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P C X( ) = P X C( )
P X( ) P C( )

1. Bayesian classification
Data X, classes C

we can use the prior learning to assign a class to new data

this likelihood is defined by 
training data

Ck = argmax
Ck

P X Ck( )
P X( ) P Ck( ) = argmax

Ck
P X Ck( )P Ck( )

the prior is also defined by 
training data
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Consider a vector of N attributes given as Boolean variables 
x = {xi} and classify the data vectors with a single Boolean variable. 

The learning procedure must yield: 

  it is easy to obtain it as an empirical distribution from
 a histogram of training class data: y is Boolean, the 
 histogram has just two bins, and a hundred examples 

  suffice to determine the empirical distribution to better 
  than 10%. 

  there is a bigger problem here: the arguments have 2N+1 
  different values, and we must estimate 2(2N-1) 
  parameters ... for instance, with N = 30 there are more 
  than 2 billion parameters!

P y( )

P x y( )
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How can we reduce the huge complexity of learning? 

    we assume the conditional independence of the xn’s:
    naive Bayesian learning
 
for instance, with just two attributes

with more than 2 attributes

P x1, x2 y( ) = P x1 x2 , y( )P x2 y( ) = P x1 y( )P x2 y( )
conditional independence assumption

P x y( ) ≈ P xk y( )
k=1

N

∏
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P yk x( ) = P x yk( )
P x( ) P yk( ) = P x yk( )

P x yj( )P yj( )
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P yk( )
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P xn yk( )
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y = argmax
yk

P xn yk( )
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More general discrete inputs

If any of the N x variables has J different values, e if there are K classes, then we must 

estimate in all NK(J-1) free parameters with the Naive Bayes Classifier (this includes 

normalization) (compare this with the K(JN-1) parameters needed by a complete classifier)
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Short digression: neural networks and their activation functions

The Perceptron (McCulloch and Pitts, 1943)

Bulletin of Mothemnticnl Biology Vol. 52, No. l/2. pp. 99-115. 1990. 
Printed in Great Britain. 

oo92-824OjW$3.OO+O.MI 
Pergamon Press plc 

Society for Mathematical Biology 

A LOGICAL CALCULUS OF THE IDEAS IMMANENT IN 
NERVOUS ACTIVITY* 

n WARREN S. MCCULLOCH AND WALTER PITTS 
University of Illinois, College of Medicine, 
Department of Psychiatry at the Illinois Neuropsychiatric Institute, 
University of Chicago, Chicago, U.S.A. 

Because of the “all-or-none” character of nervous activity, neural events and the relations among 
them can be treated by means of propositional logic. It is found that the behavior of every net can 
be described in these terms, with the addition of more complicated logical means for nets 
containing circles; and that for any logical expression satisfying certain conditions, one can find a 
net behaving in the fashion it describes. It is shown that many particular choices among possible 
neurophysiological assumptions are equivalent, in the sense that for every net behaving under 
one assumption, there exists another net which behaves under the other and gives the same 
results, although perhaps not in the same time. Various applications of the calculus are 
discussed. 

1. Introduction. Theoretical neurophysiology rests on certain cardinal 
assumptions. The nervous system is a net of neurons, each having a soma and 
an axon. Their adjunctions, or synapses, are always between the axon of one 
neuron and the soma of another. At any instant a neuron has some threshold, 
which excitation must exceed to initiate an impulse. This, except for the fact 
and the time of its occurence, is determined by the neuron, not by the 
excitation. From the point of excitation the impulse is propagated to all parts of 
the neuron. The velocity along the axon varies directly with its diameter, from 
< 1 ms-’ in thin axons, which are usually short, to > 150 ms- ’ in thick axons, 
which are usually long. The time for axonal conduction is consequently of little 
importance in determining the time of arrival of impulses at points unequally 
remote from the same source. Excitation across synapses occurs predominant- 
ly from axonal terminations to somata. It is still a moot point whether this 
depends upon irreciprocity of individual synapses or merely upon prevalent 
anatomical configurations. To suppose the latter requires no hypothesis ad hoc 
and explains known exceptions, but any assumption as to cause is compatible 
with the calculus to come. No case is known in which excitation through a 
single synapse has elicited a nervous impulse in any neuron, whereas any 
neuron may be excited by impulses arriving at a sufficient number of 
neighboring synapses within the period of latent addition, which lasts 
~0.25 ms. Observed temporal summation of impulses at greater intervals 

* Reprinted from the Bulletin of Mathematical Biophysics, Vol. 5, pp. 115-133 (1943). 

99 



!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ 23%(04&5657 <

Q/31#$5241*))23-A$-*.1"($-*#,31R)$"-5$#/*21$"'#26"#23-$7.-'#23-)

6"(%7(/3(2!/),%893:4&&)3"%0,*%7#!!$;%<=>?@



!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ 23%(04&5657 =

!"#$%&#'$()*+&,-*$,%$.$%'#+,(,+$&/'#$
-($$%&!'$&!(")*+"%&!("

!"#$%&'%(")*+,$-&"%"./'0/.1'+-"2.#%1$-&"1*/".3%-/"
.+)$1$+-"%)"(+'/"1'%$-$-&"/4%(.3/)"%'/"%##/#

w0 + w1x1 + · · ·+ wn�1xn�1 + wnxn

0#,1"&#2$%)3

!"#$%&"'()*+(,(- $)"1*/"/52%1$+-"+6"%"7*8./'9.3%-/:"%-#"1*/"%01$;%1$+-"
62-01$+-"#/6$-/)"%".%$'"+6"03%))/)"+-"+..+)$1/")$#/)"+6"1*/"7*8./'9.3%-/<"

=>'%$-$-&="0+''/).+-#)"1+")/3/01$-&"1*/".%'%(/1/')"6+'"%"0+''/01"03%))$6$0%1$+-"
+6"1*/"/4%(.3/)<

!61/'"1*/"1'%$-$-&")1/.:"1*/"-/1,+'?"$)"6$4/#"%-#"0%-"@/"2)/#"1+"03%))$68"
%##$1$+-%3"$-.21)<



Edoardo Milotti - Bayesian Methods - Spring 2024 10

4.1. Discriminant Functions 193

where the nonlinear activation function f(·) is given by a step function of the form

f(a) =
{

+1, a ! 0
−1, a < 0. (4.53)

The vector φ(x) will typically include a bias component φ0(x) = 1. In earlier
discussions of two-class classification problems, we have focussed on a target coding
scheme in which t ∈ {0, 1}, which is appropriate in the context of probabilistic
models. For the perceptron, however, it is more convenient to use target values
t = +1 for class C1 and t = −1 for class C2, which matches the choice of activation
function.

The algorithm used to determine the parameters w of the perceptron can most
easily be motivated by error function minimization. A natural choice of error func-
tion would be the total number of misclassified patterns. However, this does not lead
to a simple learning algorithm because the error is a piecewise constant function
of w, with discontinuities wherever a change in w causes the decision boundary to
move across one of the data points. Methods based on changing w using the gradi-
ent of the error function cannot then be applied, because the gradient is zero almost
everywhere.

We therefore consider an alternative error function known as the perceptron cri-
terion. To derive this, we note that we are seeking a weight vector w such that
patterns xn in class C1 will have wTφ(xn) > 0, whereas patterns xn in class C2

have wTφ(xn) < 0. Using the t ∈ {−1, +1} target coding scheme it follows that
we would like all patterns to satisfy wTφ(xn)tn > 0. The perceptron criterion
associates zero error with any pattern that is correctly classified, whereas for a mis-
classified pattern xn it tries to minimize the quantity −wTφ(xn)tn. The perceptron
criterion is therefore given by

EP(w) = −
∑

n∈M

wTφntn (4.54)

Frank Rosenblatt
1928–1969

Rosenblatt’s perceptron played an
important role in the history of ma-
chine learning. Initially, Rosenblatt
simulated the perceptron on an IBM
704 computer at Cornell in 1957,
but by the early 1960s he had built

special-purpose hardware that provided a direct, par-
allel implementation of perceptron learning. Many of
his ideas were encapsulated in “Principles of Neuro-
dynamics: Perceptrons and the Theory of Brain Mech-
anisms” published in 1962. Rosenblatt’s work was
criticized by Marvin Minksy, whose objections were
published in the book “Perceptrons”, co-authored with

Seymour Papert. This book was widely misinter-
preted at the time as showing that neural networks
were fatally flawed and could only learn solutions for
linearly separable problems. In fact, it only proved
such limitations in the case of single-layer networks
such as the perceptron and merely conjectured (in-
correctly) that they applied to more general network
models. Unfortunately, however, this book contributed
to the substantial decline in research funding for neu-
ral computing, a situation that was not reversed un-
til the mid-1980s. Today, there are many hundreds,
if not thousands, of applications of neural networks
in widespread use, with examples in areas such as
handwriting recognition and information retrieval be-
ing used routinely by millions of people.

From C. M. Bishop, "Pattern Recognition and Machine Learning", 
https://www.microsoft.com/en-us/research/publication/pattern-recognition-machine-learning/ 

https://www.microsoft.com/en-us/research/publication/pattern-recognition-machine-learning/
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In the last chapter we saw how neural networks can learn their
weights and biases using the gradient descent algorithm. There was,
however, a gap in our explanation: we didn't discuss how to
compute the gradient of the cost function. That's quite a gap! In this
chapter I'll explain a fast algorithm for computing such gradients,
an algorithm known as backpropagation.

The backpropagation algorithm was originally introduced in the
1970s, but its importance wasn't fully appreciated until a famous
1986 paper by David Rumelhart, Geoffrey Hinton, and Ronald
Williams. That paper describes several neural networks where
backpropagation works far faster than earlier approaches to
learning, making it possible to use neural nets to solve problems
which had previously been insoluble. Today, the backpropagation
algorithm is the workhorse of learning in neural networks.

