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Edwin T. Jaynes (1922-1998), introduced the method of 
maximum entropy in statistical mechanics: when we start 
from the informational entropy (Shannon’s entropy) and we 
use it to introduce Boltzmann’s entropy we obtain again the 
whole of statistical mechanics by maximizing entropy.

In a sense, statistical mechanics also arises from a 
comprehensive “principle of maximum entropy”.

http://bayes.wustl.edu/etj/etj.html 
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http://bayes.wustl.edu/etj/etj.html
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Here we apply the maximum entropy principle (MaxEnt) to solve problems and  find prior 
distributions ...

The kangaroo problem (Jaynes)

• Basic information: one third of all kangaroos has blue eyes, and one third is left-handed.

• Question: which fraction of kangaroos has both blue eyes and is left-handed?

• Constraints: the normalization condition must be fulfilled matrixwise + the constraints 
   expressed by the basic information, row by row and column by column.



probabilities

entropy (proportional to Shannon’s entropy)

constraints (3 constraints, 4 unknowns)

pbl pbl pbl pbl

S = pbl ln
1
pbl

+ pbl ln
1
pbl

+ pbl ln
1
pbl

+ pbl ln
1
pbl

pbl + pbl + pbl + pbl = 1
pbl + pbl = 1 3
pbl + pbl = 1 3
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entropy maximization with constraints

SV = pbl ln
1
pbl

+ pbl ln
1
pbl

+ pbl ln
1
pbl

+ pbl ln
1
pbl

⎛
⎝⎜

⎞
⎠⎟

+λ1 pbl + pbl + pbl + pbl −1( ) + λ2 pbl + pbl −1 3( ) + λ3 pbl + pbl −1 3( )

∂SV
∂pbl

= − ln pbl −1+ λ1 + λ2 + λ3 = 0

∂SV
∂pbl

= − ln pbl −1+ λ1 + λ3 = 0

∂SV
∂pbl

= − ln pbl −1+ λ1 + λ2 = 0

∂SV
∂pbl

= − ln pbl −1+ λ1 = 0

pbl = exp −1+ λ1 + λ2 + λ3( )
pbl = exp −1+ λ1 + λ3( )
pbl = exp −1+ λ1 + λ2( )
pbl = exp −1+ λ1( )
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pbl = pbl exp !3( )
pbl = pbl exp !2( )
pbl = pbl exp !2 + !3( )
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What do we learn about Statistical Mechanics using the MaxEnt method? 

<latexit sha1_base64="EarHYYJyNBC9aya4LXzFrOEER8k="></latexit>

H = �K

X

i

pi ln pi, with
X

i

pi = 1 and hf(x)i =
X

i

f(xi)pi

<latexit sha1_base64="AbnHVWPPAr3/LmfHCWnEAPJFAp0="></latexit>

Q = H +K(��+ 1)
X

i

pi �Kµ

X

i

f(xi)pi
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@Q

@pi
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i
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Solution of underdetermined systems of equations

In this problem there are fewer equations than unknowns; the system of equations is 
underdetermined, and in general there is no unique solution. 

The maximum entropy method helps us find a reasonable solution, the least informative 
one (least correlation between variables)

Example:  

3x + 5y +1.1z = 10
−2.1x + 4.4y −10z = 1

x, y, z > 0( )
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S = ! x
x + y + z

ln x
x + y + z

+ y
x + y + z

ln y
x + y + z

+ z
x + y + z

ln z
x + y + z

"
#$

%
&'

= ! 1
x + y + z

x ln x + y ln y + z ln z ! x + y + z( )ln x + y + z( )() *+

Q = S + , 3x + 5y +1.1z !10( ) + µ !2.1x + 4.4y !10z !1( )

-Q
-x

= !
ln x ! ln x + y + z( )

x + y + z
+
x ln x + y ln y + z ln z ! x + y + z( )ln x + y + z( )

x + y + z( )2
+ 3, ! 2.1µ

=
y + z( )ln x + y ln y + z ln z

x + y + z( )2
+ 3, ! 2.1µ = 0

3x + 5y +1.1z = 10
!2.1x + 4.4y !10z = 1

x, y, z > 0( )

! n"

1

*1(/&%$*(#&?$0&@.&*$A.0&*#&@.&$&
B3%#@$@()(*-C
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!Q
!x

