
Introduction to Bayesian 
Statistics - 4 

 
Edoardo Milotti 

Università di Trieste and INFN-Sezione di Trieste 



A few simple applications of Bayesian 

techniques 
 

1.  straight-line fit 

2.  weighted mean 

3.  systematic errors 

4.  a two-dimensional location problem 

5.  search for weak signals in spectra 
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1. Straight-line fit 

yi = axi + b + ε i

yi
xi
a,b
εi

measured value 
 
independent variable (“exactly” known) 
 
 
fit parametes: eventually we expect to find pdf’s for these parameters 
 
statistical error 

ε i = 0; ε i
2 =σ 2 ⇒

the statistical measurement 
error has a Gaussian 
distribution 
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p y | a,b,x,σ( ) = 2πσ 2( )−N 2
exp − 1

2σ 2 yi − axi − b( )2
i=1

N

∑⎡
⎣⎢

⎤
⎦⎥

likelihood 

prior angular distribution 

uniform a    uniform angle 
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The uniform distribution of a introduces an angular bias. 
The least informative choice corresponds to a uniform 
angular distribution 

pϕ ϕ( ) = 1
π
; − π

2
≤ϕ < π

2

a = tanϕ

⇒ pϕ ϕ( )dϕ = pa a( )da = pa a( )d tanϕ( ) = pa a( )sec2ϕdϕ

⇒ pa a( ) = 1
π sec2ϕ

= 1
π 1+ tan2ϕ( ) =

1
π 1+ a2( )

and we obtain the distribution of a with the transformation 
method:  
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prior distribution of b: improper uniform distribution, related to 
the distribution of a 

p b | a = 0( ) = 1
2B
; p b | a( ) = 1

2 ′B
= cosϕ
2B

= 1
2B
· 1
1+ a2

′B = B
cosϕ
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p a,b | y,x,σ( ) = p y | a,b,x,σ( )
da db p y | a,b,x,σ( )·p a,b( )

−B/cosϕ

B/cosϕ

∫
−∞

+∞

∫
·p a,b( )

p a,b( ) = p b | a( )·p a( ) = 1
2B
· 1
1+ a2

⎛
⎝⎜

⎞
⎠⎟

1
π 1+ a2( )

⎛

⎝
⎜

⎞

⎠
⎟

∝ 1
1+ a2( )3 2

we obtain the posterior from Bayes’ theorem 

where the prior is 
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p a,b | y,x,σ( ) =
exp − 1

2σ 2 yi − axi − b( )2
i=1

N

∑⎡
⎣⎢

⎤
⎦⎥

da db exp − 1
2σ 2 yi − axi − b( )2

i=1

N

∑⎡
⎣⎢

⎤
⎦⎥
· 1
1+ a2( )3 2−B/cosϕ

B/cosϕ

∫
−∞

+∞

∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

· 1
1+ a2( )3 2

≈

1
1+ a2( )3 2

exp − 1
2σ 2 yi − axi − b( )2

i=1

N

∑⎡
⎣⎢

⎤
⎦⎥

da
1+ a2( )3 2

db exp − 1
2σ 2 yi − axi − b( )2

i=1

N

∑⎡
⎣⎢

⎤
⎦⎥−∞

+∞

∫
−∞

+∞

∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

finally we find 

 

 

 

 

 

 

 

 

This expression has a partly Gaussian structure, and now we 
rearrange the quadratic expression in the exponential  
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yi − axi − b( )2
i=1

N

∑ = yi − axi( )2 − 2b yi − axi( ) + b2⎡
⎣

⎤
⎦

i=1

N

∑

= yi − axi( )2
i=1

N

∑ − 2b yi − axi( )
i=1

N

∑ + Nb2

= N b2 − 2b 1
N

yi − axi( )
i=1

N

∑ + 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ 1
N

yi − axi( )2
i=1

N

∑ − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= N b − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2

+ 1
N

yi − axi( )2
i=1

N

∑ − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= N b − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2