This chapter is more mathematically involved than the rest of the
book. If you're not crazy about mathematics you may be tempted to
skip the chapter, and to treat backpropagation as a black box whose
details you're willing to ignore. Why take the time to study those
details?

The reason, of course, is understanding. At the heart of
backpropagation is an expression for the partial derivative  of
the cost function  with respect to any weight  (or bias ) in the
network. The expression tells us how quickly the cost changes when
we change the weights and biases. And while the expression is
somewhat complex, it also has a beauty to it, with each element
having a natural, intuitive interpretation. And so backpropagation
isn't just a fast algorithm for learning. It actually gives us detailed
insights into how changing the weights and biases changes the
overall behaviour of the network. That's well worth studying in
detail.

With that said, if you want to skim the chapter, or jump straight to
the next chapter, that's fine. I've written the rest of the book to be
accessible even if you treat backpropagation as a black box. There
are, of course, points later in the book where I refer back to results
from this chapter. But at those points you should still be able to
understand the main conclusions, even if you don't follow all the
reasoning.

Warm up: a fast matrix-based approach
to computing the output from a neural
network
Before discussing backpropagation, let's warm up with a fast
matrix-based algorithm to compute the output from a neural
network. We actually already briefly saw this algorithm near the
end of the last chapter, but I described it quickly, so it's worth
revisiting in detail. In particular, this is a good way of getting
comfortable with the notation used in backpropagation, in a
familiar context.

Let's begin with a notation which lets us refer to weights in the
network in an unambiguous way. We'll use  to denote the weight
for the connection from the  neuron in the  layer to the 
neuron in the  layer. So, for example, the diagram below shows
the weight on a connection from the fourth neuron in the second
layer to the second neuron in the third layer of a network:

This notation is cumbersome at first, and it does take some work to
master. But with a little effort you'll find the notation becomes easy
and natural. One quirk of the notation is the ordering of the  and 
indices. You might think that it makes more sense to use  to refer to
the input neuron, and  to the output neuron, not vice versa, as is
actually done. I'll explain the reason for this quirk below.

We use a similar notation for the network's biases and activations.
Explicitly, we use  for the bias of the  neuron in the  layer.
And we use  for the activation of the  neuron in the  layer.
The following diagram shows examples of these notations in use:

With these notations, the activation  of the  neuron in the 
layer is related to the activations in the  layer by the
equation (compare Equation (4) and surrounding discussion in the
last chapter)

where the sum is over all neurons  in the  layer. To rewrite
this expression in a matrix form we define a weight matrix  for
each layer, . The entries of the weight matrix  are just the weights
connecting to the  layer of neurons, that is, the entry in the  row
and  column is . Similarly, for each layer  we define a bias
vector, . You can probably guess how this works - the components
of the bias vector are just the values , one component for each
neuron in the  layer. And finally, we define an activation vector 
whose components are the activations .

The last ingredient we need to rewrite (23) in a matrix form is the
idea of vectorizing a function such as . We met vectorization
briefly in the last chapter, but to recap, the idea is that we want to
apply a function such as  to every element in a vector . We use the
obvious notation  to denote this kind of elementwise application
of a function. That is, the components of  are just .
As an example, if we have the function  then the vectorized
form of  has the effect

that is, the vectorized  just squares every element of the vector.

With these notations in mind, Equation (23) can be rewritten in the
beautiful and compact vectorized form

This expression gives us a much more global way of thinking about
how the activations in one layer relate to activations in the previous
layer: we just apply the weight matrix to the activations, then add
the bias vector, and finally apply the  function*. That global view is
often easier and more succinct (and involves fewer indices!) than
the neuron-by-neuron view we've taken to now. Think of it as a way
of escaping index hell, while remaining precise about what's going
on. The expression is also useful in practice, because most matrix
libraries provide fast ways of implementing matrix multiplication,
vector addition, and vectorization. Indeed, the code in the last
chapter made implicit use of this expression to compute the
behaviour of the network.

When using Equation (25) to compute , we compute the
intermediate quantity  along the way. This quantity
turns out to be useful enough to be worth naming: we call  the
weighted input to the neurons in layer . We'll make considerable
use of the weighted input  later in the chapter. Equation (25) is
sometimes written in terms of the weighted input, as . It's
also worth noting that  has components , that
is,  is just the weighted input to the activation function for neuron
 in layer .

The two assumptions we need about
the cost function
The goal of backpropagation is to compute the partial derivatives

 and  of the cost function  with respect to any weight 
or bias  in the network. For backpropagation to work we need to
make two main assumptions about the form of the cost function.
Before stating those assumptions, though, it's useful to have an
example cost function in mind. We'll use the quadratic cost function
from last chapter (c.f. Equation (6)). In the notation of the last
section, the quadratic cost has the form

where:  is the total number of training examples; the sum is over
individual training examples, ;  is the corresponding
desired output;  denotes the number of layers in the network; and

 is the vector of activations output from the network when
 is input.

Okay, so what assumptions do we need to make about our cost
function, , in order that backpropagation can be applied? The first
assumption we need is that the cost function can be written as an
average  over cost functions  for individual training
examples, . This is the case for the quadratic cost function, where
the cost for a single training example is . This
assumption will also hold true for all the other cost functions we'll
meet in this book.

The reason we need this assumption is because what
backpropagation actually lets us do is compute the partial
derivatives  and  for a single training example. We
then recover  and  by averaging over training examples.
In fact, with this assumption in mind, we'll suppose the training
example  has been fixed, and drop the  subscript, writing the cost

 as . We'll eventually put the  back in, but for now it's a
notational nuisance that is better left implicit.

The second assumption we make about the cost is that it can be
written as a function of the outputs from the neural network:

For example, the quadratic cost function satisfies this requirement,
since the quadratic cost for a single training example  may be
written as

and thus is a function of the output activations. Of course, this cost
function also depends on the desired output , and you may wonder
why we're not regarding the cost also as a function of . Remember,
though, that the input training example  is fixed, and so the output

 is also a fixed parameter. In particular, it's not something we can
modify by changing the weights and biases in any way, i.e., it's not
something which the neural network learns. And so it makes sense
to regard  as a function of the output activations  alone, with 
merely a parameter that helps define that function.

The Hadamard product, 
The backpropagation algorithm is based on common linear
algebraic operations - things like vector addition, multiplying a
vector by a matrix, and so on. But one of the operations is a little
less commonly used. In particular, suppose  and  are two vectors
of the same dimension. Then we use  to denote the
elementwise product of the two vectors. Thus the components of

 are just . As an example,

This kind of elementwise multiplication is sometimes called the
Hadamard product or Schur product. We'll refer to it as the
Hadamard product. Good matrix libraries usually provide fast
implementations of the Hadamard product, and that comes in
handy when implementing backpropagation.

The four fundamental equations
behind backpropagation
Backpropagation is about understanding how changing the weights
and biases in a network changes the cost function. Ultimately, this
means computing the partial derivatives  and . But to
compute those, we first introduce an intermediate quantity, ,
which we call the error in the  neuron in the  layer.
Backpropagation will give us a procedure to compute the error ,
and then will relate  to  and .

To understand how the error is defined, imagine there is a demon
in our neural network:

The demon sits at the  neuron in layer . As the input to the
neuron comes in, the demon messes with the neuron's operation. It
adds a little change  to the neuron's weighted input, so that
instead of outputting , the neuron instead outputs .
This change propagates through later layers in the network, finally
causing the overall cost to change by an amount .

Now, this demon is a good demon, and is trying to help you
improve the cost, i.e., they're trying to find a  which makes the
cost smaller. Suppose  has a large value (either positive or

negative). Then the demon can lower the cost quite a bit by
choosing  to have the opposite sign to . By contrast, if  is

close to zero, then the demon can't improve the cost much at all by
perturbing the weighted input . So far as the demon can tell, the
neuron is already pretty near optimal*. And so there's a heuristic
sense in which  is a measure of the error in the neuron.

Motivated by this story, we define the error  of neuron  in layer 
by

As per our usual conventions, we use  to denote the vector of
errors associated with layer . Backpropagation will give us a way of
computing  for every layer, and then relating those errors to the
quantities of real interest,  and .

You might wonder why the demon is changing the weighted input 
. Surely it'd be more natural to imagine the demon changing the
output activation , with the result that we'd be using  as our

measure of error. In fact, if you do this things work out quite
similarly to the discussion below. But it turns out to make the
presentation of backpropagation a little more algebraically
complicated. So we'll stick with  as our measure of error*.

Plan of attack: Backpropagation is based around four
fundamental equations. Together, those equations give us a way of
computing both the error  and the gradient of the cost function. I
state the four equations below. Be warned, though: you shouldn't
expect to instantaneously assimilate the equations. Such an
expectation will lead to disappointment. In fact, the
backpropagation equations are so rich that understanding them
well requires considerable time and patience as you gradually delve
deeper into the equations. The good news is that such patience is
repaid many times over. And so the discussion in this section is
merely a beginning, helping you on the way to a thorough
understanding of the equations.

Here's a preview of the ways we'll delve more deeply into the
equations later in the chapter: I'll give a short proof of the
equations, which helps explain why they are true; we'll restate the
equations in algorithmic form as pseudocode, and see how the
pseudocode can be implemented as real, running Python code; and,
in the final section of the chapter, we'll develop an intuitive picture
of what the backpropagation equations mean, and how someone
might discover them from scratch. Along the way we'll return
repeatedly to the four fundamental equations, and as you deepen
your understanding those equations will come to seem comfortable
and, perhaps, even beautiful and natural.

An equation for the error in the output layer, : The
components of  are given by

This is a very natural expression. The first term on the right, ,
just measures how fast the cost is changing as a function of the 
output activation. If, for example,  doesn't depend much on a
particular output neuron, , then  will be small, which is what
we'd expect. The second term on the right, , measures how
fast the activation function  is changing at .