=
y + z( )ln x + y ln y + z ln z

x + y + z( )2 + 3" # 2.1µ = 0

!Q
!y

=
x ln x + x + z( )ln y + z ln z

x + y + z( )2 + 5" + 4.4µ = 0

!Q
!z

=
x ln x + y ln y + x + y( )ln z

x + y + z( )2 +1.1" #10µ = 0

10 = 3x + 5y +1.1z
1= #2.1x + 4.4y #10z

x = 0.606275;   y = 1.53742;   z =  0.449148;   
" = 0.0218739;   µ = -0.017793
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this is an example of an “ill-posed” problem

the Maximum Entropy Method is a kind of regularization of the ill-

posed problem
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entropy maximization when the mean is known µ

∂
∂pk

− pk ln pk
k
∑ + λ0 pk

k
∑ −1⎛

⎝⎜
⎞
⎠⎟
+ λ1 xk pk

k
∑ − µ

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

= − ln pk +1( ) + λ0 + λ1xk = 0

pk = e
λ0 +λ1xk −1;

incomplete 
solution... 

We must satisfy two constraints now ... 
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pk = e
λ0 +λ1xk −1

pk
k
∑ = eλ0 +λ1xk −1

k
∑ = eλ0 −1 eλ1xk

k
∑ = 1

xk pk
k
∑ = xke

λ0 +λ1xk −1

k
∑ = eλ0 −1 xke

λ1xk

k
∑ = µ

eλ0 −1 =
1
eλ1xk

k
∑

;
xke

λ1xk

k
∑

eλ1xk
k
∑

= µ

no analytic solution, 
only numerical 
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Example : the biased die
(E. T. Jaynes: Where do we stand on Maximum Entropy? In The Maximum Entropy Formalism; 
Levine, R. D. and Tribus, M., Eds.; MIT Press, Cambridge, MA, 1978)

mean value of throws for an unbiased die

1
6
1+ 2 + 3+ 4 + 5 + 6( ) = 21

6
= 3.5

mean value for a biased die

3.5 1+ ε( )
Problem: for a given mean value of the biased die, what is the probability distribution of 
each value? 
The mean value is insufficient information, and we use the maximum entropy method to 
find the most likely distribution (the least informative one).
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entropy maximization with the biased die:

∂
∂pk

− pk ln pk
k=1

6

∑ + λ0 pk
k=1

6

∑ −1⎛
⎝⎜

⎞
⎠⎟
+ λ1 kpk

k=1

6

∑ − 7
2
1+ ε( )⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

= − ln pk +1( ) + λ0 + kλ1 = 0
pk = e

λ0+λ1k−1

pk
k=1,6
∑ = eλ0−1 eλ1k

k=1,6
∑ = 1

kpk
k=1,6
∑ = eλ0−1 keλ1k

k=1,6
∑ = 7

2
1+ ε( )

eλ0−1 = 1
eλ1k

k=1,6
∑ ;

kpk
k=1,6
∑

eλ1k
k=1,6
∑ = 7

2
1+ ε( )

we still have to satisfy the 
constraints ... 
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eλ0 −1 eλ1k
k=1,6
∑ = eλ0 −1 eλ1k

k=0,6
∑ −1

⎛
⎝⎜

⎞
⎠⎟
= eλ0 −1 1− e

7λ1

1− eλ1
−1

⎛
⎝⎜

⎞
⎠⎟
= 1

keλ1k
k=1,6
∑

eλ1k
k=1,6
∑

=
∂
∂λ1

ln eλ1k
k=1,6
∑ =

∂
∂λ1

ln eλ1 eλ1k
k=0,5
∑⎛

⎝⎜
⎞
⎠⎟

=
∂
∂λ1

λ1 + ln 1− e
6λ1( ) − ln 1− eλ1( )⎡⎣ ⎤⎦

= 1− 6e6λ1

1− e6λ1
+

eλ1

1− eλ1
=
7
2
1+ ε( )

The Lagrange multipliers are obtained from nonlinear equations, and we must use 
numerical methods 

Edoardo Milotti - Bayesian Methods - Spring 2023 20



with a biased die we obtain skewed distributions. 

