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A few simple applications of Bayesian

techniques

straight-line fit
weighted mean
systematic errors

a two-dimensional location problem

a &~ o b =

search for weak signals in spectra

Edoardo Milotti - Introduction to Bayesian Statistics - XXVIII cycle



1. Straight-line fit
y,=ax,+b+¢€

yi measured value

X. independent variable (“exactly” known)
I

Cl,b fit parametes: eventually we expect to find pdf's for these parameters

E. statistical error

the statistical measurement
<8i> = 0; <8i > =0’ = error has a Gaussian
distribution
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likelihood

5 \~N/2 |~
p(yla,b,x,6)=(27r6) exp| —— > (y, —ax, - b)

prior angular distribution

uniform a uniform angle

Edoardo Milotti - Introduction to Bayesian Statistics - XXVIII cycle




The uniform distribution of a introduces an angular bias.
The least informative choice corresponds to a uniform
angular distribution

1 T T

p¢(¢) n_’ 2—€D<2

and we obtain the distribution of a with the transformation
method:

a = tan@

= P, (go)dgo =P, (a)da =P, (a)d(tan(p)z D, (a)sec2 odo

IS B B
Pa _ﬂseczgo_7r(1+tan2q))_7r(1+a2)
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prior distribution of b: improper uniform distribution, related to
the distribution of a

1 I cosp 1 1
bla=0)=—: p(bla)=——="S8C_
p(bla=0)=70: plbla)=Zm=—" 2B {1+ 22
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we obtain the posterior from Bayes’ theorem

p(yla,b,x,0)

p(a’b | y’X’G) = +o0 B/cos@ p(d,b)
Jda f db p(y | a,b,X,G)'p(a,b)
—o0 —B/cos@

where the prior is

pla.b)=p(bla)p(a)= (213' 1J1ra2 ](ﬂ(liaz)}

1

(1+a

cC

z)yz
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finally we find

exp{—z1 > i(yl. — ax, —b)z} .
p(a,b|y,X,G)= O & ' N\3/2
Tda B/quo " exp{— 1 : i()’,— _ax, _b)z } 1 - (1+a )
S _Blcos 2005 (1+a2)
1 exp| — 1 ﬁt(y.—ax.—b)2
(1ea)” P 207 &V

d o0 N
J(1+;)3/2 dbeXp{_zﬁzz(yi_axi_b)z}

This expression has a partly Gaussian structure, and now we
rearrange the quadratic expression in the exponential
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(yl.—axi b 2[ . — ax, —2b(yi—axi)+b2}
1

1=

—

N N
i=
N

2 —ax —2b2 —ax +Nb2

i=1

=N b—ii(yi—axi) +N(Vary—2ac0v(x,y)+azvarx)

therefore the normalization integral becomes

T da ox [_ N
3/2 p =

271'62
3/2 -
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(Vary 2acov(x, y)+a var x }Jdb exp{ >



Approximate integration of the remaining integral

Ji (1 _:ilaz )3/2 exp[— 2122 (Vary —2acov(x,y)+a’ var x)}

We evaluate this integral by integrating about the peak of the
integrand, assuming that the peak is narrow.

We start with the logarithm of the integrand, we find its
maximum and we Taylor expand about the maximum

N
20

(I)(a)

|l
I
|
e
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—_—
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&}
N~
I

- (Vary —2acov(x,y)+a’ var x)
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(Vary —2acov(x,y)+a’ var x)

2

we find a from this
cubic equation

dd 3a N
— == + cov(x,y)—avarx)=0
da l+a* 62( (x.) )

cov(x,y)

note that when N>>1 the peak is at position a, =
var x

We use the Newton-Raphson method for the solution of the cubic
equation:

3a,
a,)=—
/(@) 1+a;
, l-a; N N
f (a,)=-3 (1+a20)2 — Varxz—?varx
0
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then

2 2

3 3
0a, =— aoz > a, =4y~ 6102 2 (1)
l+a, Nvarx l+a, Nvarx
Now, to complete the expansion, we must evaluate the
second derivative at a,:
d’o| ; 1-a; N ] ,
da’ . (1+ af )Y o’ 2612 (2)

(a—a,)

2

(a_al)z :(I)(al)— 26

we find this by using equations (1) and (2)
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Now we complete the evaluation of the integral