Notice that everything in (BP1) is easily computed. In particular, we
compute  while computing the behaviour of the network, and it's
only a small additional overhead to compute . The exact form
of  will, of course, depend on the form of the cost function.
However, provided the cost function is known there should be little
trouble computing . For example, if we're using the quadratic
cost function then , and so ,
which obviously is easily computable.

Equation (BP1) is a componentwise expression for . It's a
perfectly good expression, but not the matrix-based form we want
for backpropagation. However, it's easy to rewrite the equation in a
matrix-based form, as

Here,  is defined to be a vector whose components are the
partial derivatives . You can think of  as expressing the
rate of change of  with respect to the output activations. It's easy
to see that Equations (BP1a) and (BP1) are equivalent, and for that
reason from now on we'll use (BP1) interchangeably to refer to both
equations. As an example, in the case of the quadratic cost we have

, and so the fully matrix-based form of (BP1)
becomes

As you can see, everything in this expression has a nice vector form,
and is easily computed using a library such as Numpy.

An equation for the error  in terms of the error in the
next layer, : In particular

where  is the transpose of the weight matrix  for the
 layer. This equation appears complicated, but each element

has a nice interpretation. Suppose we know the error  at the
 layer. When we apply the transpose weight matrix, ,

we can think intuitively of this as moving the error backward
through the network, giving us some sort of measure of the error at
the output of the  layer. We then take the Hadamard product

. This moves the error backward through the activation
function in layer , giving us the error  in the weighted input to
layer .

By combining (BP2) with (BP1) we can compute the error  for any
layer in the network. We start by using (BP1) to compute , then
apply Equation (BP2) to compute , then Equation (BP2) again
to compute , and so on, all the way back through the network.

An equation for the rate of change of the cost with respect
to any bias in the network: In particular:

That is, the error  is exactly equal to the rate of change .
This is great news, since (BP1) and (BP2) have already told us how
to compute . We can rewrite (BP3) in shorthand as

where it is understood that  is being evaluated at the same neuron
as the bias .

An equation for the rate of change of the cost with respect
to any weight in the network: In particular:

This tells us how to compute the partial derivatives  in terms
of the quantities  and , which we already know how to
compute. The equation can be rewritten in a less index-heavy
notation as

where it's understood that  is the activation of the neuron input
to the weight , and  is the error of the neuron output from the
weight . Zooming in to look at just the weight , and the two
neurons connected by that weight, we can depict this as:

A nice consequence of Equation (32) is that when the activation 
is small, , the gradient term  will also tend to be small.
In this case, we'll say the weight learns slowly, meaning that it's not
changing much during gradient descent. In other words, one
consequence of (BP4) is that weights output from low-activation
neurons learn slowly.

There are other insights along these lines which can be obtained
from (BP1)-(BP4). Let's start by looking at the output layer.
Consider the term  in (BP1). Recall from the graph of the
sigmoid function in the last chapter that the  function becomes
very flat when  is approximately  or . When this occurs we
will have . And so the lesson is that a weight in the final
layer will learn slowly if the output neuron is either low activation
( ) or high activation ( ). In this case it's common to say the
output neuron has saturated and, as a result, the weight has
stopped learning (or is learning slowly). Similar remarks hold also
for the biases of output neuron.

We can obtain similar insights for earlier layers. In particular, note
the  term in (BP2). This means that  is likely to get small if
the neuron is near saturation. And this, in turn, means that any
weights input to a saturated neuron will learn slowly*.

Summing up, we've learnt that a weight will learn slowly if either
the input neuron is low-activation, or if the output neuron has
saturated, i.e., is either high- or low-activation.

None of these observations is too greatly surprising. Still, they help
improve our mental model of what's going on as a neural network
learns. Furthermore, we can turn this type of reasoning around. The
four fundamental equations turn out to hold for any activation
function, not just the standard sigmoid function (that's because, as
we'll see in a moment, the proofs don't use any special properties of
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*By the way, it's this expression that motivates
the quirk in the  notation mentioned earlier.

If we used  to index the input neuron, and  to
index the output neuron, then we'd need to
replace the weight matrix in Equation (25) by the
transpose of the weight matrix. That's a small
change, but annoying, and we'd lose the easy
simplicity of saying (and thinking) "apply the
weight matrix to the activations".

*This is only the case for small changes , of
course. We'll assume that the demon is
constrained to make such small changes.

*In classification problems like MNIST the term
"error" is sometimes used to mean the
classification failure rate. E.g., if the neural net
correctly classifies 96.0 percent of the digits,
then the error is 4.0 percent. Obviously, this has
quite a different meaning from our  vectors. In
practice, you shouldn't have trouble telling
which meaning is intended in any given usage.

*This reasoning won't hold if  has large
enough entries to compensate for the smallness
of . But I'm speaking of the general
tendency.
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In the last chapter we saw how neural networks can learn their
weights and biases using the gradient descent algorithm. There was,
however, a gap in our explanation: we didn't discuss how to
compute the gradient of the cost function. That's quite a gap! In this
chapter I'll explain a fast algorithm for computing such gradients,
an algorithm known as backpropagation.

The backpropagation algorithm was originally introduced in the
1970s, but its importance wasn't fully appreciated until a famous
1986 paper by David Rumelhart, Geoffrey Hinton, and Ronald
Williams. That paper describes several neural networks where
backpropagation works far faster than earlier approaches to
learning, making it possible to use neural nets to solve problems
which had previously been insoluble. Today, the backpropagation
algorithm is the workhorse of learning in neural networks.

This chapter is more mathematically involved than the rest of the
book. If you're not crazy about mathematics you may be tempted to
skip the chapter, and to treat backpropagation as a black box whose
details you're willing to ignore. Why take the time to study those
details?

The reason, of course, is understanding. At the heart of
backpropagation is an expression for the partial derivative  of
the cost function  with respect to any weight  (or bias ) in the
network. The expression tells us how quickly the cost changes when
we change the weights and biases. And while the expression is
somewhat complex, it also has a beauty to it, with each element
having a natural, intuitive interpretation. And so backpropagation
isn't just a fast algorithm for learning. It actually gives us detailed
insights into how changing the weights and biases changes the
overall behaviour of the network. That's well worth studying in
detail.

With that said, if you want to skim the chapter, or jump straight to
the next chapter, that's fine. I've written the rest of the book to be
accessible even if you treat backpropagation as a black box. There
are, of course, points later in the book where I refer back to results
from this chapter. But at those points you should still be able to
understand the main conclusions, even if you don't follow all the
reasoning.

Warm up: a fast matrix-based approach
to computing the output from a neural
network
Before discussing backpropagation, let's warm up with a fast
matrix-based algorithm to compute the output from a neural
network. We actually already briefly saw this algorithm near the
end of the last chapter, but I described it quickly, so it's worth
revisiting in detail. In particular, this is a good way of getting
comfortable with the notation used in backpropagation, in a
familiar context.

Let's begin with a notation which lets us refer to weights in the
network in an unambiguous way. We'll use  to denote the weight
for the connection from the  neuron in the  layer to the 
neuron in the  layer. So, for example, the diagram below shows
the weight on a connection from the fourth neuron in the second
layer to the second neuron in the third layer of a network:

This notation is cumbersome at first, and it does take some work to
master. But with a little effort you'll find the notation becomes easy
and natural. One quirk of the notation is the ordering of the  and 
indices. You might think that it makes more sense to use  to refer to
the input neuron, and  to the output neuron, not vice versa, as is
actually done. I'll explain the reason for this quirk below.

We use a similar notation for the network's biases and activations.
Explicitly, we use  for the bias of the  neuron in the  layer.
And we use  for the activation of the  neuron in the  layer.
The following diagram shows examples of these notations in use:

With these notations, the activation  of the  neuron in the 
layer is related to the activations in the  layer by the
equation (compare Equation (4) and surrounding discussion in the
last chapter)

where the sum is over all neurons  in the  layer. To rewrite
this expression in a matrix form we define a weight matrix  for
each layer, . The entries of the weight matrix  are just the weights
connecting to the  layer of neurons, that is, the entry in the  row
and  column is . Similarly, for each layer  we define a bias
vector, . You can probably guess how this works - the components
of the bias vector are just the values , one component for each
neuron in the  layer. And finally, we define an activation vector 
whose components are the activations .

The last ingredient we need to rewrite (23) in a matrix form is the
idea of vectorizing a function such as . We met vectorization
briefly in the last chapter, but to recap, the idea is that we want to
apply a function such as  to every element in a vector . We use the
obvious notation  to denote this kind of elementwise application
of a function. That is, the components of  are just .
As an example, if we have the function  then the vectorized
form of  has the effect

that is, the vectorized  just squares every element of the vector.

With these notations in mind, Equation (23) can be rewritten in the
beautiful and compact vectorized form

This expression gives us a much more global way of thinking about
how the activations in one layer relate to activations in the previous
layer: we just apply the weight matrix to the activations, then add
the bias vector, and finally apply the  function*. That global view is
often easier and more succinct (and involves fewer indices!) than
the neuron-by-neuron view we've taken to now. Think of it as a way
of escaping index hell, while remaining precise about what's going
on. The expression is also useful in practice, because most matrix
libraries provide fast ways of implementing matrix multiplication,
vector addition, and vectorization. Indeed, the code in the last
chapter made implicit use of this expression to compute the
behaviour of the network.

When using Equation (25) to compute , we compute the
intermediate quantity  along the way. This quantity
turns out to be useful enough to be worth naming: we call  the
weighted input to the neurons in layer . We'll make considerable
use of the weighted input  later in the chapter. Equation (25) is
sometimes written in terms of the weighted input, as . It's
also worth noting that  has components , that
is,  is just the weighted input to the activation function for neuron
 in layer .