These are examples of UNINFORMATIVE PRIORS

numerical solution
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Entropy maximization with additional conditions (partial knowledge of moments of the prior distribution)

Q p[ ] = − p x( )ln p x( )
m x( ) dxa

b

∫ + λk xk p x( )dx −Mk
a

b

∫
⎧
⎨
⎩⎪

⎫
⎬
⎭⎪k

∑

xk = xk p x( )dx
a

b

∫
function (functional) that must be maximized
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Entropy with continuous probability distributions
(we use the relative entropy, i.e., the Kullback-Leibler divergence instead of entropy)



δQ = − δ p ln p x( )
m x( ) +1− λk x

k

k
∑⎧

⎨
⎩

⎫
⎬
⎭
dx

a

b

∫ = 0

variation

ln p x( )
m x( ) +1− λk x

k

k
∑ = 0

p x( ) = m x( )exp λk x
k

k
∑ −1

⎛
⎝⎜

⎞
⎠⎟
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p x( ) = m x( )exp λnx
n

n
∑ −1

⎛
⎝⎜

⎞
⎠⎟

Mk = xkm x( )exp λnx
n

n
∑ −1

⎛
⎝⎜

⎞
⎠⎟
dx

a

b

∫

p(x) is determined by the choice of m(x) and by the constraints

The constraints can be the moments themselves:
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1. no moment is known, normalization is the only constraint, and p(x) is defined in the 
interval (a,b)

M 0 = m x( )exp λ0 −1( )dx
a

b

∫ = 1

we take a reference distribution which is uniform on (a,b), i.e., 

m x( ) = 1
b − a

M 0 =
1

b − a
exp λ0 −1( )dx

a

b

∫ = exp λ0 −1( ) = 1

⇒ λ0 = 1; p x( ) = m x( )exp λnx
n

n=0

0

∑ −1
⎛
⎝⎜

⎞
⎠⎟
=

1
b − a
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2. only the first moment – the mean – is known, and p(x) is defined on (a,b)

M 0 =
1

b − a
exp λ0 + λ1x −1( )dx

a

b

∫ = 1

M1 =
1

b − a
x exp λ0 + λ1x −1( )dx

a

b

∫

M 0 = 1=
exp λ0 −1( )

b − a
exp λ1x( )dx

a

b

∫ =
exp λ0 −1( )

b − a
·
exp λ1b( )− exp λ1a( )

λ1

M1 =
exp λ0 −1( )

b − a
xexp λ1x( )dx

a

b

∫ =
exp λ0 −1( )

b − a
1
λ1

bexp λ1b( )− aexp λ1a( )( )− 1
λ1
2 exp λ1b( )− exp λ1a( )( )⎡

⎣
⎢

⎤

⎦
⎥

in general, these equations can only be solved numerically...
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special case:

a→ −
L
2
; b→ L

2
; M1 = 0

exp λ0 −1( )
L

·
exp λ1L 2( ) − exp −λ1L 2( )

λ1
= 1

exp λ0 −1( )
L

1
λ1

L
2
exp λ1L 2( ) + L

2
exp −λ1L 2( )⎛

⎝⎜
⎞
⎠⎟
−
1
λ1
2 exp λ1L 2( ) − exp −λ1L 2( )( )⎡

⎣
⎢

⎤

⎦
⎥ = 0

exp λ0 −1( )
L

·
exp λ1L 2( ) − exp −λ1L 2( )

λ1
= 1

L
2
exp λ1L 2( ) + exp −λ1L 2( )( ) − 1λ1 exp λ1L 2( ) − exp −λ1L 2( )( ) = 0
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p x( ) = m x( )exp λk x
k

k=0

1

∑ −1
⎛
⎝⎜

⎞
⎠⎟
=
1
L

exp λ0 −1( ) sinh λ1L 2( )
λ1L 2

= 1

L cosh λ1L 2( ) − 2
λ1
sinh λ1L 2( ) = 0

⇒ λ1L 2( ) = tanh λ1L 2( ) ⇒ λ1 = 0; λ0 = 1
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a→ −
L
2
; b→ L

2
; M1 = ε

exp λ0 −1( )
L

·
exp λ1L 2( ) − exp −λ1L 2( )

λ1
= 1

exp λ0 −1( )
λ1L

L
2
exp λ1L 2( ) + exp −λ1L 2( )( ) − 1λ1 exp λ1L 2( ) − exp −λ1L 2( )( )⎡

⎣
⎢

⎤

⎦
⎥ = ε

exp λ0 −1( )
λ1L 2( ) ·sinh λ1L 2( ) = 1

L
2

1
tanh λ1L 2( ) −

1
λ1

= ε

nonzero mean
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tanh λ1L 2( ) = 1
λ1L 2