+ N 1
N

yi
2

i=1

N

∑ − 2a 1
N

xiyi
i=1

N

∑ + a2 1
N

xi
2

i=1

N

∑⎛
⎝⎜

⎞
⎠⎟
− N 1

N
yi

i=1

N

∑ − a 1
N

xi
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2

= N b − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2

+ N var y − 2acov(x, y)+ a2 var x( )

da
1+ a2( )3 2

exp − N
2σ 2 var y − 2acov(x, y)+ a

2 var x( )⎡
⎣⎢

⎤
⎦⎥

db exp − N
2σ 2 b − 1

N
yi − axi( )

i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥−∞

+∞

∫
−∞

+∞

∫

= 2πσ 2

N
da

1+ a2( )3 2
exp − N

2σ 2 var y − 2acov(x, y)+ a
2 var x( )⎡

⎣⎢
⎤
⎦⎥−∞

+∞

∫

therefore the normalization integral becomes 
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da

1+ a2( )3 2
exp −

N
2σ 2 var y − 2acov(x, y) + a

2 var x( )⎡
⎣⎢

⎤
⎦⎥−∞

+∞

∫

Approximate integration of the remaining integral  

We evaluate this integral by integrating about the peak of the 
integrand, assuming that the peak is narrow.  

We start with the logarithm of the integrand, we find its 
maximum and we Taylor expand about the maximum 

Φ a( ) = − 3
2
ln 1+ a2( )− N

2σ 2 var y − 2acov(x, y)+ a
2 var x( )
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Φ a( ) = −
3
2
ln 1+ a2( ) − N

2σ 2 var y − 2acov(x, y) + a
2 var x( )

dΦ
da

= − 3a
1+ a2

+ N
σ 2 cov(x, y)− avar x( ) = 0

note that when N>>1 the peak is at position 

 

We use the Newton-Raphson method for the solution of the cubic 
equation: 

 

a0 ≈
cov(x, y)
var x

we find a from this 
cubic equation 

f (a0 ) = − 3a0
1+ a0

2

f ′ (a0 ) = −3 1− a0
2

(1+ a0
2 )2

− N
σ 2 var x ≈ − N

σ 2 var x
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then  

 

 

Now, to complete the expansion, we must evaluate the 
second derivative at a1: 

Φ a( ) ≈ Φ a1( ) + 1
2
d 2Φ
da2 a1

a − a1( )2 = Φ a1( )− a − a1( )2
2σ 1

2

(1) 

(2) 

we find this by using equations (1) and (2) 

δa1 = − 3a0
1+ a0

2
σ 2

N var x
a1 = a0 −

3a0
1+ a0

2
σ 2

N var x

d 2Φ
da2 a=a1

= −3 1− a1
2

(1+ a1
2 )2

− N
σ 2 var x = − 1

2σ 1
2
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Now we complete the evaluation of the integral 

da
1+ a2( )3 2

exp − N
2σ 2 var y − 2acov(x, y)+ a

2 var x( )⎡
⎣⎢

⎤
⎦⎥−∞

+∞

∫

= exp Φ a( )⎡⎣ ⎤⎦
−∞

+∞

∫ da

≈ exp Φ a1( )− a − a1( )2
2σ 1

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥−∞

+∞

∫ da = 2πσ 1
2 exp Φ a1( )⎡⎣ ⎤⎦

and finally we find the posterior distribution.  
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Moreover 

a = a1; vara =σ 1
2;

b = 1
N

yi − a1xi( )
i=1

N

∑ ; varb = σ 2

N

p a,b | y,x,σ( )∝ 1
1+ a2( )3 2

exp − 1
2σ 2 yi − axi − b( )2

i=1

N

∑⎡
⎣⎢

⎤
⎦⎥

≈ exp −Φ a1( )− a − a1( )2
2σ 1

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
exp − N

2σ 2 b − 1
N

yi − a1xi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

and thus we see that:  
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2. Weighted mean 

P d | µ,σ( ) = 1
2πσ k

2
exp −

dk − µ( )2
2σ k

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

N

∏

= 1
2π( )N /2

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp − 1

2
dk − µ( )2
σ k
2

k=1

N

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

We consider known Gaussian errors 
 
The likelihood function is 
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P µ | d,σ( ) = P d |σ ,µ( )
P d |σ ,µ( )·P µ( )dµ

µ
∫

·P µ( )→ P d |σ ,µ( )
P d |σ ,µ( )dµ

µ
∫

Using an improper uniform prior we find  

and then  

P µ | d,σ( ) =
exp − 1

2
dk − µ( )2
σ k
2

k=1

N

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

exp − 1
2

dk − µ( )2
σ k
2

k=1

N

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
dµ

−∞

+∞

∫
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the exponent can be rearranged as usual 

dk − µ( )2
σ k
2

k=1

N

∑ =
dk
2 − 2µdk + µ2

σ k
2

k=1

N

∑ = µ2 1
σ k
2

k=1

N

∑ − 2µ dk
σ k
2

k=1

N

∑ +
dk
2

σ k
2

k=1

N

∑

=
1
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

µ2 − 2µ dk
σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑⎛
⎝⎜

⎞
⎠⎟
+ dk

σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ dk

σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

2
1
σ k
2

k=1

N

∑ −
dk
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=
1
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