The two assumptions we need about
the cost function
The goal of backpropagation is to compute the partial derivatives

 and  of the cost function  with respect to any weight 
or bias  in the network. For backpropagation to work we need to
make two main assumptions about the form of the cost function.
Before stating those assumptions, though, it's useful to have an
example cost function in mind. We'll use the quadratic cost function
from last chapter (c.f. Equation (6)). In the notation of the last
section, the quadratic cost has the form

where:  is the total number of training examples; the sum is over
individual training examples, ;  is the corresponding
desired output;  denotes the number of layers in the network; and

 is the vector of activations output from the network when
 is input.

Okay, so what assumptions do we need to make about our cost
function, , in order that backpropagation can be applied? The first
assumption we need is that the cost function can be written as an
average  over cost functions  for individual training
examples, . This is the case for the quadratic cost function, where
the cost for a single training example is . This
assumption will also hold true for all the other cost functions we'll
meet in this book.

The reason we need this assumption is because what
backpropagation actually lets us do is compute the partial
derivatives  and  for a single training example. We
then recover  and  by averaging over training examples.
In fact, with this assumption in mind, we'll suppose the training
example  has been fixed, and drop the  subscript, writing the cost

 as . We'll eventually put the  back in, but for now it's a
notational nuisance that is better left implicit.

The second assumption we make about the cost is that it can be
written as a function of the outputs from the neural network:

For example, the quadratic cost function satisfies this requirement,
since the quadratic cost for a single training example  may be
written as

and thus is a function of the output activations. Of course, this cost
function also depends on the desired output , and you may wonder
why we're not regarding the cost also as a function of . Remember,
though, that the input training example  is fixed, and so the output

 is also a fixed parameter. In particular, it's not something we can
modify by changing the weights and biases in any way, i.e., it's not
something which the neural network learns. And so it makes sense
to regard  as a function of the output activations  alone, with 
merely a parameter that helps define that function.

The Hadamard product, 
The backpropagation algorithm is based on common linear
algebraic operations - things like vector addition, multiplying a
vector by a matrix, and so on. But one of the operations is a little
less commonly used. In particular, suppose  and  are two vectors
of the same dimension. Then we use  to denote the
elementwise product of the two vectors. Thus the components of

 are just . As an example,

This kind of elementwise multiplication is sometimes called the
Hadamard product or Schur product. We'll refer to it as the
Hadamard product. Good matrix libraries usually provide fast
implementations of the Hadamard product, and that comes in
handy when implementing backpropagation.

The four fundamental equations
behind backpropagation
Backpropagation is about understanding how changing the weights
and biases in a network changes the cost function. Ultimately, this
means computing the partial derivatives  and . But to
compute those, we first introduce an intermediate quantity, ,
which we call the error in the  neuron in the  layer.
Backpropagation will give us a procedure to compute the error ,
and then will relate  to  and .

To understand how the error is defined, imagine there is a demon
in our neural network:

The demon sits at the  neuron in layer . As the input to the
neuron comes in, the demon messes with the neuron's operation. It
adds a little change  to the neuron's weighted input, so that
instead of outputting , the neuron instead outputs .
This change propagates through later layers in the network, finally
causing the overall cost to change by an amount .

Now, this demon is a good demon, and is trying to help you
improve the cost, i.e., they're trying to find a  which makes the
cost smaller. Suppose  has a large value (either positive or

negative). Then the demon can lower the cost quite a bit by
choosing  to have the opposite sign to . By contrast, if  is

close to zero, then the demon can't improve the cost much at all by
perturbing the weighted input . So far as the demon can tell, the
neuron is already pretty near optimal*. And so there's a heuristic
sense in which  is a measure of the error in the neuron.

Motivated by this story, we define the error  of neuron  in layer 
by

As per our usual conventions, we use  to denote the vector of
errors associated with layer . Backpropagation will give us a way of
computing  for every layer, and then relating those errors to the
quantities of real interest,  and .

You might wonder why the demon is changing the weighted input 
. Surely it'd be more natural to imagine the demon changing the
output activation , with the result that we'd be using  as our

measure of error. In fact, if you do this things work out quite
similarly to the discussion below. But it turns out to make the
presentation of backpropagation a little more algebraically
complicated. So we'll stick with  as our measure of error*.

Plan of attack: Backpropagation is based around four
fundamental equations. Together, those equations give us a way of
computing both the error  and the gradient of the cost function. I
state the four equations below. Be warned, though: you shouldn't
expect to instantaneously assimilate the equations. Such an
expectation will lead to disappointment. In fact, the
backpropagation equations are so rich that understanding them
well requires considerable time and patience as you gradually delve
deeper into the equations. The good news is that such patience is
repaid many times over. And so the discussion in this section is
merely a beginning, helping you on the way to a thorough
understanding of the equations.

Here's a preview of the ways we'll delve more deeply into the
equations later in the chapter: I'll give a short proof of the
equations, which helps explain why they are true; we'll restate the
equations in algorithmic form as pseudocode, and see how the
pseudocode can be implemented as real, running Python code; and,
in the final section of the chapter, we'll develop an intuitive picture
of what the backpropagation equations mean, and how someone
might discover them from scratch. Along the way we'll return
repeatedly to the four fundamental equations, and as you deepen
your understanding those equations will come to seem comfortable
and, perhaps, even beautiful and natural.

An equation for the error in the output layer, : The
components of  are given by

This is a very natural expression. The first term on the right, ,
just measures how fast the cost is changing as a function of the 
output activation. If, for example,  doesn't depend much on a
particular output neuron, , then  will be small, which is what
we'd expect. The second term on the right, , measures how
fast the activation function  is changing at .

Notice that everything in (BP1) is easily computed. In particular, we
compute  while computing the behaviour of the network, and it's
only a small additional overhead to compute . The exact form
of  will, of course, depend on the form of the cost function.
However, provided the cost function is known there should be little
trouble computing . For example, if we're using the quadratic
cost function then , and so ,
which obviously is easily computable.

Equation (BP1) is a componentwise expression for . It's a
perfectly good expression, but not the matrix-based form we want
for backpropagation. However, it's easy to rewrite the equation in a
matrix-based form, as

Here,  is defined to be a vector whose components are the
partial derivatives . You can think of  as expressing the
rate of change of  with respect to the output activations. It's easy
to see that Equations (BP1a) and (BP1) are equivalent, and for that
reason from now on we'll use (BP1) interchangeably to refer to both
equations. As an example, in the case of the quadratic cost we have

, and so the fully matrix-based form of (BP1)
becomes

As you can see, everything in this expression has a nice vector form,
and is easily computed using a library such as Numpy.

An equation for the error  in terms of the error in the
next layer, : In particular

where  is the transpose of the weight matrix  for the
 layer. This equation appears complicated, but each element

has a nice interpretation. Suppose we know the error  at the
 layer. When we apply the transpose weight matrix, ,

we can think intuitively of this as moving the error backward
through the network, giving us some sort of measure of the error at
the output of the  layer. We then take the Hadamard product

. This moves the error backward through the activation
function in layer , giving us the error  in the weighted input to
layer .

By combining (BP2) with (BP1) we can compute the error  for any
layer in the network. We start by using (BP1) to compute , then
apply Equation (BP2) to compute , then Equation (BP2) again
to compute , and so on, all the way back through the network.

An equation for the rate of change of the cost with respect
to any bias in the network: In particular:

That is, the error  is exactly equal to the rate of change .
This is great news, since (BP1) and (BP2) have already told us how
to compute . We can rewrite (BP3) in shorthand as

where it is understood that  is being evaluated at the same neuron
as the bias .

An equation for the rate of change of the cost with respect
to any weight in the network: In particular:

This tells us how to compute the partial derivatives  in terms
of the quantities  and , which we already know how to
compute. The equation can be rewritten in a less index-heavy
notation as

where it's understood that  is the activation of the neuron input
to the weight , and  is the error of the neuron output from the
weight . Zooming in to look at just the weight , and the two
neurons connected by that weight, we can depict this as:

A nice consequence of Equation (32) is that when the activation 
is small, , the gradient term  will also tend to be small.
In this case, we'll say the weight learns slowly, meaning that it's not
changing much during gradient descent. In other words, one
consequence of (BP4) is that weights output from low-activation
neurons learn slowly.

There are other insights along these lines which can be obtained
from (BP1)-(BP4). Let's start by looking at the output layer.
Consider the term  in (BP1). Recall from the graph of the
sigmoid function in the last chapter that the  function becomes
very flat when  is approximately  or . When this occurs we
will have . And so the lesson is that a weight in the final
layer will learn slowly if the output neuron is either low activation
( ) or high activation ( ). In this case it's common to say the
output neuron has saturated and, as a result, the weight has
stopped learning (or is learning slowly). Similar remarks hold also
for the biases of output neuron.

We can obtain similar insights for earlier layers. In particular, note
the  term in (BP2). This means that  is likely to get small if
the neuron is near saturation. And this, in turn, means that any
weights input to a saturated neuron will learn slowly*.

Summing up, we've learnt that a weight will learn slowly if either
the input neuron is low-activation, or if the output neuron has
saturated, i.e., is either high- or low-activation.

None of these observations is too greatly surprising. Still, they help
improve our mental model of what's going on as a neural network
learns. Furthermore, we can turn this type of reasoning around. The
four fundamental equations turn out to hold for any activation
function, not just the standard sigmoid function (that's because, as
we'll see in a moment, the proofs don't use any special properties of
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*By the way, it's this expression that motivates
the quirk in the  notation mentioned earlier.

If we used  to index the input neuron, and  to
index the output neuron, then we'd need to
replace the weight matrix in Equation (25) by the
transpose of the weight matrix. That's a small
change, but annoying, and we'd lose the easy
simplicity of saying (and thinking) "apply the
weight matrix to the activations".