+
2ε
L

⎛
⎝⎜

⎞
⎠⎟

−1

tanh z( ) = 1
z
+
2ε
L

⎛
⎝⎜

⎞
⎠⎟
−1

we find an approximate solution

z − z
3

3
≈ 1

z
+ 2ε
L

⎛
⎝⎜

⎞
⎠⎟
−1

⇒ z − z
3

3
⎛
⎝⎜

⎞
⎠⎟
1
z
+ 2ε
L

⎛
⎝⎜

⎞
⎠⎟ ≈1+

2ε
L
z − z

2

3
= 1

⇒ 2ε
L

− z
3
≈ 0 ⇒ z ≈ 6ε

L

λ1L
2

≈ 6ε
L

⇒ p x( ) ≈ 1
L
exp λ1x( ) ≈ 1

L
1− 12ε

L
x⎛

⎝⎜
⎞
⎠⎟

Edoardo Milotti - Bayesian Methods - Spring 2023 31



another special case a = 0; b→∞

M 0 = 1 = m0 exp λ0 −1( )· 1
−λ1( )

M1 = m0 exp λ0 −1( ) 1
λ1
2

⎡

⎣
⎢

⎤

⎦
⎥ = −λ1( ) 1

λ1
2

⎡

⎣
⎢

⎤

⎦
⎥ = −

1
λ1

= x

M 0 =
1

b − a
exp λ0 + λ1x −1( )dx

a

b

∫ = 1

M1 =
1

b − a
x exp λ0 + λ1x −1( )dx

a

b

∫
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p x( ) = m x( )exp λnx
n

n
∑ −1

⎛
⎝⎜

⎞
⎠⎟

= m0 exp λ0 −1( )exp λ1x( ) = 1
x
exp −

x
x

⎛
⎝⎜

⎞
⎠⎟

and we obtain the exponential distribution

then

m0 exp λ0 −1( ) = −λ1 =
1
x

Edoardo Milotti - Bayesian Methods - Spring 2023 33



3. both mean and variance are known, and the interval is the whole real axis

M 0 = m0 exp λ0 + λ1x + λ2x
2 −1( )dx

a

b

∫ = 1

M1 = m0 x exp λ0 + λ1x + λ2x
2 −1( )dx

a

b

∫

M 2 = m0 x2 exp λ0 + λ1x + λ2x
2 −1( )dx

a

b

∫

exp λ0 + λ1x + λ2x
2 −1( ) = exp λ2 x2 + 2 λ1

λ2
x + λ1

2

λ2
2

⎛
⎝⎜

⎞
⎠⎟
+ λ0 −1−

λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

= exp λ0 −1−
λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟
exp λ2 x + λ1

λ2

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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M 0 = m0 exp λ0 −1−
λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟

exp −
1

2 −1 2λ2( ) x +
λ1
λ2

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
dx

−∞

+∞

∫ = m0 exp λ0 −1−
λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟

−
π
λ2

= 1

M1 = m0 exp λ0 −1−
λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟

x exp −
1

2 −1 2λ2( ) x +
λ1
λ2

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
dx

−∞

+∞

∫ = m0 exp λ0 −1−
λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟

−
π
λ2

−
λ1
λ2

⎛
⎝⎜

⎞
⎠⎟
= −µ

M 2 = m0 exp λ0 −1−
λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟

x2 exp −
1

2 −1 2λ2( ) x +
λ1
λ2

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
dx

−∞

+∞

∫ = m0 exp λ0 −1−
λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟

−
π
λ2

−
1
2λ2

+
λ1
2

λ2
2

⎛
⎝⎜

⎞
⎠⎟
= σ 2 + µ2

M 0 = m0 exp λ0 −1−
λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟

− π
λ2

= 1

M1 =
λ1
λ2

= µ

M 2 = − 1
2λ2

+ λ1
2

λ2
2

⎛
⎝⎜

⎞
⎠⎟
=σ 2 + µ2

⇒ λ1 = −
µ
2σ 2 ; λ2 = −

1
2σ 2 ; m0 exp λ0 −1−

λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟
=

1
2πσ 2
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p(x) = m0 exp λ0 + λ1x + λ2x
2 −1( )

= m0 exp λ0 −1−
λ1
2

λ2

⎛
⎝⎜

⎞
⎠⎟
exp −

1
2 −1 2λ2( ) x +

λ1
λ2

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=
1
2σ 2π

exp 1
2σ 2 x − µ( )2⎡

⎣⎢
⎤
⎦⎥

... in this case where mean and variance are known, the entropic prior is Gaussian
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An alternative form of entropy that incorporates the normalization constraint from the start

Q p;m[ ] = − dx
X
∫ p(x)ln p(x)

m x( ) + λ dx
X
∫ p(x)− dx

X
∫ m(x)

⎛

⎝⎜
⎞

⎠⎟

= dx
X
∫ − p(x)ln p(x)

m x( ) + λ p(x)− λm(x)
⎛
⎝⎜

⎞
⎠⎟

δQ = δ pdx
X
∫ − ln p(x)

m x( ) −1+ λ
⎛
⎝⎜

⎞
⎠⎟
= 0

p(x) = m x( )exp λ −1( )
dx

X
∫ p(x) = dx

X
∫ m x( )exp λ −1( ) = exp λ −1( ) dx

X
∫ m x( ) = exp λ −1( ) = 1

⇒ λ = 1

Q p;m[ ] = dx
X
∫ − p(x)ln p(x)

m x( ) + p(x)−m(x)
⎛
⎝⎜

⎞
⎠⎟
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Until now we have emphasized the role of the momenta of the distribution, however other information can be 
incorporated in the same way in the entropic prior. 

