics, with algebraic manipulation and mathematical computation
• Numerics
• Visualization
• Number theory
• Data analysis
• Graph computation
• Interactive computation
• Image computation
• Geometric computation
• Import and export of many data formats





The Euclidean algorithm

This is one of the oldest known algorithms. It finds the Greatest Common 
Divisor (GCD) g of two integer numbers.

obviously, g divides the difference as well

we subtract from the largest of the two and we obtain a new pair. 

We continue like this until both numbers are equal, so that a = b = g. 

g = GCD(a, b) ) a = ng; b = mg; n,m coprimes

a� b = (n�m)g

(a, b) ! (max(a� b, b� a),min(a, b))

<latexit sha1_base64="gb/ofnsJAIyvnLEh7Rs6APP0Kg8=">AAACFHicbVDLTgIxFO34RHyhLt00EhOIQGYMRpdENy4xkUfCEHKnFGhoO5O2oxLCR7jxV9y40Bi3Ltz5N5bHQsGTNDk559zc3hNEnGnjut/O0vLK6tp6YiO5ubW9s5va26/qMFaEVkjIQ1UPQFPOJK0YZjitR4qCCDitBf2rsV+7o0qzUN6aQUSbArqSdRgBY6VW6iQDuSCLfcW6PQNKhfc44wt4yEA+yAV5yOZ8weQklG2l0m7BnQAvEm9G0miGciv15bdDEgsqDeGgdcNzI9McgjKMcDpK+rGmEZA+dGnDUgmC6uZwctQIH1uljTuhsk8aPFF/TwxBaD0QgU0KMD09743F/7xGbDoXzSGTUWyoJNNFnZhjE+JxQ7jNFCWGDywBopj9KyY9UECM7TFpS/DmT14k1dOCVyyc3RTTpctZHQl0iI5QBnnoHJXQNSqjCiLoET2jV/TmPDkvzrvzMY0uObOZA/QHzucPYBmb4g==</latexit>



"[The Euclidean algorithm] is the granddaddy of all algorithms, 
because it is the oldest nontrivial algorithm that has survived to 
the present day.”

Donald Knuth, The Art of Computer Programming, Vol. 2: Seminumerical Algorithms, 
2nd edition (1981), p. 318.



The Euclidean algorithm is built 
in Mathematica

However, we can write and 
execute a short program for the 
Euclidean algorithm

������� a = 27876; b = 32706;

While[a � b,
If[a > b, a -= b, b -= a];

];

Print[a]

138

������� GCD[27876, 32706]

��	���� 138



The Simplify instruction in 
Mathematica uses the Euclidean 
algorithm

������� Simplify[27876/32706]

��	����
202
237

������� 27876/138

��	���� 202

������� 32706/138

��	���� 237



������� a = 27876; b = 32706;

While[a � b,
If[a > b, a -= b, b -= a];

];

Print[a]

138

Can you produce an improved version of this little program? 



������� a = 27876; b = 32706;

While[a � 0 && b � 0,
If[a > b, a -= b*Floor[a/b], b -= a*Floor[b/a]];

];

Print[a];
Print[b];
Print[Max[a, b]];

138

0

138

Is the second program really more efficient?



������� a = 27876; b = 32 706;

k = 0;
While[a � b,

If[a > b, a -= b, b -= a];
k++;

];
Print["\n"];
Print["GCD: ", a];
Print["Number of iterations: ", k];

GCD: 138

Number of iterations: 14

������� a = 27876; b = 32 706;

k = 0;
While[a � 0 && b � 0,

If[a > b, a -= b*Floor[a/b], b -= a*Floor[b/a]];
k++;

];

Print["\n"];
Print["GCD: ", Max[a, b]];
Print["Number of iterations: ", k];

GCD: 138

Number of iterations: 7

YES! It is more efficient



Euclidean division algorithm

Let 

then we can write the following algorithm 

a � 0; b > 0

The four integers that appear here have 
been given names: a is called 
the dividend, b is called the divisor, q is 
called the quotient and r is called 
the remainder.

������� a = 45900; b = 2787;

q = 0; r = a;

While[r � b,
q += 1;
r = a - b*q;

];

Print["q= ", q, "; r= ", r, "; a= ", q*b + r];

q= 16; r= 1308; a= 45 900



The previous algorithm does not work as such for arbitrary integers. 

How can the algorithm be modified to take into account the possibilities

with

??????

a < 0; b > 0;

a > 0; b < 0;

a < 0; b < 0;

0  r < |b|



Answer:



Polynomial division 
(similar to Euclidean 
division)
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Homework

Division requires a long loop (how long?)

Find a numerical algorithm to divide floats using only the +, -, x operators 