*This is only the case for small changes , of
course. We'll assume that the demon is
constrained to make such small changes.

*In classification problems like MNIST the term
"error" is sometimes used to mean the
classification failure rate. E.g., if the neural net
correctly classifies 96.0 percent of the digits,
then the error is 4.0 percent. Obviously, this has
quite a different meaning from our  vectors. In
practice, you shouldn't have trouble telling
which meaning is intended in any given usage.

*This reasoning won't hold if  has large
enough entries to compensate for the smallness
of . But I'm speaking of the general
tendency.

In the last chapter we saw how neural networks can learn their
weights and biases using the gradient descent algorithm. There was,
however, a gap in our explanation: we didn't discuss how to
compute the gradient of the cost function. That's quite a gap! In this
chapter I'll explain a fast algorithm for computing such gradients,
an algorithm known as backpropagation.

The backpropagation algorithm was originally introduced in the
1970s, but its importance wasn't fully appreciated until a famous
1986 paper by David Rumelhart, Geoffrey Hinton, and Ronald
Williams. That paper describes several neural networks where
backpropagation works far faster than earlier approaches to
learning, making it possible to use neural nets to solve problems
which had previously been insoluble. Today, the backpropagation
algorithm is the workhorse of learning in neural networks.

This chapter is more mathematically involved than the rest of the
book. If you're not crazy about mathematics you may be tempted to
skip the chapter, and to treat backpropagation as a black box whose
details you're willing to ignore. Why take the time to study those
details?

The reason, of course, is understanding. At the heart of
backpropagation is an expression for the partial derivative  of
the cost function  with respect to any weight  (or bias ) in the
network. The expression tells us how quickly the cost changes when
we change the weights and biases. And while the expression is
somewhat complex, it also has a beauty to it, with each element
having a natural, intuitive interpretation. And so backpropagation
isn't just a fast algorithm for learning. It actually gives us detailed
insights into how changing the weights and biases changes the
overall behaviour of the network. That's well worth studying in
detail.

With that said, if you want to skim the chapter, or jump straight to
the next chapter, that's fine. I've written the rest of the book to be
accessible even if you treat backpropagation as a black box. There
are, of course, points later in the book where I refer back to results
from this chapter. But at those points you should still be able to
understand the main conclusions, even if you don't follow all the
reasoning.

Warm up: a fast matrix-based approach
to computing the output from a neural
network
Before discussing backpropagation, let's warm up with a fast
matrix-based algorithm to compute the output from a neural
network. We actually already briefly saw this algorithm near the
end of the last chapter, but I described it quickly, so it's worth
revisiting in detail. In particular, this is a good way of getting
comfortable with the notation used in backpropagation, in a
familiar context.

Let's begin with a notation which lets us refer to weights in the
network in an unambiguous way. We'll use  to denote the weight
for the connection from the  neuron in the  layer to the 
neuron in the  layer. So, for example, the diagram below shows
the weight on a connection from the fourth neuron in the second
layer to the second neuron in the third layer of a network:

This notation is cumbersome at first, and it does take some work to
master. But with a little effort you'll find the notation becomes easy
and natural. One quirk of the notation is the ordering of the  and 
indices. You might think that it makes more sense to use  to refer to
the input neuron, and  to the output neuron, not vice versa, as is
actually done. I'll explain the reason for this quirk below.

We use a similar notation for the network's biases and activations.
Explicitly, we use  for the bias of the  neuron in the  layer.
And we use  for the activation of the  neuron in the  layer.
The following diagram shows examples of these notations in use:

With these notations, the activation  of the  neuron in the 
layer is related to the activations in the  layer by the
equation (compare Equation (4) and surrounding discussion in the
last chapter)

where the sum is over all neurons  in the  layer. To rewrite
this expression in a matrix form we define a weight matrix  for
each layer, . The entries of the weight matrix  are just the weights
connecting to the  layer of neurons, that is, the entry in the  row
and  column is . Similarly, for each layer  we define a bias
vector, . You can probably guess how this works - the components
of the bias vector are just the values , one component for each
neuron in the  layer. And finally, we define an activation vector 
whose components are the activations .

The last ingredient we need to rewrite (23) in a matrix form is the
idea of vectorizing a function such as . We met vectorization
briefly in the last chapter, but to recap, the idea is that we want to
apply a function such as  to every element in a vector . We use the
obvious notation  to denote this kind of elementwise application
of a function. That is, the components of  are just .
As an example, if we have the function  then the vectorized
form of  has the effect

that is, the vectorized  just squares every element of the vector.

With these notations in mind, Equation (23) can be rewritten in the
beautiful and compact vectorized form

This expression gives us a much more global way of thinking about
how the activations in one layer relate to activations in the previous
layer: we just apply the weight matrix to the activations, then add
the bias vector, and finally apply the  function*. That global view is
often easier and more succinct (and involves fewer indices!) than
the neuron-by-neuron view we've taken to now. Think of it as a way
of escaping index hell, while remaining precise about what's going
on. The expression is also useful in practice, because most matrix
libraries provide fast ways of implementing matrix multiplication,
vector addition, and vectorization. Indeed, the code in the last
chapter made implicit use of this expression to compute the
behaviour of the network.

When using Equation (25) to compute , we compute the
intermediate quantity  along the way. This quantity
turns out to be useful enough to be worth naming: we call  the
weighted input to the neurons in layer . We'll make considerable
use of the weighted input  later in the chapter. Equation (25) is
sometimes written in terms of the weighted input, as . It's
also worth noting that  has components , that
is,  is just the weighted input to the activation function for neuron
 in layer .

The two assumptions we need about
the cost function
The goal of backpropagation is to compute the partial derivatives

 and  of the cost function  with respect to any weight 
or bias  in the network. For backpropagation to work we need to
make two main assumptions about the form of the cost function.
Before stating those assumptions, though, it's useful to have an
example cost function in mind. We'll use the quadratic cost function
from last chapter (c.f. Equation (6)). In the notation of the last
section, the quadratic cost has the form

where:  is the total number of training examples; the sum is over
individual training examples, ;  is the corresponding
desired output;  denotes the number of layers in the network; and

 is the vector of activations output from the network when
 is input.

Okay, so what assumptions do we need to make about our cost
function, , in order that backpropagation can be applied? The first
assumption we need is that the cost function can be written as an
average  over cost functions  for individual training
examples, . This is the case for the quadratic cost function, where
the cost for a single training example is . This
assumption will also hold true for all the other cost functions we'll
meet in this book.

The reason we need this assumption is because what
backpropagation actually lets us do is compute the partial
derivatives  and  for a single training example. We
then recover  and  by averaging over training examples.
In fact, with this assumption in mind, we'll suppose the training
example  has been fixed, and drop the  subscript, writing the cost

 as . We'll eventually put the  back in, but for now it's a
notational nuisance that is better left implicit.

The second assumption we make about the cost is that it can be
written as a function of the outputs from the neural network:

For example, the quadratic cost function satisfies this requirement,
since the quadratic cost for a single training example  may be
written as

and thus is a function of the output activations. Of course, this cost
function also depends on the desired output , and you may wonder
why we're not regarding the cost also as a function of . Remember,
though, that the input training example  is fixed, and so the output

 is also a fixed parameter. In particular, it's not something we can
modify by changing the weights and biases in any way, i.e., it's not
something which the neural network learns. And so it makes sense
to regard  as a function of the output activations  alone, with 
merely a parameter that helps define that function.

The Hadamard product, 
The backpropagation algorithm is based on common linear
algebraic operations - things like vector addition, multiplying a
vector by a matrix, and so on. But one of the operations is a little
less commonly used. In particular, suppose  and  are two vectors
of the same dimension. Then we use  to denote the
elementwise product of the two vectors. Thus the components of

 are just . As an example,

This kind of elementwise multiplication is sometimes called the
Hadamard product or Schur product. We'll refer to it as the
Hadamard product. Good matrix libraries usually provide fast
implementations of the Hadamard product, and that comes in
handy when implementing backpropagation.

The four fundamental equations
behind backpropagation
Backpropagation is about understanding how changing the weights
and biases in a network changes the cost function. Ultimately, this
means computing the partial derivatives  and . But to
compute those, we first introduce an intermediate quantity, ,
which we call the error in the  neuron in the  layer.
Backpropagation will give us a procedure to compute the error ,
and then will relate  to  and .

To understand how the error is defined, imagine there is a demon
in our neural network:

The demon sits at the  neuron in layer . As the input to the
neuron comes in, the demon messes with the neuron's operation. It
adds a little change  to the neuron's weighted input, so that
instead of outputting , the neuron instead outputs .
This change propagates through later layers in the network, finally
causing the overall cost to change by an amount .

Now, this demon is a good demon, and is trying to help you
improve the cost, i.e., they're trying to find a  which makes the
cost smaller. Suppose  has a large value (either positive or

negative). Then the demon can lower the cost quite a bit by
choosing  to have the opposite sign to . By contrast, if  is

close to zero, then the demon can't improve the cost much at all by
perturbing the weighted input . So far as the demon can tell, the
neuron is already pretty near optimal*. And so there's a heuristic
sense in which  is a measure of the error in the neuron.

Motivated by this story, we define the error  of neuron  in layer 
by

As per our usual conventions, we use  to denote the vector of
errors associated with layer . Backpropagation will give us a way of
computing  for every layer, and then relating those errors to the
quantities of real interest,  and .

You might wonder why the demon is changing the weighted input 
. Surely it'd be more natural to imagine the demon changing the
output activation , with the result that we'd be using  as our

measure of error. In fact, if you do this things work out quite
similarly to the discussion below. But it turns out to make the
presentation of backpropagation a little more algebraically
complicated. So we'll stick with  as our measure of error*.