A “crystallographic” example (Jaynes, 1968)

Consider a simple version of a crystallographic problem, where a 1-D crystal has atoms at the positions

and such that these positions may be occupied by impurities. 

 x j = jL L = 1,…,n( )
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From X-ray experiments it has been determined that impurity atoms prefer sites where

furthermore, we take, as an example, 

which means that we have the constraint

where pj is the probability that an impurity atom is at site j. 

cos kx j( ) > 0

cos kx j( ) = 0.3

cos kx j( ) = pj cos kx j( )
j=1

n

∑ = 0.3



Then the constrained entropy that must be maximized is

from which we find the maximization condition

i.e.,  

The rest of the solution proceeds either by approximation or by numerical calculation. 
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∂Q
∂pj

= − ln pj +1( ) + λ0 + λ1 cos kx j( ) = 0

Q = − pj ln pj
j=1

n

∑ + λ0 pj
j=1

n

∑ −1
⎛

⎝⎜
⎞

⎠⎟
+ λ1 pj cos kx j( )

j=1

n

∑ − 0.3
⎛

⎝⎜
⎞

⎠⎟

pj = exp 1− λ0 − λ1 cos kx j( )⎡⎣ ⎤⎦
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Example of MaxEnt in action: 
unconstrained problem in image restoration

J. Skilling, Nature 309 (1984) 748
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Car movement introduces linear correlations among pixels. The model of linear corrections does not allow direct inversion to find the 
corrected image because the number of variables is larger than the number of equations. The MaxEnt methods regularizes the problem and 
finds a reasonable solution.

J. Skilling, Nature 309 (1984) 748



Reconstruction of missing data
(from http://www.maxent.co.uk )

50%

95%

99%
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http://www.maxent.co.uk/


low resolution (MEM enhanced)

low resolution

high resolution

(from http://www.mirametrics.com)

NGC 40
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http://www.maxent.co.uk/ 
(the company no longer exists, and the website has disappeared from the web) 
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http://www.maxent.co.uk/
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a b s t r a c t

PyMaxEnt is a software that implements the principle of maximum entropy to reconstruct functional
distributions given a finite number of known moments. The software supports both continuous and
discrete reconstructions, and is very easy to use through a single function call. In this article, we set out
to verify and validate the software against several tests ranging from the reconstruction of discrete
probability distributions for biased dice all the way to multimodal Gaussian and beta distributions.
Written in Python, PyMaxEnt provides a robust and easy-to-use implementation for the community.

© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

Code metadata

Current code version v1.0
Permanent link to code/repository used for this code version https://github.com/ElsevierSoftwareX/SOFTX_2019_241
Code Ocean compute capsule NA
Legal Code License MIT License
Code versioning system used git
Software code languages, tools, and services used Python 3.x
Compilation requirements, operating environments & dependencies Standard Python 3 installation with numpy and scipy
If available Link to developer documentation/manual http://github.com/saadgroup/pymaxent/
Support email for questions tony.saad@chemeng.utah.edu

1. Motivation and significance

Data analysis from experimental and numerical observations
often requires post-processing to reconstruct primitive physical
quantities [1]. For example, neutron flux distributions in nuclear
reactors are not readily obtainable but have to be reconstructed
from neutron moments measured numerically or experimen-
tally [2,3]. This reconstruction of primitive quantities is usually
hampered by noisy results and insufficient information render-
ing the reconstruction problem under-determined [1]. A classic
example of this situation is the inverse-moment problem [4,5]

⇤ Corresponding author.
E-mail address: tony.saad@chemeng.utah.edu (T. Saad).

1 Assistant Professor.

stated as follows: Given a finite number of known moments –

e.g. averaged properties – for a given observation, find a unique

distribution that is responsible for generating these moments. For in-
stance, in the simulation of particulate systems, one often solves
for the average size and higher order moments of a particle
density distribution [6]. Given these moments, the goal is then
to reconstruct the unknown particle density distribution.