N
exp| — vary—2acov(x,y)+a’ var x
32 p{ = ( Y (x,y) )}

T da
'!;(1+a2)

- Jo| @)  ba= orot expl )]

and finally we find the posterior distribution.
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Moreover

1 |
pla,bly,x,0)«< 7 exp{— ZZ(yi—axi—b)z}

(1+a2)

2
a—a N 1
zexp|:—(b(a1)—( 26121) }exp{—zaz (b_ﬁ
and thus we see that:
(a)=a,;; vara=0};

1 N 62

b)=— —ax, ), varb=—

)=y Xlrma) varb=
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2. Weighted mean

We consider known Gaussian errors

The likelihood function is
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Using an improper uniform prior we find

P(uld,o)=

P(dlo,u)

U

and then

P(uld,o)=

[P(dio.u)yP(u)du

1 ()
g e
o __lN(dk_‘“)
:!;exp_ 2; (7;? du
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the exponent can be rearranged as usual

N
(d=p) _di—2pd+p’ 11 d, b
D N Y D Yy A Y

(5 el a2l (84 o)
R EIREY

2
k=1 O-k k=1 O-k k=1 Gk k=1 O-k

thus we see that the mean has a Gaussian posterior
distribution and that

Ndk
2 Nl

— O
k=1 Y% . 2 L
H="5 ? Gu_z

ZL k=1 613
2

k=1 Gk
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3. Miscalibrated Gaussian measurement errors

Now we consider a case where we must find the mean value
with given measurement errors, and where the errors are
Gaussian and they are systematically multiplied by an
unknown scale factor.

the likelihood is

N 1 (d, —u)
Pldlu,o,0)= —
(dlp.0.2) H\/Znaza,f oF

1 v 1 & (d,—pu)
- [T Jowp| - 3140

(ZE)N/ZOCN k=1 Oy 200005 Oy
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we must rearrange the exponent as usual ...

— 2 2
i(dk u) :i_k_zuigﬂtzi | _ND_, NM_ N

k=1 G/f k=1 (713 k=1 613 k=1 613 61%4 6134 612\4
N
=—2(D—2,LLM+/,L2)
M
1 11 Nd/Nl Ndz/Nl
dove = ; M = k. — D = "k _
o TWEor ML) 2o PR/ 2

therefore the likelihood is

P(dlu,0,0)= 1 (]ﬁ[ijeXp{— Al ; (D—2HM+ﬂ2)}

(27)"" o \ izt o, 2003,
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Now we estimate the scale factor from Bayes’ theorem

- P(dlo,x) |
Plald.o)= J'P(d lo,00)-P(o)do

P(a)

however we need first to marginalize the likelihood with respect to the mean,
which in this case is a nuisance parameter

we take a uniform prior for the mean

P(dlo.a)=[P(dlu.c.0)P(ulo.a)du

(W = :umax - :umin)
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as usual ...

D-2uM+u =y’ -2uM +M*+D—-M"
=(u-M) +D-M*

... therefore the likelihood is:

P(dlo,a)= 1 1 ]ﬁ[L Texp __N [(,u—M)2+D—M2} du
W (2r)" " o ooy )2 200,
11 Nl N(D-M")| |270’c?
= N2 N H_ CXp| — ( PP ) \/ -
W (2r) <1 Oy ) 200°0,, N

Edoardo Milotti - Introduction to Bayesian Statistics - XXVIII cycle



P(dlo,x)
JP(d lo,0)P()

}H eXp(_N(D—Mz)]
P(

Plald,o)=

-P(ox)

2 2
20000,

= exp[—N (D _Mz)]-P(oc)d(x.

2 2
200°0;,

o o)

1 - y
P(O() o the prior should be scale-independent and

o therefore we take Jeffrey’s prior
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1 AZY1 202
exp| —— [—da .
;.[ocN‘l p( azjoc
oA
o o’ | o
Plald,o)—

]i I ex —A—2 -ld(x
oV ! P o o
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A’ A A
yzx, azﬁ; da=—2x3/2dx
T x? A 1 7
exp(—x) dx = —|x 2 exp(—x)dx=
b" AN 2x3/2 2AN 1 E[