Plan of attack: Backpropagation is based around four
fundamental equations. Together, those equations give us a way of
computing both the error  and the gradient of the cost function. I
state the four equations below. Be warned, though: you shouldn't
expect to instantaneously assimilate the equations. Such an
expectation will lead to disappointment. In fact, the
backpropagation equations are so rich that understanding them
well requires considerable time and patience as you gradually delve
deeper into the equations. The good news is that such patience is
repaid many times over. And so the discussion in this section is
merely a beginning, helping you on the way to a thorough
understanding of the equations.

Here's a preview of the ways we'll delve more deeply into the
equations later in the chapter: I'll give a short proof of the
equations, which helps explain why they are true; we'll restate the
equations in algorithmic form as pseudocode, and see how the
pseudocode can be implemented as real, running Python code; and,
in the final section of the chapter, we'll develop an intuitive picture
of what the backpropagation equations mean, and how someone
might discover them from scratch. Along the way we'll return
repeatedly to the four fundamental equations, and as you deepen
your understanding those equations will come to seem comfortable
and, perhaps, even beautiful and natural.

An equation for the error in the output layer, : The
components of  are given by

This is a very natural expression. The first term on the right, ,
just measures how fast the cost is changing as a function of the 
output activation. If, for example,  doesn't depend much on a
particular output neuron, , then  will be small, which is what
we'd expect. The second term on the right, , measures how
fast the activation function  is changing at .

Notice that everything in (BP1) is easily computed. In particular, we
compute  while computing the behaviour of the network, and it's
only a small additional overhead to compute . The exact form
of  will, of course, depend on the form of the cost function.
However, provided the cost function is known there should be little
trouble computing . For example, if we're using the quadratic
cost function then , and so ,
which obviously is easily computable.

Equation (BP1) is a componentwise expression for . It's a
perfectly good expression, but not the matrix-based form we want
for backpropagation. However, it's easy to rewrite the equation in a
matrix-based form, as

Here,  is defined to be a vector whose components are the
partial derivatives . You can think of  as expressing the
rate of change of  with respect to the output activations. It's easy
to see that Equations (BP1a) and (BP1) are equivalent, and for that
reason from now on we'll use (BP1) interchangeably to refer to both
equations. As an example, in the case of the quadratic cost we have

, and so the fully matrix-based form of (BP1)
becomes

As you can see, everything in this expression has a nice vector form,
and is easily computed using a library such as Numpy.

An equation for the error  in terms of the error in the
next layer, : In particular

where  is the transpose of the weight matrix  for the
 layer. This equation appears complicated, but each element

has a nice interpretation. Suppose we know the error  at the
 layer. When we apply the transpose weight matrix, ,

we can think intuitively of this as moving the error backward
through the network, giving us some sort of measure of the error at
the output of the  layer. We then take the Hadamard product

. This moves the error backward through the activation
function in layer , giving us the error  in the weighted input to
layer .

By combining (BP2) with (BP1) we can compute the error  for any
layer in the network. We start by using (BP1) to compute , then
apply Equation (BP2) to compute , then Equation (BP2) again
to compute , and so on, all the way back through the network.

An equation for the rate of change of the cost with respect
to any bias in the network: In particular:

That is, the error  is exactly equal to the rate of change .
This is great news, since (BP1) and (BP2) have already told us how
to compute . We can rewrite (BP3) in shorthand as

where it is understood that  is being evaluated at the same neuron
as the bias .

An equation for the rate of change of the cost with respect
to any weight in the network: In particular:

This tells us how to compute the partial derivatives  in terms
of the quantities  and , which we already know how to
compute. The equation can be rewritten in a less index-heavy
notation as

where it's understood that  is the activation of the neuron input
to the weight , and  is the error of the neuron output from the
weight . Zooming in to look at just the weight , and the two
neurons connected by that weight, we can depict this as:

A nice consequence of Equation (32) is that when the activation 
is small, , the gradient term  will also tend to be small.
In this case, we'll say the weight learns slowly, meaning that it's not
changing much during gradient descent. In other words, one
consequence of (BP4) is that weights output from low-activation
neurons learn slowly.

There are other insights along these lines which can be obtained
from (BP1)-(BP4). Let's start by looking at the output layer.
Consider the term  in (BP1). Recall from the graph of the
sigmoid function in the last chapter that the  function becomes
very flat when  is approximately  or . When this occurs we
will have . And so the lesson is that a weight in the final
layer will learn slowly if the output neuron is either low activation
( ) or high activation ( ). In this case it's common to say the
output neuron has saturated and, as a result, the weight has
stopped learning (or is learning slowly). Similar remarks hold also
for the biases of output neuron.

We can obtain similar insights for earlier layers. In particular, note
the  term in (BP2). This means that  is likely to get small if
the neuron is near saturation. And this, in turn, means that any
weights input to a saturated neuron will learn slowly*.

Summing up, we've learnt that a weight will learn slowly if either
the input neuron is low-activation, or if the output neuron has
saturated, i.e., is either high- or low-activation.

None of these observations is too greatly surprising. Still, they help
improve our mental model of what's going on as a neural network
learns. Furthermore, we can turn this type of reasoning around. The
four fundamental equations turn out to hold for any activation
function, not just the standard sigmoid function (that's because, as
we'll see in a moment, the proofs don't use any special properties of
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= σ ( + ) ,al
j ∑

k
wl

jkal−1
k bl

j (23)

*By the way, it's this expression that motivates
the quirk in the  notation mentioned earlier.

If we used  to index the input neuron, and  to
index the output neuron, then we'd need to
replace the weight matrix in Equation (25) by the
transpose of the weight matrix. That's a small
change, but annoying, and we'd lose the easy
simplicity of saying (and thinking) "apply the
weight matrix to the activations".

*This is only the case for small changes , of
course. We'll assume that the demon is
constrained to make such small changes.

*In classification problems like MNIST the term
"error" is sometimes used to mean the
classification failure rate. E.g., if the neural net
correctly classifies 96.0 percent of the digits,
then the error is 4.0 percent. Obviously, this has
quite a different meaning from our  vectors. In
practice, you shouldn't have trouble telling
which meaning is intended in any given usage.

*This reasoning won't hold if  has large
enough entries to compensate for the smallness
of . But I'm speaking of the general
tendency.
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Back to Naive Bayesian Learning: Continuous inputs and discrete classes – the Gaussian case

here we must estimate 2NK parameters + the shape of the distribution P(y) (this adds up to 

another K-1 parameters)

P xn yk( ) = 1
2πσ nk

2
exp −

xn − µnk( )2
2σ nk

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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Gaussian special case with class-independent variance and Boolean classification (two classes 
only):

P y = 0 x( ) = P x y = 0( )P y = 0( )
P x y = 0( )P y = 0( ) + P x y = 1( )P y = 1( )

P xn y = 0( ) = 1
2πσ n

2
exp −

xn − µn0( )2
2σ n

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

P xn y = 1( ) = 1
2πσ n

2
exp −

xn − µn1( )2
2σ n

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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P y = 0 x( ) = P x y = 0( )P y = 0( )
P x y = 0( )P y = 0( ) + P x y = 1( )P y = 1( )

=
1

1+
P x y = 1( )P y = 1( )
P x y = 0( )P y = 0( )

=
1

1+ P y = 1( )
P y = 0( ) exp −

xn − µn1( )2
2σ n

2 +
xn − µn0( )2
2σ n

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥n=1

N

∏

=
1

1+ exp ln P y = 1( )
P y = 0( )

⎛
⎝⎜

⎞
⎠⎟
+

µn1 − µn0( )xn
σ n
2 + µn0

2 − µn1
2

2σ n
2

⎡

⎣
⎢

⎤

⎦
⎥

n=1

N

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
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w0 = ln
P y = 1( )
P y = 0( )

⎛
⎝⎜

⎞
⎠⎟
+

µn0
2 − µn1

2

2σ n
2

⎡

⎣
⎢

⎤

⎦
⎥

n=1

N

∑

wn =
µn1 − µn0( )

σ n
2

P y = 0 x( ) = 1

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

P y = 1 x( ) = 1− P y = 0 x( ) =
exp w0 + wnxn

n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

logistic shape
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Finally, an input vector belongs to class y = 0  if 

P y = 0 x( )
P y = 1 x( ) > 1

exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟
< 1

P y = 0 x( ) = 1

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

P y = 1 x( ) =
exp w0 + wnxn

n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

w0 + wnxn
n=1

N

∑ < 0
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Back again to neural networks: universality

Math. Control Signals Systems (1989) 2:303-314 Mathematics of Control, 
Signals, and Systems 
 9 1989 Springer-Verlag New York Inc. 

Approximation by Superpositions of a Sigmoidal Function* 

G. C y b e n k o t  

Abstr,,ct. In this paper we demonstrate that finite linear combinations of com- 
positions of a fixed, univariate function and a set ofaffine functionals can uniformly 
approximate any continuous function of n real variables with support in the unit 
hypercube; only mild conditions are imposed on the univariate function. Our 
results settle an open question about representability in the class of single bidden 
layer neural networks. In particular, we show that arbitrary decision regions can 
be arbitrarily well approximated by continuous feedforward neural networks with 
only a single internal, hidden layer and any continuous sigmoidal nonlinearity. The 
paper discusses approximation properties of other possible types of nonlinearities 
that might be implemented by artificial neural networks. 

Key words. Neural networks, Approximation, Completeness. 

1. Introduction 

A number  of diverse app l i ca t i on  areas  are  concerned with the represen ta t ion  of  
general  funct ions of  an n-d imens iona l  real variable,  x  9 R", by finite l inear  combina -  
t ions of  the form 

N 
+ or), (1) 

j=l 

where yj   9 R" and ctj, 0  9 I~ are  fixed. (yr  is the t ranspose  o f y  so that  yrx is the inner  
p roduc t  of  y and  x.) Here  the univar ia te  funct ion tr depends  heavi ly  on the contex t  
of the appl ica t ion .  O u r  m a j o r  concern  is with so-called s igmoida l  a ' s :  

a(t)__,fl as t - - ,  + ~ ,  
as t --* - ~ .  

