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What is the probability that the sun rises tomorrow? (Laplace)

0<6<1

Is the probability that the sun rises tomorrow, and we assume
this probability to be uniformly distributed between 0 and 1.

Probability of the event “the sun rises
tomorrow” and that hypothesis H, is true

- S5
/’ k

Probability of the event — 2 P (S ‘ H k ) P (H k )
k

‘the sun rises tomorrow”
1
— | P(5]6)p(6)d6 |
hypothesis H, corresponds to
0

a certain value of p
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Then



p(6IN) =

P(S|6,N)=6 «—

P(N|6)

P(N)

ON

j@N do
0

Probability that “the sun rises
tomorrow”, if it already did so N times

P(N|6)

p(Q) — 7
[P(N|B)p(0)de

0

p(6)

=(N+1)6"

1

P(S|N)=[P(S|6.N)p(6|N)d6 = [6(N +1)6" d6 =

0

.t

1

N +1

0
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N+1_1_ 1
N+2 N+2

P(S|N)=

Then, for a 27-year old person (about 10000 days), having
observed that the sun rises every day means that

.P(SUV)zl—v——L——z(l99999
10000

or also, that the probability that the sun does not rise
tomorrow is about 1/10000 = 0.0001
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Bayesian inference

P(B14,}P(4)

P(A, 1B)=—
ZP(BlAk)P(Ak)
__ P(BIA,) P(4,)
ZP(BlAk)P(Ak)
P(H,ID,I)= P(DIH,.I) -P(H, 1)

iP(D |H,,I)P(H,II)
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P(DIH,,I)

Y P(DIH,,I)P(H,II)
k=1

P(H,|D,I)=

2
il

H, I)

(Posterior probability that k-th hypothesis is true, when we
observe data D, with prior information I)

(Probability of observing data D, given the k-th
hypothesis) / Normalization

(Prior probability that k-th hypothesis is true)
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P(DIH,,I)

P\H, |ID,I)= -P(H, | I
(H,1D.1) P(DII) (H, 1)
__ P(DIH,.I) P(HITY
Y P(DIH,,I)P(H, 1)
k=1
prior distribution P( )
posterior distribution P ( | D, I )
likelihood or sampling P( Dl H yi )
distribution N
?nvcl)(:rengcliiing factor) P(D | I - EP(D | Hk’I)OP(Hk | I)
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Testing hypotheses

P(DIH,,I)

P(H,ID,I)= PODID)

-P(H, 1)

P(H,|D,I) (P(DIH,.I
\P(DIH,.I

P(H,|D,I)
/

Bayes’ factor
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When prior probabilities are the same (equally probable
hypotheses), the posterior probability ratio depends only on
the Bayes' factor:

P(H,1D,I) [P(DlHk,l)]
P(H,|D,I)

“\P(DIH,.I)
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Recursivity in a parameter estimate

P(61]d.d}.1) Pﬁfjj}' f;;) R(611)

P({d,.d,}16.1)=P(d,1d,.0.I)-P(d, 16.I)
- =P(d,10,1)-P(d,16,1)

here we assume that successive data the same treleee

are independent for the evidence
P({d,.d,}11)=P(d,.I): dII)‘/

(o)< S| (P8l o)
P(d,16,1)
P(d,.1)
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A simple exercise (Skilling 1998)

Let T be the temperature of a liquid which can be either water
or ethanol.

1. We suppose first that the liquid is water: then we take a
uniform prior distribution for T, between 0°C and 100°C

2. The experimental apparatus and the measurement
process is defined by the likelihood function
P(D|T,water,l). We assume that measurements are
uniformly distributed within a range £5°. Therefore
P(D|T,water,l) = 0.1 (°C)-1 in the interval [T-5°C, T+5°C],
and zero elsewhere.

3. We take a single measurement D = -3°C.
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4. The evidence P(D) is

P(D|water.I)= | P(

T

T ,water,I)P(T)dT

2°C o\ (o]
= | (¢) (°0) dT (°C)=0.002(°C)"
J 10 100

5. Using Bayes’ theorem we find

P(T|D,water,I)= 15 (D avater 1))P(T)= O%(l);f():;_l 0.01(°C)"

=0.5(°C)"  (0°C<T <2°C)
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Now suppose that the liquid is ethanol, so that the temperature
range is -80°C<T<80°C

P(T) = (160°C)" in -80°C<T<80°C.
P(D|T,ethanol,l) = 0.1 (°C)'in [T-5°C, T+5°C], and zero elsewhere.