Edoardo Milotti - Introduction to Bayesian Statistics - XXVIII cycle




we take the MAP estimate the scale parameter from the pdf

2AN—1 A2
N exp(_zj

04

da aN+1 2

d N A 24A° A’
—P(o1d,0) o< — exp(——)+ exp(——jzo
o

D—-M*
:> No* =2A* :> aMApz\EA: ( - )
N Oy
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4. A two-dimensional problem:
location of a lighthouse (S. Gull)

omnidirectional detectors at lighthouse at (x,,Y,), which
position (x,y,) (=1,...,N) sends highly collimated
/ beams in random directions

yA

b ‘ ",‘\\t\ \\ i "\\.\ \\ "\\‘\ \\ 03!&\\}.‘\ - X
o #(\\_,1\( “'\* s \~\ \ %X:‘* » \~\ “\\"‘\%‘\* N \~\ ‘4\\}‘\%‘\* N \~\.
P R \\. y et : .\ '! \ e ﬁ \ e '\\f'
\\‘ AR iTwn wl‘*\ w\\\ \,,.w'x‘é‘.‘:-..'

[, '.1».. X “ AR e

rectilinear X=X =N tane

coastline Ax =y, sec’ O AO
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individual events correspond to the detection of a certain
emission angle, or rather to a certain position on the coastline:
this position depends on parameters x, and y,

uniform prior pdf for the emission angle

1
Pe(ell):;

- =
p,(011)d6 = p (x1x,,y,,1)dx=p, (x|x5,y,,1)y,sec’ 0dO

)’g +(x—x0)2

Yo

=px(x|x0,y0,l) do

therefore the prior pdf of x is

1 Yo

T y? ?
Yo +(x—x,)
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likelihood

posterior pdf from Bayes’ theorem

p(X | xoayo’l)
p(X | X050 ,I)°p(x0 Vo | I)dxodyo

p(xoa}blx’l): J 'p(xoa)’oll)

X,y
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case 1: y,is not interesting, therefore we marginalize the
likelihood with respect to y, (we assume a uniform prior
for y)

1 N 1
| Xg» Yoo 1 ) I)dy, =~ | 2o d
!p(x Xos¥o- 1) P (Yol %01 )dyy Yyr{nﬂNgy%(xk—xo)z Yo

Y :ymax _ymin

posterior pdf from Bayes’ theorem, after marginalization

p(x, 1x,1)= p(x1x,1)

= J'P(X”o’l)‘p(xo TV, -p(x, 1)
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important subcase: a simple marginalization (y, = 1, we know a
priori the distance of the lighthouse from the coastline)

N
Jp(x I xo,yo,9,1)°5(y0 — l)dyo = — H

y / T k=11+(xk—x0)2

pdf localized at y, = 1

posterior pdf from Bayes’ theorem, after marginalization
(improper uniform prior for x)

N
H 1

2
p(xOIX,I)— p(xlxo,l) =11+(xk—x0)

) JP(X | Xy, )p(x, 1 1)dx,

-p(xO II)= .

=

5' 5-.”

H : dx,

k
x N
k=1 1+<Xk —XO)2

X
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numerical experiments
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2D posterior pdf (without marginalization of y,)

oo
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5. Search of signals in spectra (Caldwell and Kroninger,
PRD 74 (2006) 092003)

Consider the search for sparse signals in a spectrum where

* The spectrum is confined to a certain region of interest.

« The spectral shape of a possible signal is known.

« The spectral shape of the background is known.

* The spectrum is divided into bins and the event numbers
in the bins follow Poisson distributions.
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The competing hypotheses are

* H,,, = background only
* H,, = background + signal

then

p (Spectrum| H,, I )
p (H bkg‘ spectrum, | ) = p(spectmmf;g) p (H wie| 1 )
P(Hbs| Spectrum,l) = p(spectrum| . ’1) p(HbS I)

p(spectrum|I)

p(spectrum| I) = p(spectmm| kug,l)p(kug| I)+ p(spectrum| H, ,I)p(HbS

1)
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A specific spectral shape depends on the average number of
background (B) and signal (S) events, and we can write

prior distribution for the
average B

/

p(spectrum| kug,l) = Jp(spectmm| B.I)p,(B)dB

B

p(spectrum| HbS,I) = Jp(spectrum| B,S,I)pB (B)ps(S)dBdS
B

/ prior distribution for the

the possible spectra are the results of
many possibile choices of the background
and of the signal rates, and therefore of
the average number of background and
signal events; here we marginalize over
these dependencies

average S
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We introduce the normalized spectral shapes of background and signal

f:(E)s  fi(E);