µ − dk
σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

2

+ dk
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

2
1
σ k
2

k=1

N

∑ −
dk
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

thus we see that the mean has a Gaussian posterior 
distribution and that 

µ =

dk
σ k
2

k=1

N

∑
1
σ k
2

k=1

N

∑
; σ µ

2 =
1
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

−1
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3. Miscalibrated Gaussian measurement errors 

Now we consider a case where we must find the mean value 
with given measurement errors, and where the errors are 
Gaussian and they are systematically multiplied by an 
unknown scale factor.  

the likelihood is 

P d | µ,σ ,α( ) = 1
2πα 2σ k

2
exp −

dk − µ( )2
2α 2σ k

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

N

∏

=
1

2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp −

1
2α 2

dk − µ( )2
σ k
2

k=1

N

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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we must rearrange the exponent as usual ...  

dk − µ( )2
σ k
2

k=1

N

∑ =
dk
2

σ k
2

k=1

N

∑ − 2µ dk
σ k
2

k=1

N

∑ + µ2 1
σ k
2

k=1

N

∑ =
ND
σM
2 − 2µ NM

σM
2 + µ2 N

σM
2

=
N
σM
2 D − 2µM + µ2( )

dove 1
σM
2 =

1
N

1
σ k
2

k=1

N

∑ ; M = dk
σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑ ; D = dk
2

σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑

P d | µ,σ ,α( ) = 1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp −

N
2α 2σM

2 D − 2µM + µ2( )⎡

⎣
⎢

⎤

⎦
⎥

therefore the likelihood is 
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Now we estimate the scale factor from Bayes’ theorem 

P α | d,σ( ) = P d |σ ,α( )
P d |σ ,α( )·P α( )dα

α
∫

·P α( )

however we need first to marginalize the likelihood with respect to the mean, 
which in this case is a nuisance parameter 

we take a uniform prior for the mean 

P d |σ ,α( ) = P d | µ,σ ,α( )P µ σ ,α( )dµ
µ
∫

= 1
W

P d | µ,σ ,α( )dµ
µmin

µmax

∫

≈ 1
W

1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟

exp − N
2α 2σ M

2 D − 2µM + µ2( )⎡

⎣
⎢

⎤

⎦
⎥dµ

−∞

+∞

∫
W = µmax − µmin( )
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D − 2µM + µ2 = µ2 − 2µM + M 2 + D − M 2

= µ − M( )2 + D − M 2

as usual ...  

P d |σ ,α( ) ≈ 1
W

1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟

exp −
N

2α 2σM
2 µ − M( )2 + D − M 2⎡⎣ ⎤⎦

⎧
⎨
⎩

⎫
⎬
⎭
dµ

−∞

+∞

∫

=
1
W

1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp −

N D − M 2( )
2α 2σM

2

⎛

⎝
⎜

⎞

⎠
⎟
2πα 2σM

2

N

... therefore the likelihood is: 
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P α | d,σ( ) = P d |σ ,α( )
P d |σ ,α( )·P α( )

α
∫

·P α( )

=

1
α N −1 exp −

N D − M 2( )
2α 2σM

2

⎛

⎝
⎜

⎞

⎠
⎟

1
α N −1 exp −

N D − M 2( )
2α 2σM

2

⎛

⎝
⎜

⎞

⎠
⎟ ·P α( )dα

α
∫

·P α( )

P α( )∝ 1
α

the prior should be scale-independent and 
therefore we take Jeffrey’s prior 
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P α | d,σ( ) =
1

