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Prior distributions

The choice of prior distribution is an important aspect of Bayesian
inference

 prior distributions are one of the main targets of frequentists:
how much do posteriors differ when we choose different
priors?

» there are two main “objective” methods for the choice of priors
1. Jeffreys' method
2. The Maximum Entropy Method



Changing variables

We can reformulate a problem in terms of different random variables. But

moving from, say x to x?, means changing the prior PDF. This is obviously
related to the fact that in many cases we do not know what the physically

meaningful elementary, equiprobable events are.

This means that result depends on the choice of the random
variable. Can we obviate this problem?

Recall that the conservation of probability implies
dx

py(y)dy = pe(x)dr = ps|2(Yy)] a0 dy

Therefore
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Jeffreys started from the averaged distribution of data, which — in the context of a
given model — is described by the likelihood function. Then he took a scale-invariant
version of it, the log-derivative, and to correct for possible negativity, he took the

RMS, i.e.,
(d%lnl}(a; 9))2] 1(0)

p(0) x | E

Indeed, taking the transformation

o = ©(0)

we find

o B[ty mitan) ] 2 J
- " (i) ]

(%d%mux e )))2]




The rationale of Jeffreys’ choice is that, although we do not
know the physical constrains that determine the choice of the
“least informative prior”, we can use the physical model

provided by the Likelihood as a substitute.
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Example: Gaussian case

L= exp (—(x“)2>

2TOo 2072

N2
InL=Inv2r —Ilno — (x 'u)

202

1. with respect to mean

p(p) ~ constant

2. with respect to standard deviation (Jeffreys’ prior, usually taken to mean “scale
invariance”, additive in a log scale)

p(U)N;



A short refresher on (Boltzmann’s) entropy in statistical
mechanics

« consider a system where states n are occupied by N, identical
particles (n, n=1, ..., M).

« the number of ways to fill these states is given by
N
Q=
N,IN,!...N,,!

* then Boltzmann’s entropy is

N!
S, =k,InQ=k,In NN kB[(NlnN—N)—Z(Nn InN, —Nn)j

n

= kB(NlnN—Zan (Inp, +lnN)j =k, ). D, In-
n n pn



1
Sp :kBZpi In—
P;

/ i
\ probability of physical

Boltzmann’s entropy is just like states
Shannon’s entropy

this logarithmic function is

the information carried by
/ the i-th symbol
1 1
S, = Epi 08, —
i

/ p;

Shannon’s entropy is the average \ S;cg?ssguty of source
information output by a source of
symbols



Examples:

* just two symbols, 0 and 1, same source probability

Sr = —2 110g21 — 1 bit
VAR
there are 2 f the result is given in

equal terms average information pseudounit “bits™ (for
conveyed by each natural logarithms this is

symbol “nats”)



* just two symbols, 0 and 1, probabilities %2 and % ,

respectively

1 1 3 3 .
St = ~1 log,, 7 log, i 0.81 bit

« 8 symbols, equal probabilities

1.1 |
SI:—Z§IOg2§:10g28:3blt
1



The Shannon entropy is additive for independent sources.

If symbols are emitted simultaneously and independently by two sources,
the joint probability distribution is

p(j, k) = p1(j)p2(k)

and therefore the joint entropy is

Zp J, k) logy p(4, k) = = > p1(j)pa(k) loga[p1 (j)pa2 (k)]
.k

== pi(j)logyp1(j) — > pa(k)log, pa(k)

J k



The Shannon entropy is the highest for the uniform
distribution.

This is an easy result that follows using one Lagrange multiplier to keep
probability normalization into account

N N N
S+)\Zpk = —Zpklf)gzpk +>\Zpk
k=1 k=1 k=1

;N N
= T2 Zpk In p, + )\Zpk
k=1 k=1

i(SJrAzN: )=~ (p; + 1)+ A =0
- Pk} = T B

. _ all probabilities have
pj = exp(Aln2—1) =1/N the same value



Edwin T. Jaynes (1922-1998),
introduced the method of maximum
entropy in statistical mechanics: when
we start from the informational
entropy (Shannon’s entropy) and we
use it introduce Boltzmann’s entropy
we reobtain the whole of statistical
mechanics by maximizing entropy.

In a sense, statistical mechanics also
arises from a  comprehensive
“principle of maximum entropy”.

http.://bayes.wustl.edu/etj/et|.html

Edoardo Milotti - Bayesian Methods - September 2018 13


http://bayes.wustl.edu/etj/etj.html
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Information Theory and Statistical Mechanics

E. T. JaynEs
Depariment of Physics, Stanford University, Stanford, California
(Received September 4, 1956; revised manuscript received March 4, 1957)

Information theory provides a constructive criterion for setting
up probability distributions on the basis of partial knowledge,
and leads to a type of statistical inference which is called the
maximum-entropy estimate. It is the least biased estimate
possible on the given information; i.e., it is maximally noncom-
mittal with regard to missing information. If one considers
statistical mechanics as a form of statistical inference rather than
as a physical theory, it is found that the usual computational
rules, starting with the determination of the partition function,
are an immediate consequence of the maximum-entropy principle.
In the resulting “‘subjective statistical mechanics,” the usual rules
are thus justified independently of any physical argument, and
in particular independently of experimental verification; whether

or not the results agree with experiment, they still represent the
best estimates that could have been made on the basis of the
information available.