We take a single measurement D = -3°C.

L nhp o~

The evidence P(D,ethanol,l) is

(o) ey’
P(D,ethanol,l)zjP(DT,ethanol,I)P(T)de j : dT (°C)=0.00625(°C)"
) 2. 10 160
5. Using Bayes’ theorem we find
P(DI|T ,ethanol I) 0.1(°c)” 1 (oY =0(C)

P(T)=

P(T| D,ethaI’ZOZ,]) - - O 00625(oc)_1 160

P(D,ethanol,l)
(-8°C <T <2°C)
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Assuming a prior for the water-ethanol choice, we can
discriminate between water and ethanol

P —

water — " ethanol ~ 0.5
Indeed,

P(D|water,l)
(D|water,I)P(water,I) + P(D|ethanol,I)P(ethanol,I)
B P(D|water,1)

- P(D|water,l) + P(D|ethanol,l)

P(water|D,I)= = P(water,I)

and therefore the ratio of the posteriors is given by the Bayes’
factor

P(water|D,I) B P(D|water,])
P(ethanol|D,I) - P(D|ethcmol,1)
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We have found earlier that

P(D| water) = ().OOZ(OC)_1
P(D| ethanol ) =0.00625 (OC )_1

therefore

P(ethanol|D,I)  P(Dl|ethanol,I) 3 125
P(water|D,I) - P(D|water,1) T

and we conclude that the observation favors the
hypothesis of liquid ethanol.
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logo(B) B Evidence support

0tol1l/2 1to3.2  Not worth more than a bare mention
1/2to1 3.2to 10 Substantial

1 to 2 10 to 100 Strong

> 2 > 100 Decisive

Interpretation of the Bayes factor B as evidence support
according to Jeffreys.

In the case of the water-ethanol problem, and according to
Jeffreys’ categories, the preference for ethanol is “not worth
more than a bare mention”, although it happens to be in the
upper part of the range.
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From discrete sets of hypothesis to the continuum. The
Bayes’ theorem in the context of parameter estimation.

P(DIH,.I) P(DIH,I)

P(H,ID,I)= PO -P(Hkll)zip DV H, P(H ) -P(H, 1)
~ P(D16,I) |
dP(GlD’I)_jP(DIB,I)dP(GII) dP(611)
dP(01D.1I) _ P(D16,1) dP(611)
Z jP(D | 9,1)-dP(6 1) Jo
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1. Example of Bayesian inference: estimate of the (probability) parameter of the
binomial distribution

p(nio.N) =" |(1-0)" 0

this is the parameter
that we want to infer

P(n | G,N) . from data

uniform distribution: the
least informative prior

(1-6)""6"

1
[(1-0)""0"a0
0

final result is a beta distribution
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(1-6)""6" (1-6)""6"

p(01n,N)=- =
n B ILN—-n+1
IG”(l—H)N 10 (n+1,N—n+1)

0

1
B(m,n)= J‘t’””“l(l—t)”_1 dt
0

beta function

~ I'(m)I'(n)
- I'(m+n)

I'(N+2)
TC(n+ DTN —n+1)
N+ D!
(N —n)!

Edoardo Milotti - Bayesian Methods - MiBi June 2014 20

p(01n,N)= (1-6)""0"
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Mathematical digression: relationship between gamma and beta function

0 0
X =rcos0; y=rsinb; =
oo /2
'(m)[(n)= 4"‘;"2””2”_16_’"2 dr J cos”" ' @sin*""' 0d6

0 0

/2
= F(m + n)[2 J cos”" ! @sin*"! 9d9] (t =cos’0; dt= —ZCOSGSinQdG)

0

1
=T(m+ n)Jt’“‘1 (1—¢)"" dr
0

=T (m+n)B(m,n)

In!
=  B(m,n)= Lim)T(n) =  B(m+ln+l)=—""
C(m+n) (m+n+1)!
Edoardo Milotti - Bayesian Methods - MiBi June 2014 21




Figure 1. Posterior probability density function of the binomial parameter £, having observed n
successes in N trials.
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From the knowledge of the posterior pdf we obtain all the
momenta of the distribution

(V1) Nen q
p(@ln,N)—n!(N_n)!(l—Q) 6
1 N+D! | N
<6>=£p(9|n,N)9d0=n(!(N_zl)!g(l—O) 0" do
_ WD B(n+2,N—n+1)
n!(N—n)!