α N −1 exp − A
2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α

1
α N −1 exp − A

2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α
dα

α
∫

; A2 =
N D − M 2( )
2σM

2

P α | d,σ( )→
1

α N −1 exp − A
2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α

1
α N −1 exp − A

2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α
dα

0

∞

∫
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1
α N −1 exp −

A2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α
dα

0

∞

∫ =
1
α N exp −

A2

α 2

⎛
⎝⎜

⎞
⎠⎟
dα

0

∞

∫

A2

α 2 = x; α =
A
x
; dα = −

A
2x3/2

dx

xN /2

AN exp −x( ) A
2x3/2

dx
0

∞

∫ =
1

2AN −1 x
N −1
2

−1
exp −x( )dx = 1

2AN −1 ·
0

∞

∫ Γ
N −1
2

⎛
⎝⎜

⎞
⎠⎟

P α | d,σ( )→
2AN −1

α N exp − A
2

α 2

⎛
⎝⎜

⎞
⎠⎟

Γ N −1
2

⎛
⎝⎜

⎞
⎠⎟
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we take the MAP estimate the scale parameter from the pdf 

P α | d,σ( )→
2AN −1

α N exp − A
2

α 2

⎛
⎝⎜

⎞
⎠⎟

Γ N −1
2

⎛
⎝⎜

⎞
⎠⎟

d
dα

P α | d,σ( )∝ −
N

α N +1 exp −
A2

α 2

⎛
⎝⎜

⎞
⎠⎟
+
2A2

α N +3 exp −
A2

α 2

⎛
⎝⎜

⎞
⎠⎟
= 0

Nα 2 = 2A2 αMAP =
2
N
A =

D −M 2( )
σ M
2
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4. A two-dimensional problem:  
location of a lighthouse (S. Gull) 

lighthouse at (x0,y0), which 
sends highly collimated 
beams in random directions 

omnidirectional detectors at 
position (xi,yi) (i=1,...,N) 

x 

y 

θ

x − x0 = y0 tanθ
Δx = y0 sec

2θ Δθ
rectilinear 
coastline 
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pθ θ | I( )dθ = px x | x0, y0, I( )dx = px x | x0, y0, I( )y0 sec2θdθ

= px x | x0, y0, I( ) y0
2 + x − x0( )2

y0
dθ

pθ θ | I( ) = 1
π

uniform prior pdf for the emission angle 

therefore the prior pdf of x is  

px x | x0, y0, I( ) = 1
π
· y0
y0
2 + x − x0( )2

individual events correspond to the detection of a certain 
emission angle, or rather to a certain position on the coastline: 
this position depends on parameters x0 and y0 
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p x | x0 , y0 , I( ) = p xk | x0 , y0 , I( )
k=1

N

∏

=
y0
N

π N

1
y0
2 + xk − x0( )2k=1

N

∏

likelihood 

p x0 , y0 | x, I( ) = p x | x0 , y0 , I( )
p x | x0 , y0 , I( )·p x0 , y0 | I( )dx0dy0

x,y
∫

·p x0 , y0 | I( )

posterior pdf from Bayes’ theorem 
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p x | x0, y0, I( )·p y0 x0, I( )dy0
y
∫ = 1

Y
y0
N

π N

1
y0
2 + xk − x0( )2

dy0
k=1

N

∏
ymin

ymax

∫

Y = ymax − ymin

case 1: y0 is not interesting, therefore we marginalize the 
likelihood with respect to y0 (we assume a uniform prior 
for y) 

p x0 | x, I( ) = p x | x0 , I( )
p x | x0 , I( )·p x0 | I( )dx0

x
∫

·p x0 | I( )

posterior pdf from Bayes’ theorem, after marginalization 
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p x | x0 , y0 ,θ, I( )·δ y0 −1( )dy0
y
∫ =

1
π N

1
1+ xk − x0( )2k=1

N

∏

important subcase: a simple marginalization (y0 = 1, we know a 
priori the distance of the lighthouse from the coastline) 

pdf localized at y0 = 1 

p x0 | x, I( ) = p x | x0 , I( )
p x | x0 , I( )·p x0 | I( )dx0

x
∫

·p x0 | I( ) =
1

1+ xk − x0( )2k=1

N

∏
1

1+ xk − x0( )2
dx0

k=1

N

∏
xmin

xmax

∫

posterior pdf from Bayes’ theorem, after marginalization 
(improper uniform prior for x)  
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numerical experiments 

x0 
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2D posterior pdf (without marginalization of y0) 
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5. Search of signals in binned spectra  
(Caldwell and Kröninger, PRD 74 (2006) 092003) 

 
 
Consider the search for sparse signals in a spectrum where 
  
•  The spectrum is confined to a certain region of interest. 
•  The spectral shape of a possible signal is known. 
•  The spectral shape of the background is known. 
•  The spectrum is divided into bins and the event numbers 

in the bins follow Poisson distributions. 
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The competing hypotheses are  
 