Such.funct ions  arise na tu ra l ly  in neural  ne twork  theory as the ac t iva t ion  funct ion 
of  a neural  node  (or unit as is becoming  the preferred term) I L l ] ,  I R H M ] .  The  ma in  
result  of  this paper  is a d e m o n s t r a t i o n  of  the  fact that  sums of  the form (1) are  dense 
in the space of  con t inuous  funct ions  on the unit  cube iftr is any  con t inuous  s igmoida l  

* Date received: October 21, 1988. Date revised: February 17, 1989. This research was supported 
in part by NSF Grant DCR-8619103, ONR Contract N000-86-G-0202 and DOE Grant DE-FG02- 
85ER25001. 

t Center for Supercomputing Research and Development and Department of Electrical and Computer 
Engineering, University of Illinois, Urbana, Illinois 61801, U.S.A. 
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The Fermi Gamma-ray Space Telescope

The Universe is home to numerous exotic and beautiful phenomena, 
some of which can generate almost inconceivable amounts of energy. 
Supermassive black holes, merging neutron stars, streams of hot gas 
moving close to the speed of light ... these are but a few of the marvels 
that generate gamma-ray radiation, the most energetic form of 
radiation, billions of times more energetic than the type of light visible 
to our eyes. What is happening to produce this much energy? What 
happens to the surrounding environment near these phenomena? How 
will studying these energetic objects add to our understanding of the 
very nature of the Universe and how it behaves?

The Fermi Gamma-ray Space Telescope, formerly GLAST, is opening this 
high-energy world to exploration and helping us answer these 
questions. With Fermi, astronomers have a superior tool to study how 
black holes, notorious for pulling matter in, can accelerate jets of gas 
outward at fantastic speeds. Physicists are able to study subatomic 
particles at energies far greater than those seen in ground-based 
particle accelerators. And cosmologists are gaining valuable information 
about the birth and early evolution of the Universe.

(adapted from https://fermi.gsfc.nasa.gov)
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https://imagine.gsfc.nasa.gov/observatories/learning/fermi/mission/lat.html
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The Fermi LAT 60-month image, constructed from front-
converting gamma rays with energies greater than 1 GeV. 
The most prominent feature is the bright band of diffuse 
glow along the map's center, which marks the central 
plane of our Milky Way galaxy. 
(Credit: NASA/DOE/Fermi LAT Collaboration)
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Gamma-ray (blue) and radio (red) light curves of three 
millisecond pulsars discovered by radio follow-up in 
Fermi unidentified sources.

(from 
https://fermi.gsfc.nasa.gov/science/eteu/pulsars/)
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Simple estimate of signal strength and its statistical significance.

• estimate of background photons 
included in on-source counts

• estimate of observed signal 

• standard deviation of signal

• standard deviation estimate
assuming Poisson distr. bkg.

• statistical significance
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Estimate of result reliability and new estimated significance

Here we calculate the standard deviation under the assumption that there are 
only background photons.

• estimate of photon arrival 
rate

• estimate of background 
on-source photons

• estimate of background 
off-source photons

• estimate of on-source 
standard deviation

• new estimated significance
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Short recap of the Likelihood Ratio Method (Wilks' theorem) – 1

• Taylor expansion about the MaxL estimator

• Integration  

• Extension to more than one parameters (split into two subsets, recall also the definition of Fisher's information matrix)

where Fisher's information matrix is split into submatrices 
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Short recap of the Likelihood Ratio Method (Wilks' theorem) – 2

• Then,           and therefore

•  We know that asymptotically, the estimator       has a Gaussian distribution with covariance matrix           , therefore, 
asymptotically, the likelihood approaches the pdf of the estimator.

• When we maximize the likelihood with respect to the whole parameter vector, we find that the estimators for the 
subvectors are

and the corresponding maximum likelihood has a fixed value that depends only on data.

• When we maximize the likelihood with respect to the s parameters only, we find                         and 
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✓̂
<latexit sha1_base64="2znd/rSCbWwuTs9WQjyYhY29PHY=">AAACAnicbVC7TsNAEFyHVwivACWNRYREQ2QjXmUEDXRBIg8pMdH5ckmOnM/W3RopstzxAbTwCXSIlh/hC/gNLokLEhhppdHMrnZ3/EhwjY7zZeUWFpeWV/KrhbX1jc2t4vZOXYexoqxGQxGqpk80E1yyGnIUrBkpRgJfsIY/vBr7jUemNA/lHY4i5gWkL3mPU4JGqt/cJ0du2imWnLIzgf2XuBkpQYZqp/jd7oY0DphEKojWLdeJ0EuIQk4FSwvtWLOI0CHps5ahkgRMe8nk2tQ+MErX7oXKlER7ov6eSEig9SjwTWdAcKDnvbH4n9eKsXfhJVxGMTJJp4t6sbAxtMev212uGEUxMoRQxc2tNh0QRSiagGa2+LzPJeq0YJJx53P4S+rHZfesfHp7UqpcZhnlYQ/24RBcOIcKXEMVakDhAZ7hBV6tJ+vNerc+pq05K5vZhRlYnz/tPJei</latexit>

I�1

<latexit sha1_base64="5JMlDgim75oFg/jVE5obbNBEqOg="></latexit>

✓0r = ✓̂r; ✓0s = ✓̂s

<latexit sha1_base64="9ZunY634TAMJkbIM5a7R3lfk9xA=">AAACJnicbVDLSgMxFM3UV62vUZdugkXaVZkRXxuh6MZlBfuAThkyadqGZjJDckcow/yC3+EHuNVPcCfizp2/YfpY2NYDIYdz7uXee4JYcA2O82XlVlbX1jfym4Wt7Z3dPXv/oKGjRFFWp5GIVCsgmgkuWR04CNaKFSNhIFgzGN6O/eYjU5pH8gFGMeuEpC95j1MCRvLtsgcDBqRU8jW+xt6AQOoFkejqUWi+dOpmma99u+hUnAnwMnFnpIhmqPn2j9eNaBIyCVQQrduuE0MnJQo4FSwreIlmMaFD0mdtQyUJme6kk4syfGKULu5FyjwJeKL+7UhJqMcrmsqQwEAvemPxP6+dQO+qk3IZJ8AknQ7qJQJDhMfx4C5XjIIYGUKo4mZXTAdEEQomxLkpAe9zCTormGTcxRyWSeO04l5Uzu/PitWbWUZ5dISOURm56BJV0R2qoTqi6Am9oFf0Zj1b79aH9TktzVmznkM0B+v7F+y+ppk=</latexit>

✓00s = ✓̂s

<latexit sha1_base64="viOUMUvoWew7Ph6njb0LVRWHIYs="></latexit>

L(D|✓r,✓
00
s ) / exp


�1

2
(✓̂r � ✓r)

T Irr(✓̂r � ✓r)

�
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Short recap of the Likelihood Ratio Method (Wilks' theorem) – 3

• This means that when we define the likelihood ratio     , and recall that the estimators are

 asymptotically Gaussian, we find  that 

has a chi-square distribution with r degrees of freedom (Wilks' theorem).

<latexit sha1_base64="EJ4xq8mFi0M/3ETU5WWINHOQF2k="></latexit>

� =
L(D|✓r,✓

00
s )

L(D|✓0
r,✓

0
s)

<latexit sha1_base64="lm9uBoFi7C7/wORlNvg5geQdqA4="></latexit>

�2 ln� = (✓̂r � ✓r)
T Irr(✓̂r � ✓r)
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Application of the Likelihood Ratio Method to estimating NS and NB

• The problem at hand is defined by 

data:

unknown parameters:    

null hypothesis:  

alternative hypothesis: 

• maximum of a Poisson likelihood with just one measurement (N)

(the actual measurement is the MaxL estimate). 
This means that the previous estimates ARE MaxL estimates, and we can use them to calculate the likelihood ratio.

<latexit sha1_base64="+iYlKUm2HLOBjoXmY0bZ5YxQphM=">AAACHHicbVDLSsNAFJ3UV62vqEtBgkWoICURX8uiG1dSwT6gDWEynbRDZyZhZiKUkJ3f4Qe41U9wJ24Fv8DfcNJm0YcHBs49517uneNHlEhl2z9GYWl5ZXWtuF7a2Nza3jF395oyjAXCDRTSULR9KDElHDcUURS3I4Eh8ylu+cPbzG89YSFJyB/VKMIug31OAoKg0pJnHlbuvS6DaiBYEvL0dKoKgvTEM8t21R7DWiROTsogR90zf7u9EMUMc4UolLLj2JFyEygUQRSnpW4scQTREPZxR1MOGZZuMv5Hah1rpWcFodCPK2usTk8kkEk5Yr7uzI6U814m/ud1YhVcuwnhUawwR5NFQUwtFVpZKFaPCIwUHWkCkSD6VgsNoIBI6ehmtvikT7iSaUkn48znsEiaZ1XnsnrxcF6u3eQZFcEBOAIV4IArUAN3oA4aAIFn8ArewLvxYnwYn8bXpLVg5DP7YAbG9x/5V6Jv</latexit>