(N+1D! (n+DIN —n)!
n!(N—n)! (N +2)!
n+1 n

— > biased, asymptotically unbiased,
N+2 N estimator
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|
[(1-0)"" 6 a6

0

| s (N+D)
(6°)=[p(01n.N)6°d0 = T

_ (N+1D)!
~ n!(N-n)!
_ (N+D! (n+2)[(N —n)!
nl(N=n)!  (N+3)
(n+2)(n+1)
(N+3)(N+2)

B(n+3,N—n+1)

Var9:<92>—<9>2: (n+2)(n+1) _( n+1 )2:

(N+3)(N+2) \N+2

_(N-n+1)(n+1)
(N +3)(N+2)
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What happens if we try a different prior?

Let’s try with a linear prior 5 OF

0.5/
0.0t

“““““““““““““

N N-n
1-6) 6"
5 Je-o (1200

1 1
j( ) (1-6)""6" 2646 j(l—e)N‘”e”“de
0 0
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(N +2)!

(n+DKN—nM0_9) ]

p(@1n,N)=

.

1 (N+2)! |

(0)=[p(01n.N)6d6 =

0

J(1-6)"" 6" a0

0

(n+1)Y(N —n)!
___(N+2) B(n+3,N-n+1)
(n+1)!{(N —n)!

(N+2)!  (n+2)(N —n)!
(n+1)N=n)!  (N+3)
n+2 n

N\
/7

" N+3 N

Edoardo Milotti - Bayesian Methods - MiBi June 2014 26




10_- Blue: start with uniform prior |
| Red: start with linear prior
8 .
6 !
4} I
2k a
of /\ ‘
00 0.2 04 0.6 0.8 10

0

Taking few coin throws, the posterior from the linear prior is considerably
biased. The bias disappears when the number of coin throws is large.
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Now we try with a very non-uniform prior

We take ‘ ‘ ‘ ‘
" p(0) k=10

p(0)=(k+1)6";  k>1

ol N s O X0

0 02 04 06 08 10

( JZ )(1_9)1” o

i( Zr\l’ j(l—@)N" 6" -(k+1)6" d6

(1-0)"" 6"

(k+1)6" =

1
[(1-0)""0"" a6
0
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(N+k+1)!

p(01n,N)= (1-6)" """

(n+ k)N —n)!

.

|  (N+k+D! von A
(0)= [ p(61n.N)6d0 = (n+k)!(N_n)!j(1—9) 6" do

0 0

(N+k+1)!
(n+k)/(N —n)!

(N+k+1)!  (n+k+DIN—n)!
(n+k)\N=-n) (N+k+2)!
n+k+1 n

— N\

" N+k+2 N
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B(n+k+2,N—-n+1)




10._ Blue: start with uniform prior ]
| Red: start with power-law prior (k=10) :
8t i
6 i
af -
2F -
0.0 0.2 0.4 0.6 0.8 1.0

0

In this case, initial bias due to the prior is very large.
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Note on posterior distributions:
the relationship between binomial distribution and beta function is quite

important and common, and leads to the formal definition of the Beta
distribution:

F(a+b)

F(a)r(b)

B(6a.b)= o' (1-6)""

There are other important dualities between distributions. This topic is discussed
in depth in

J. M. Bernardo: “Reference Posterior Distributions for Bayesian Inference”, J. R.
Statist. Soc. B 41 (1979), 113
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Maximum a posteriori (MAP) estimate

Consider the case with a uniform prior: from the posterior
distribution
(N +1)!

p(01n,N)= N n)!(1— )" " 6"

we easily find that the posterior pdf is maximized by the
parameter value

0 =n/N

which is the unbiased estimate of the parameter (unlike the
mean value ... )
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Confidence intervals (case of initial uniform prior)

o
| 95% symmetric interval
| (same probability content
6 in tails, 2.5%)
4
)
0.0 0.2 0.4 0.6 0.8 1.0

0
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2. Example of Bayesian inference: estimate of a Poissonian rate

(lAt)n e M

P(n | A,At) =
n! uniform distribution (step
function, not normalizable,
improper prior!)
P(nlA,Ar) /
p(Aln,At)= ’ -p(A)=
LP(n | A,At) - p(A)dA
(AAL)" e ™ B (AAL)" e

ojo(/lm)” e ™d(AAt) / "

here the random variable is the
parameter A
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oo

(2dy= [ p(21n.A1)(2A)d (2a0) = |\

0

)UStyle_zAt

n!