Then we find the average number of events in each bin

E+AE; Ei+AE;
v.(B.S)=V,(E.AE,.B.S)=B | f,(E)dE+S | f/(E)dE
E. E;

1

An observed spectrum is defined by the numbers of counts in each bin:
{n}=1 » and since we assume a Poisson statistics in each bin, we find the
following likelinoods for a given spectral observation

p(spectrum| B,I)= li[ [vi(80)] exp| —v,(B.0) |

n.!

i

p(Spectrum| B,S,I) = ﬁ I:vi (B"S)] |
i=1 n

l’o

exp| -v,(B.,S) |
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Finally we find:

p(spectrum| kug,l) = J.p(spectmm B,I)pB (B)dB

oV

— Jﬁ [Vi (B,'O)]ni expl:—vi (B,O):IpB(B)dB
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The final, complete expressions are:

p(spectrum\ kug,l)

p(kug‘spectrum,I): p(kug|I)

p(spectrum|I)

Jﬁ[vl(i?)]n exp[ (B,0) ]PB )dB
= D B =l i’ p(kug‘I)

j]i[[v"(i"! /I exp[-v,(B.,0)]p,(B dBp( )+“:1[[Vi n"! )J' exp[ -V, (B.S) | ps(B) ps(S)dB p(H,|1)

p(spectrum\ H, ,I) p( | )
b.

P(H bs‘ spectrum, | ) = . (spectmm\ I)

,S)]ps(B) py(S)dB

T et

(B
nexpl: (B.0)]p,(B)dB p(H,| )+jﬁv o exp[ (B.S)]py(B) ps(S)dB p(H,|1)

s

We can use these expressions to test hypotheses (by means of Bayes
factors), and find values for B and S.
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The work of Caldwell and Kroninger has been carried out in the
context of GERDA (GERmanium Detector Array), an experiment
that aims to detect weak signals from neutrinoless beta decay in
germanium detectors kept in a very low background
environment.

u > u
n'd > dp
d— u

W€

W~ ~) > e

n'd = dip
u > u

Feynman diagram of neutrinoless double-beta decay, with two neutrons decaying to two protons.
The only emitted products in this process are two electrons, which can occur if the neutrino and
antineutrino are the same particle (i.e. Majorana neutrinos) so the same neutrino can be emitted
and absorbed within the nucleus.

In conventional double-beta decay, two antineutrinos - one arising from each W vertex - are emitted
from the nucleus, in addition to the two electrons. The detection of neutrinoless double-beta decay
IS thus a sensitive test of whether neutrinos are Majorana patrticles. (from Wikipedia)
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Artist’'s view of GER
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The 2007 Europhysics Conference on High Energy Physics IOP Publishing
Journal of Physics: Conference Series 110 (2008) 082010 doi:10.1088/1742-6596/110/8/082010

Table 1. Estimate of the background level expected in the GERDA experiment for a simplified
Phase II setup at the present level of R&D.

Detector part Contribution
[10~* counts/(kg-keV-y)]

Germanium detector (cosmogenic %¥Ge) 10.8
Germanium detector (cosmogenic ®°Co) 0.3

Germanium detector (bulk) 3.0
Germanium detector (surface) 3.5
Cabling 7.6
Copper holder 3.4
Electronics 3.5
Cryogenic liquid 0.1
Infrastructure 2.9
Muons and neutrons 2.0
Total 37.1
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Figure 2. Expected 90% prob.
upper limit on the effective Majorana
neutrino mass, (mgg), using the
nuclear matrix elements presented

in [14] with (M%) = 3.92.

Figure 1. Detector array indicating the possible
positions for the Phase I and Phase II detectors
as well as for calibration sources.

Edoardo Milotti - Introduction to Bayesian Statistics - XXVIII cycle



References:

V. Dose: “Bayes in five days”, lecture notes, Max-Planck Research
School on bounded plasmas, Greifswald, may 14-18 2002

« S. F. Gull: “Bayesian Inductive Inference and Maximum Entropy”, in
G.J.Erickson and C. R. Smith (eds.): “Maximum Entropy and Bayesian
Methods in Science and Engineering”, Kluwer, 1988

Edoardo Milotti - Introduction to Bayesian Statistics - XXVIII cycle