•  Hbkg = background only 
•  Hbs = background + signal  
 
then  

p Hbkg spectrum, I( ) = p spectrum Hbkg , I( )
p spectrum I( ) p Hbkg I( )

p Hbs spectrum, I( ) = p spectrum Hbs , I( )
p spectrum I( ) p Hbs I( )

p spectrum I( ) = p spectrum Hbkg , I( ) p Hbkg I( ) + p spectrum Hbs , I( ) p Hbs I( )
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p spectrum Hbkg , I( ) = p spectrum B, I( ) pB B( )dB
B
∫

p spectrum Hbs , I( ) = p spectrum B,S, I( ) pB B( ) pS S( )dBdS
B
∫

A specific spectral shape depends on the average number of 
background (B) and signal (S) events, and we can write 

prior	  distribu+on	  for	  the	  
average	  B	  

prior	  distribu+on	  for	  the	  
average	  S	  the	  possible	  spectra	  are	  the	  results	  of	  

many	  possibile	  choices	  of	  the	  background	  
and	  of	  the	  signal	  rates,	  and	  therefore	  of	  
the	  average	  number	  of	  background	  and	  
signal	  events;	  here	  we	  marginalize	  over	  
these	  dependencies	  
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We introduce the normalized spectral shapes of background and signal  
 
 
 
Then we find the average number of events in each bin 
 
 
 
 
 
An observed spectrum is defined by the numbers of counts in each bin: 
{ni}i=1,n and since we assume a Poisson statistics in each bin, we find the 
following likelihoods for a given spectral observation 
 
 
 

fB E( ); fS E( );

ν i B,S( ) = ν i Ei ,ΔEi ,B,S( ) = B fB E( )dE
Ei

Ei+ΔEi

∫ + S fS E( )dE
Ei

Ei+ΔEi

∫

p spectrum B, I( ) = ν i B,0( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦

p spectrum B,S, I( ) = ν i B,S( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦
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Finally we find: 
 

p spectrum Hbkg , I( ) = p spectrum B, I( ) pB B( )dB
B
∫

=
ν i B,0( )⎡⎣ ⎤⎦

ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦ pB B( )dB
B
∫

p spectrum Hbs , I( ) = p spectrum B,S, I( ) pB B( ) pS S( )dB
B
∫

=
ν i B,S( )⎡⎣ ⎤⎦

ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦ pB B( ) pS S( )dB
B
∫
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p Hbkg spectrum, I( ) = p spectrum Hbkg , I( )
p spectrum I( ) p Hbkg I( )

=

ν i B,0( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦ pB B( )dB
B
∫

ν i B,0( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦ pB B( )dB
B
∫ p Hbkg I( ) + ν i B,S( )⎡⎣ ⎤⎦

ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦ pB B( ) pS S( )dB
B
∫ p Hbs I( )

p Hbkg I( )

p Hbs spectrum, I( ) = p spectrum Hbs , I( )
p spectrum I( ) p Hbs I( )

=

ν i B,S( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦ pB B( ) pS S( )dB
B
∫

ν i B,0( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦ pB B( )dB
B
∫ p Hbkg I( ) + ν i B,S( )⎡⎣ ⎤⎦

ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦ pB B( ) pS S( )dB
B
∫ p Hbs I( )

p Hbs I( )

The final, complete expressions are:  

We can use these expressions to test hypotheses (by means of Bayes 
factors), and find values for B and S. 
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The work of Caldwell and Kröninger has been carried out in the context of 
GERDA (GERmanium Detector Array), an experiment that aims to detect 
weak signals from neutrinoless beta decay in germanium detectors kept in a 
very low background environment.  
 
 

Feynman diagram of neutrinoless double-beta decay, with two neutrons decaying to two 
protons. The only emitted products in this process are two electrons, which can occur if 
the neutrino and antineutrino are the same particle (i.e. Majorana neutrinos) so the same 
neutrino can be emitted and absorbed within the nucleus.  
In conventional double-beta decay, two antineutrinos - one arising from each W vertex - are 
emitted from the nucleus, in addition to the two electrons. The detection of neutrinoless double-
beta decay is thus a sensitive test of whether neutrinos are Majorana particles. (from Wikipedia) 
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Artist’s  view  of  GERDA  	
h3p://www.mpi-‐‑hd.mpg.de/gerda/	
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