(AA?)d(AAL)

- ij(xm)”“ e d(AAt) = (n+1)!

n.s

=n+1

n!

(e )= [PAL T G aan

n!

_L T(}Lm)”” e d(AAL) = (n+2).

!
n.y

- =(n+2)(n+1)

var (AAr) = ((AAr)') = (AAr)’ = (n+2)(n+1)—(n+1)" =n+1
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Posterior distributions of the adimensional parameter AAr when n events are observed

0.25

0.20

0.15

0.10

0.05

000 LLaertr— T— e
0 5 10 15 20

AAt
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3. Example of Bayesian inference: Gaussian model (estimate of the mean with given
distribution variance)

1 (d—p)

dlu,o)=
p(dlu,o) WGXP P

1. we know nothing about the position of the mean
uniform prior (improper!)

P(dlu,o) |
P(dlp,0)-p(u)du

exp|~(d-p)'/20° ] {_(d—u)z}

p(H)=

P(ﬂldag):"‘

u

. = > cXp >
[ exp| —(d - )’ /26" |du “2”6/

here the random variable is u

20

—0Q0
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2. positive mean (now we know that p > 0)

step function (another improper prior)

y P(dlu,o) | _/
i | P(dIu.0) p(u)du p(ﬂ)/

. x| -(4-1)' 207 -s(u)=Nexp{—(d_ﬁt)z]s(u)

[ exp| —(d - )’ /267 |du /

0

normalization

NB: because of the step function, posteriors always vanish for p <0
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3. Gaussian prior

2

1 (,LL B :ul)
exp| — :

2Mo; 20,

\

this is an informative prior, we know that the mean is
centered about y,

P(ulp,1)=

~ P(dlu,o) | ~
p(uld,o)= [ Pldi0)- p(a)dn p(u)=
| (A1)
_ Pl 05 } . exp{_ (n—p)
Eexp{_(dz_;;) }exp{—(uz_&?) :ld/i 3
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this is a Gaussian expression and we can rearrange the exponent

(d—u)2+(,u—,ul)2_Gf(d—u)2+62(,u—ul)2_(Gf+02),u2—2(012d+62,u1)u+(612d2+02/,L12)
o’ o> o’o; - o’o;
ol sy a (Gfd+02,ul) — (Gfd+02ul)2_(afd+62,ul)2 , L
_—62612 (01 +0 ),u 2 \/0_12+0_2 o, +to U+ ((712+(72) (612+C72) +(0'1d +0 ,LLI)
- X 2
ol . _(Gfd+62ul) _(Gfd+62ul) Sy
=577 (07 +0 )(,u (o7 +7) ] o7+ ?) +(o}d” + o’}
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20°0; (07 +07) (07 +07)
p(uid G)_+m 1 22 (Cdrom)] (cidrom) ..
_Jexp 262012 (Gl +0 ) — (0_12+62) — (612+02) +(Gld +0 ,ul) du

y _ojd+o’y,
2
o’ +0°
, 0°0; 1 1 1
62: 2 2 2: 2+ 2
ol +0 o, o0 O,
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Recursivity of inferential process

, 0©°0; 1 1 1

62 = 2 2 2 = 2 * 2

ol +0 o, o O]
_djo’+u /o

M,

-~ 1/6*+1/0? \

weighted mean

/
2 2 2 2
o.d+0o’L, Gld—61u1+((7 +0'1),u1 o’
U, = 2 > 2 2 M+ — : 2(d_uu1)
o +0 o’ +0 o’ +0

same structure as a Kalman filter
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Kalman filter (super-simple example)

,LL2=,LL1+K(d2—,LL1)

o,

K=—
o, +0

(filter gain)

2

+ linear variation (with Gaussian noise)

U, :;u2+K3(d3_.u2)

0, ()
0,(t;)+0;

K, =
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