The inverse-moment problem is, by definition, under-
determined since there is an infinite number of real-valued func-
tions that could produce the desired moments. To obtain a unique
distribution, one needs a set of constraints to close the system of
equations. One such set of constraints is obtained by invoking the
principle of maximum entropy [5,7].

https://doi.org/10.1016/j.softx.2019.100353
2352-7110/© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).



Example of Bayesian estimate using objective priors: uncalibrated Gaussian measurement uncertainties

Here, we consider the case where we must find the mean value with given measurement uncertainties that are 
systematically multiplied by an unknown scale factor, under the assumption of Gaussianity.
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The likelihood has a Gaussian structure

P d | µ,σ ,α( ) = 1
2πα 2σ k

2
exp −

dk − µ( )2
2α 2σ k

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

N

∏

=
1

2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp −

1
2α 2

dk − µ( )2
σ k
2

k=1

N

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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we must rearrange the exponent as usual ... 

dk − µ( )2
σ k
2

k=1

N

∑ =
dk
2

σ k
2

k=1

N

∑ − 2µ dk
σ k
2

k=1

N

∑ + µ2 1
σ k
2

k=1

N

∑ =
ND
σM
2 − 2µ NM

σM
2 + µ2 N

σM
2

=
N
σM
2 D − 2µM + µ2( )

dove 1
σM
2 =

1
N

1
σ k
2

k=1

N

∑ ; M = dk
σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑ ; D = dk
2

σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑

P d | µ,σ ,α( ) = 1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp −

N
2α 2σM

2 D − 2µM + µ2( )⎡

⎣
⎢

⎤

⎦
⎥

therefore, the likelihood is
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Now we estimate the scale factor from Bayes’ theorem

however, we need first to marginalize the likelihood with respect to the mean, 
which in this case is a nuisance parameter

we take a uniform prior for the mean (a Jeffrey's prior)

P d |σ ,α( ) = P d | µ,σ ,α( )P µ σ ,α( )dµ
µ
∫

= 1
W

P d | µ,σ ,α( )dµ
µmin

µmax

∫

≈ 1
W

1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟

exp − N
2α 2σ M

2 D − 2µM + µ2( )⎡

⎣
⎢

⎤

⎦
⎥dµ

−∞

+∞

∫
W = µmax − µmin( )
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D − 2µM + µ2 = µ2 − 2µM + M 2 + D − M 2

= µ − M( )2 + D − M 2

as usual ... 

P d |σ ,α( ) ≈ 1
W

1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟

exp −
N

2α 2σM
2 µ − M( )2 + D − M 2⎡⎣ ⎤⎦

⎧
⎨
⎩

⎫
⎬
⎭
dµ

−∞

+∞

∫

=
1
W

1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp −

N D − M 2( )
2α 2σM

2

⎛

⎝
⎜

⎞

⎠
⎟
2πα 2σM

2

N

... therefore the marginalized likelihood is:
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P α( )∝ 1
α