(Non, No↵)
<latexit sha1_base64="HLT+z9DIUUGCulXnNDTsjf7u1Oo="></latexit>

✓ = (hNBi, hNSi)
<latexit sha1_base64="Hc2Rh6MLP5oCMnOggY3B9c6ljwM=">AAACFXicbZDLSsNAFIYnXmu9RV24cDNYBFclEW8boejGlVS0F2hCmEwn6dDJJMxMhBLyHD6AW30Ed+LWtU/gazhNs7CtPwx8/OcczpnfTxiVyrK+jYXFpeWV1cpadX1jc2vb3NltyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcf3ozrnSciJI35oxolxI1QyGlAMVLa8sx9hyEeMpLd5d6DIwqGV9DyzJpVtwrBebBLqIFSTc/8cfoxTiPCFWZIyp5tJcrNkFAUM5JXnVSSBOEhCklPI0cRkW5WfCCHR9rpwyAW+nEFC/fvRIYiKUeRrzsjpAZytjY2/6v1UhVcuhnlSaoIx5NFQcqgiuE4DdingmDFRhoQFlTfCvEACYSVzmxqi09DypXMqzoZezaHeWif1O3z+tn9aa1xXWZUAQfgEBwDG1yABrgFTdACGOTgBbyCN+PZeDc+jM9J64JRzuyBKRlfv03fnsk=</latexit>

hNSi = 0
<latexit sha1_base64="faHW3E0IBa6j6ECYXl7nCD1yg9Y=">AAACGHicbZDLSsNAFIYn9VbrLepON4NFcFUS8bYsunElFe0FmlIm09N26GQSZyZCCQWfwwdwq4/gTty68wl8DadpFrb1h4GP/5zDOfP7EWdKO863lVtYXFpeya8W1tY3Nrfs7Z2aCmNJoUpDHsqGTxRwJqCqmebQiCSQwOdQ9wdX43r9EaRiobjXwwhaAekJ1mWUaGO17T2PE9HjkNyM2neeTBl7Ah6w07aLTslJhefBzaCIMlXa9o/XCWkcgNCUE6WarhPpVkKkZpTDqODFCiJCB6QHTYOCBKBaSfqHET40Tgd3Q2me0Dh1/04kJFBqGPimMyC6r2ZrY/O/WjPW3YtWwkQUaxB0sqgbc6xDPA4Ed5gEqvnQAKGSmVsx7RNJqDaxTW3xWY8JrUYFk4w7m8M81I5L7lnp9PakWL7MMsqjfXSAjpCLzlEZXaMKqiKKntALekVv1rP1bn1Yn5PWnJXN7KIpWV+/EVigSg==</latexit>

hNSi 6= 0

<latexit sha1_base64="xErdNYYJkCTJWE5kAq6bQ/n7B9w="></latexit>

L(N |✓) = ✓N

N !
e�✓ ) lnL(N |✓) ⇠ N ln ✓ � ✓ ) @L

@✓
=

N

✓
� 1 = 0 ) ✓̂ = N
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Application of the Likelihood Ratio Method to estimating NS and NB (ctd.)

• MaxL estimates

alternative hypothesis: 

null hypothesis: 

• Likelihoods

alternative hypothesis: 

null hypothesis: 

<latexit sha1_base64="EhkvVWuX9aWhJPcRvXE1IQybHHk="></latexit>

hN̂Bi = ↵No↵ , hN̂Si = Non � ↵No↵

<latexit sha1_base64="8IDeUquXGWjJQR0CYQpDeYnPd3k="></latexit>

hN̂Bi =
↵

↵+ 1
(Non +No↵), hN̂Si = 0

<latexit sha1_base64="7+186ABbAaWvqa/vBtWfvhm04MQ="></latexit>

L(D|H1)|max =
N

Non
on

Non!
e
�Non

N
Noff
o↵

No↵ !
e
�Noff

<latexit sha1_base64="gds5TD7Ko1VB/KrvVnseS4FlTFM="></latexit>

L(D|H0)|max =
1

Non!

✓
↵

↵+ 1
(Non +No↵)

◆Non

exp

✓
� ↵

↵+ 1
(Non +No↵)

◆

⇥ 1

No↵ !

✓
1

↵+ 1
(Non +No↵)

◆Noff

exp

✓
� 1

↵+ 1
(Non +No↵)

◆
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Application of the Likelihood Ratio Method to estimating NS and NB (ctd.)

• MaxL ratio

therefore the significance can be obtained from                          because                  has a chi-square distribution with 1 
degree of freedom (only one parameter – the background rate – matters in the case of null hypothesis, while the 
alternative hypothesis has two parameters – background rate and source rate) . 

• if                         then                  , and we estimate the significance as

(a perfect match with exp. data gives a vanishing chi, the actual value of chi is an estimate of the size of the fluctuation in 
terms of standard deviations).

• to be continued ... 

<latexit sha1_base64="8JRifdciDrdC05z/0D5Ul9fg4ts="></latexit>

�max =
L(D|H0)|max

L(D|H1)|max
=

✓
↵

↵+ 1

Non +No↵

Non

◆Non
✓

1

↵+ 1

Non +No↵

No↵

◆Noff

<latexit sha1_base64="W9/pl033qymuKiMfTqv1s81aDDo=">AAACGHicbVDLSgMxFM3UV62vUXe6CRbBjWWm+FoW3bisYB/QGUomTdvQJDMkGbEMA36HH+BWP8GduHXnF/gbZtpZ2NYDgcM593BvThAxqrTjfFuFpeWV1bXiemljc2t7x97da6owlpg0cMhC2Q6QIowK0tBUM9KOJEE8YKQVjG4yv/VApKKhuNfjiPgcDQTtU4y0kbr2wWnVY8JjJtFDXY8jPZQ84egxhV277FScCeAicXNSBjnqXfvH64U45kRozJBSHdeJtJ8gqSlmJC15sSIRwiM0IB1DBeJE+cnkDyk8NkoP9kNpntBwov5NJIgrNeaBmcyOVPNeJv7ndWLdv/ITKqJYE4Gni/oxgzqEWSGwRyXBmo0NQVhScyvEQyQR1qa2mS0BHVChVVoyzbjzPSySZrXiXlTO787Kteu8oyI4BEfgBLjgEtTALaiDBsDgCbyAV/BmPVvv1of1OR0tWHlmH8zA+voFe8Ggkg==</latexit>

�2 ln�max
<latexit sha1_base64="iNddX9c6Le01brf2nKDddz6LZZA=">AAACCHicbVDLSsNAFL3xWeur6tJNsAhuLEnxtSy6cVnBPqAJZTKZtEMnkzBzI5TSH/AD3OonuBO3/oVf4G84bbOwrQcuHM45l3s5QSq4Rsf5tlZW19Y3Ngtbxe2d3b390sFhUyeZoqxBE5GodkA0E1yyBnIUrJ0qRuJAsFYwuJv4rSemNE/kIw5T5sekJ3nEKUEjeedVT0hPmHxIuqWyU3GmsJeJm5My5Kh3Sz9emNAsZhKpIFp3XCdFf0QUcirYuOhlmqWEDkiPdQyVJGbaH01/HtunRgntKFFmJNpT9e/GiMRaD+PAJGOCfb3oTcT/vE6G0Y0/4jLNkEk6OxRlwsbEnhRgh1wximJoCKGKm19t2ieKUDQ1zV0JeI9L1OOiacZd7GGZNKsV96py+XBRrt3mHRXgGE7gDFy4hhrcQx0aQCGFF3iFN+vZerc+rM9ZdMXKd45gDtbXL5ZbmjM=</latexit>

�2 ln�
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<latexit sha1_base64="dZhBaY4Cv4r69VGgMf6eZrHtRgE=">AAACEHicbVDLTgIxFO34RHyNuHTTSExwQ2aIQZdENy4xkUfCDKRTOtDQdiZtx0Am/IQf4FY/wZ1x6x/4Bf6GBWYh4ElucnLOvTk3J4gZVdpxvq2Nza3tnd3cXn7/4PDo2D4pNFWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKRnczv/VEpKKReNSTmPgcDQQNKUbaSD27MO5WoKcohx4e0m6l5F727KJTduaA68TNSBFkqPfsH68f4YQToTFDSnVcJ9Z+iqSmmJFp3ksUiREeoQHpGCoQJ8pP579P4YVR+jCMpBmh4Vz9e5EirtSEB2aTIz1Uq95M/M/rJDq88VMq4kQTgRdBYcKgjuCsCNinkmDNJoYgLKn5FeIhkghrU9dSSkAHVGg1zZtm3NUe1kmzUnar5erDVbF2m3WUA2fgHJSAC65BDdyDOmgADMbgBbyCN+vZerc+rM/F6oaV3ZyCJVhfvwfXm94=</latexit>

x2 ⇠ �2(1)
<latexit sha1_base64="87gJBgRxsfL+IhyjQqZt7sZnIxY=">AAACDnicbVDLTsJAFL3FF+Kr6tLNRGKCG9Iagy6JblxiImACDZkOU5gwnTYzUyIp/IMf4FY/wZ1x6y/4Bf6GA3Qh4ElucnLOvTk3x485U9pxvq3c2vrG5lZ+u7Czu7d/YB8eNVSUSELrJOKRfPSxopwJWtdMc/oYS4pDn9OmP7id+s0hlYpF4kGPYuqFuCdYwAjWRurY9vhpjNqKhahN+qzknnfsolN2ZkCrxM1IETLUOvZPuxuRJKRCE46VarlOrL0US80Ip5NCO1E0xmSAe7RlqMAhVV46+3yCzozSRUEkzQiNZurfixSHSo1C32yGWPfVsjcV//NaiQ6uvZSJONFUkHlQkHCkIzStAXWZpETzkSGYSGZ+RaSPJSbalLWQ4rMeE1pNCqYZd7mHVdK4KLuVcuX+sli9yTrKwwmcQglcuIIq3EEN6kBgCC/wCm/Ws/VufVif89Wcld0cwwKsr1931Jui</latexit>

|x| ⇠ �(1)

<latexit sha1_base64="t/215UxEG94We60TsdvM6XBqayc="></latexit>
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