It is concluded that statistical mechanics need not be regarded
as a physical theory dependent for its validity on the truth of
additional assumptions not contained in the laws of mechanics
(such as ergodicity, metric transitivity, equal a priori probabilities,
etc.). Furthermore, it is possible to maintain a sharp distinction
between its physical and statistical aspects. The former consists
only of the correct enumeration of the states of a system and
their properties; the latter is a straightforward example of
statistical inference.
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In these papers Jaynes argues that information theory provides a
constructive criterion for setting up probability distributions on the basis of
partial knowledge, and leads to a type of statistical inference which is
called the maximum-entropy estimate.

It is the least biased estimate possible on the given information; i.e., it is
maximally noncommittal with regard to missing information.

If one considers statistical mechanics as a form of statistical inference
rather than as a physical theory, it is found that the usual computational
rules, starting with the determination of the partition function, are an
immediate consequence of the maximum-entropy principle.



In the resulting "subjective statistical mechanics," the usual rules are
justified independently of any physical argument, and in particular
independently of experimental verification; whether or not the results agree
with experiment, they still represent the best estimates that could have been
made on the basis of the information available.

Jaynes concludes that statistical mechanics need not be regarded as a
physical theory dependent for its validity on additional assumptions not
contained in the laws of mechanics (such as ergodicity, metric transitivity,
equal a priori probabilities, etc.).

Furthermore, it is possible to maintain a sharp distinction between physical
and statistical aspects. The former consists only of the correct enumeration
of the states of a system; the latter is a straightforward example of statistical
inference.
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Now let's move on and maximize entropy in order to solve s
problems and find prior distributions ...

The kangaroo problem (Jaynes)

left | ~left left | ~left left | ~left
blue 1/9 2/9 blue 0 1/3 blue 1/3 0
~blue | 2/9 4/9 ~blue | 1/3 1/3 ~blue 0 2/3

no correlation

maximum negative correlation

maximum positive correlation



probabilities Py Py Ppr o Py

entropy (proportional to Shannon’s entropy)

1 1 1 |
S=p,In—+p- In—+p In—+p_In—

P Py Pyr Psr

constraints (3 constraints, 4 unknowns)
Pyt D5t Pt =1
Py T Dy = 1/3
Py T Py = 1/3

Edoardo Milotti - Bayesian Methods - September 2018

18



1 1 1 1
Sy, = [sz In—+p. In—+p - In—+p_ ln—]
Py Py Pyr DPyr

+/ll(pbl TP T Pyr T Por — 1)+ A, (pbl TPy — 1/3)+ ;L3(pbl TPy~ 1/3)

Dy = exp(—1+2~1 +A, +/13)
Py = exp(—1+7t1 +7L3)
p,r =exp(—1+4, +12)
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>
3|
@
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o
~—~
oo
b9
~—

Py = Py :1/3_pbl
Pyr :1/3+pbl
2
(1/3_17191) :pbl/3+plfl

| 1/9=2p, /34 py =pu/3+p;

this solution coincides
4 with the least
>  Ppr = = | informative distribution
9 (no correlation)



Solution of underdetermined systems of equations

In this problem there are fewer equations than unknowns; the
system of equations is underdetermined, and in general there
IS N0 unique solution.

The maximum entropy method helps us find a reasonable
solution, the least informative one (least correlations between

variables)

Example:

3x+5y+1.1z=10

% 9 O
D1x+44y—10z=1 (x.3,2>0)



3x+5y+1.1z=10
—2.1x+44y—-10z=1

this ratio can be taken to be
a “probability”

X X y y Z Z
S:—( In + In + In j
X+y+2Z Xt+y+Z Xty+Z Xt+y+Z X+y+2Z X+y+Z

(x,y,z > O)

—_ I [xlnx+ylny+z1nz—(x+)’+Z)ln(x+y+z):|
X+ y+z

Q=S+2A(3x+5y+1.1z—10)+ p(-2.1x+44y-10z—1)

a_Q__th—hl(X+y+Z)+xlnx+ylny+zlnz—(x+y+z)ln(x+y+z)