for the standard deviation we 
take again a Jeffreys' prior
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∞
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↵/A
<latexit sha1_base64="TJAm+SHzSK/+G1uXVUfRbhW7mtA=">AAACH3icbVDLTgIxFG3xhfgCXbppJCaucMaY6BJ14xITERKYkDudDjR0ppO2Y0IIP+FWN36NO+OWv7EzzELAkzQ5Oee+evxEcG0cZ45LG5tb2zvl3cre/sHhUbV2/KJlqihrUymk6vqgmeAxaxtuBOsmikHkC9bxxw+Z33llSnMZP5tJwrwIhjEPOQVjpW4fRDKCy7tBte40nBxknbgFqaMCrUEN434gaRqx2FABWvdcJzHeFJThVLBZpZ9qlgAdw5D1LI0hYtqb5gfPyLlVAhJKZV9sSK7+7ZhCpPUk8m1lBGakV71M/M/rpSa89aY8TlLDYrpYFKaCGEmy35OAK0aNmFgCVHF7K6EjUECNzWhpSzbbSCm0HQJBwLO4QJBMJrleqdjQ3NWI1snLVcO1/Om63rwv4iujU3SGLpCLblATPaIWaiOKBHpD7+gDf+Iv/I1/FqUlXPScoCXg+S9V56GS</latexit><latexit sha1_base64="TJAm+SHzSK/+G1uXVUfRbhW7mtA=">AAACH3icbVDLTgIxFG3xhfgCXbppJCaucMaY6BJ14xITERKYkDudDjR0ppO2Y0IIP+FWN36NO+OWv7EzzELAkzQ5Oee+evxEcG0cZ45LG5tb2zvl3cre/sHhUbV2/KJlqihrUymk6vqgmeAxaxtuBOsmikHkC9bxxw+Z33llSnMZP5tJwrwIhjEPOQVjpW4fRDKCy7tBte40nBxknbgFqaMCrUEN434gaRqx2FABWvdcJzHeFJThVLBZpZ9qlgAdw5D1LI0hYtqb5gfPyLlVAhJKZV9sSK7+7ZhCpPUk8m1lBGakV71M/M/rpSa89aY8TlLDYrpYFKaCGEmy35OAK0aNmFgCVHF7K6EjUECNzWhpSzbbSCm0HQJBwLO4QJBMJrleqdjQ3NWI1snLVcO1/Om63rwv4iujU3SGLpCLblATPaIWaiOKBHpD7+gDf+Iv/I1/FqUlXPScoCXg+S9V56GS</latexit><latexit sha1_base64="TJAm+SHzSK/+G1uXVUfRbhW7mtA=">AAACH3icbVDLTgIxFG3xhfgCXbppJCaucMaY6BJ14xITERKYkDudDjR0ppO2Y0IIP+FWN36NO+OWv7EzzELAkzQ5Oee+evxEcG0cZ45LG5tb2zvl3cre/sHhUbV2/KJlqihrUymk6vqgmeAxaxtuBOsmikHkC9bxxw+Z33llSnMZP5tJwrwIhjEPOQVjpW4fRDKCy7tBte40nBxknbgFqaMCrUEN434gaRqx2FABWvdcJzHeFJThVLBZpZ9qlgAdw5D1LI0hYtqb5gfPyLlVAhJKZV9sSK7+7ZhCpPUk8m1lBGakV71M/M/rpSa89aY8TlLDYrpYFKaCGEmy35OAK0aNmFgCVHF7K6EjUECNzWhpSzbbSCm0HQJBwLO4QJBMJrleqdjQ3NWI1snLVcO1/Om63rwv4iujU3SGLpCLblATPaIWaiOKBHpD7+gDf+Iv/I1/FqUlXPScoCXg+S9V56GS</latexit><latexit sha1_base64="TJAm+SHzSK/+G1uXVUfRbhW7mtA=">AAACH3icbVDLTgIxFG3xhfgCXbppJCaucMaY6BJ14xITERKYkDudDjR0ppO2Y0IIP+FWN36NO+OWv7EzzELAkzQ5Oee+evxEcG0cZ45LG5tb2zvl3cre/sHhUbV2/KJlqihrUymk6vqgmeAxaxtuBOsmikHkC9bxxw+Z33llSnMZP5tJwrwIhjEPOQVjpW4fRDKCy7tBte40nBxknbgFqaMCrUEN434gaRqx2FABWvdcJzHeFJThVLBZpZ9qlgAdw5D1LI0hYtqb5gfPyLlVAhJKZV9sSK7+7ZhCpPUk8m1lBGakV71M/M/rpSa89aY8TlLDYrpYFKaCGEmy35OAK0aNmFgCVHF7K6EjUECNzWhpSzbbSCm0HQJBwLO4QJBMJrleqdjQ3NWI1snLVcO1/Om63rwv4iujU3SGLpCLblATPaIWaiOKBHpD7+gDf+Iv/I1/FqUlXPScoCXg+S9V56GS</latexit>

A
P
(↵

)

<latexit sha1_base64="66nELKinT7wIMh4JPRhzB3uCGD8=">AAACInicbVDLSgMxFE3qq9ZXq0s3wSLUTZkRQZdVNy4r2AdMh3Ink7ahmcmQZIRS+hludePXuBNXgh9jpp2FbT1w4XDOfXGCRHBtHOcbFzY2t7Z3irulvf2Dw6Ny5bitZaooa1EppOoGoJngMWsZbgTrJopBFAjWCcb3md95ZkpzGT+ZScL8CIYxH3AKxkreLWnWeiCSEVz0y1Wn7sxB1ombkyrK0exXMO6FkqYRiw0VoLXnOonxp6AMp4LNSr1UswToGIbMszSGiGl/Ov95Rs6tEpKBVLZiQ+bq34kpRFpPosB2RmBGetXLxP88LzWDG3/K4yQ1LKaLQ4NUECNJFgAJuWLUiIklQBW3vxI6AgXU2JiWrmS7jZRC2yUQhjxLDATJZDLXSyUbmrsa0TppX9Zdyx+vqo27PL4iOkVnqIZcdI0a6AE1UQtRJNELekVv+B1/4E/8tWgt4HzmBC0B//wCwruiQg==</latexit><latexit sha1_base64="66nELKinT7wIMh4JPRhzB3uCGD8=">AAACInicbVDLSgMxFE3qq9ZXq0s3wSLUTZkRQZdVNy4r2AdMh3Ink7ahmcmQZIRS+hludePXuBNXgh9jpp2FbT1w4XDOfXGCRHBtHOcbFzY2t7Z3irulvf2Dw6Ny5bitZaooa1EppOoGoJngMWsZbgTrJopBFAjWCcb3md95ZkpzGT+ZScL8CIYxH3AKxkreLWnWeiCSEVz0y1Wn7sxB1ombkyrK0exXMO6FkqYRiw0VoLXnOonxp6AMp4LNSr1UswToGIbMszSGiGl/Ov95Rs6tEpKBVLZiQ+bq34kpRFpPosB2RmBGetXLxP88LzWDG3/K4yQ1LKaLQ4NUECNJFgAJuWLUiIklQBW3vxI6AgXU2JiWrmS7jZRC2yUQhjxLDATJZDLXSyUbmrsa0TppX9Zdyx+vqo27PL4iOkVnqIZcdI0a6AE1UQtRJNELekVv+B1/4E/8tWgt4HzmBC0B//wCwruiQg==</latexit><latexit sha1_base64="66nELKinT7wIMh4JPRhzB3uCGD8=">AAACInicbVDLSgMxFE3qq9ZXq0s3wSLUTZkRQZdVNy4r2AdMh3Ink7ahmcmQZIRS+hludePXuBNXgh9jpp2FbT1w4XDOfXGCRHBtHOcbFzY2t7Z3irulvf2Dw6Ny5bitZaooa1EppOoGoJngMWsZbgTrJopBFAjWCcb3md95ZkpzGT+ZScL8CIYxH3AKxkreLWnWeiCSEVz0y1Wn7sxB1ombkyrK0exXMO6FkqYRiw0VoLXnOonxp6AMp4LNSr1UswToGIbMszSGiGl/Ov95Rs6tEpKBVLZiQ+bq34kpRFpPosB2RmBGetXLxP88LzWDG3/K4yQ1LKaLQ4NUECNJFgAJuWLUiIklQBW3vxI6AgXU2JiWrmS7jZRC2yUQhjxLDATJZDLXSyUbmrsa0TppX9Zdyx+vqo27PL4iOkVnqIZcdI0a6AE1UQtRJNELekVv+B1/4E/8tWgt4HzmBC0B//wCwruiQg==</latexit><latexit sha1_base64="66nELKinT7wIMh4JPRhzB3uCGD8=">AAACInicbVDLSgMxFE3qq9ZXq0s3wSLUTZkRQZdVNy4r2AdMh3Ink7ahmcmQZIRS+hludePXuBNXgh9jpp2FbT1w4XDOfXGCRHBtHOcbFzY2t7Z3irulvf2Dw6Ny5bitZaooa1EppOoGoJngMWsZbgTrJopBFAjWCcb3md95ZkpzGT+ZScL8CIYxH3AKxkreLWnWeiCSEVz0y1Wn7sxB1ombkyrK0exXMO6FkqYRiw0VoLXnOonxp6AMp4LNSr1UswToGIbMszSGiGl/Ov95Rs6tEpKBVLZiQ+bq34kpRFpPosB2RmBGetXLxP88LzWDG3/K4yQ1LKaLQ4NUECNJFgAJuWLUiIklQBW3vxI6AgXU2JiWrmS7jZRC2yUQhjxLDATJZDLXSyUbmrsa0TppX9Zdyx+vqo27PL4iOkVnqIZcdI0a6AE1UQtRJNELekVv+B1/4E/8tWgt4HzmBC0B//wCwruiQg==</latexit>



we take the MAP estimate of the scale parameter from the pdf

d
dα

P α | d,σ( )∝ −
N

α N +1 exp −
A2

α 2

⎛
⎝⎜

⎞
⎠⎟
+
2A2

α N +3 exp −
A2

α 2

⎛
⎝⎜

⎞
⎠⎟
= 0

Nα 2 = 2A2 αMAP =
2
N
A =

D −M 2( )
σ M
2

Edoardo Milotti - Bayesian Methods - Spring 2023 58

<latexit sha1_base64="vplRR4fL4BrdD5fd200fhg/WNDo="></latexit>

p(↵|d,�) =

2AN�1

↵N
exp
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