+31-2.1
0x xX+y+z (x+y+z)2 H

_ (y+Z)$i;ilz));+Zan+3l_2'1'u:0
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00 _ (y+z)lnx-|—yln);+zlnz+3l_2.1u:()
dx (x+y+2z)
E)Q:xlnx+(x+z)ln)22+zlnz+5&+4.4‘u20
dy (x+y+2)

Inx+ylny+(x+vy)l
00 _ xInx+ylny+(x+y)Inz 415 00

07 (x+y+z)2
10=3x+35y+1.1z
1=-2.1x+44y-10z

@

x =0.606275; y=1.53742; z= 0.449148;
A =0.0218739; u=-0.017793
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this is an example of an “ill-posed” problem

the solution that we found is a kind of regularization

of the ill-posed problem



Finding priors with the maximum entropy
method

1
S= Zpk lnp— = —2 p.Inp, Shannon entropy
k k k

entropy maximization when all information is
missing and normalization is the only constraint:

i _Zpklnpk—kﬂ,(Zpk—lj :—(lnpk+1)+ﬂ,:0
apk_ k k

p.=e*"; Zpk:ZeHzNeH:l = p,=1/N
k k
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entropy maximization when the mean is known p

apk_
=—(Inp, +1)+ A, + 4x, =0

iIncomplete

/ solution...

— e;LO +llxk -1 .

9

Pk

We must satisfy two constraints now ...
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p — eﬂ,o +A«1xk—1
k

Zpk 26/10+/11xk—1 lo—lzeﬂ.lxk —1
k
Exkpk Exk Do+Ax =1 _ AO—IZXkellxk = u
k

no analytic solution,
i EXkeﬂ“x" — only numerical
Ao—1 _ : k _

€ = —
VI W
k




Example : the biased die

(E. T. Jaynes: Where do we stand on Maximum Entropy? In The Maximum Entropy
Formalism; Levine, R. D. and Tribus, M., Eds.; MIT Press, Cambridge, MA, 1978)

mean value of throws for an unbiased die

%(1+2+3+4+5+6)=%=35

mean value for a biased die

35(1+¢)

Problem: for a given mean value of the biased die, what is the
probability distribution of each value?

The mean value is insufficient information, and we use the
maximum entropy method to find the most likely distribution
(the least informative one).
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entropy maximization with the b

apk_
=—(Inp,+1)+ A, +kA, =0

lased die:

J 6 6 6
CY _zpklnpk-l_ﬂ’O(zpk_1)+2‘1(zkpk—2
k=1 k=1 k=1

we still have to satisfy the

constraints ...
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k=1,6 k=0,5
k=1,6
d
= a—)tl[ll + ln(l — % ) — ln(l — et )}
6057 A 7
=1- 1—666/11 " 158% :5(1+8)

the Lagrange multipliers are obtained from nonlinear
equations and we must use numerical methods
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numerical solution

media

P1”

pP2-

pP3-

Pa"

Ps”

Pé6”

3.0=

0.246782 4

0.20724 =

0.174034 4

0.146148

0.122731 4

0.103065 =

3.1=

0.22929 =

0.199582:

0.173723:

0.151214+

0.131622:

0.114568 =

3.2=

0.212566 1

0.191659:

0.172808 1

0.155811 1

0.140487 1

0.126669 =

3.3=

0.196574 4

0.183509

0.171313 4

0.159928 4

0.149299 4

0.139377 =

3.4n

0.181282:

0.175168

0.16926 =

0.163551 4

0.158035+

0.152704 =

3.5=

0.166667 -

0.166667 1

0.166667 -

0.166667:

0.166666 *

0.166666 =

3.6=

0.152704 4

0.158035

0.163551 4

0.16926 =

0.175168 4

0.181282 =

3. 7=

0.1393774

0.149299

0.159928 4

0.171313 4

0.183509 14

0.196574 =

3.8=

0.126669:

0.140487:

0.155811:

0.172808 1

0.191659:

0.212566 =

3.9=

0.114568 4

0.131622:

0.1512144

0.173723 4

0.199582 4

0.22929 =

4.0=

0.103065

0.122731}

0.146148 1

0.174034 4

0.20724 =

0.246782 1

with a biased die we obtain skewed distributions.

These are examples of UNINFORMATIVE PRIORS
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Example: mean =4

0.30,
0.25}
0.20}
0.15}
0.10}
0.05}
0.00!
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Entropy with continuous probability distributions
(relative entropy, Kullback-Leibler divergence)

S— —}[p(x)dx]ln[p(x)dx] this diverges!

S im = —2 D, In L& relative entropy
k mk
" p(x)
S oim = —Ip(x)ln dx this does not diverge!
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Mathematical aside on the Kullback-Leibler divergence

The obvious extension of the Shannon entropy to continuous distributions

+ 00
— |
S /OO p(x)dx log, o(2)dz

does not work, because it diverges.

A solution is suggested again by statistical mechanics ...



Boltzmann entropy with degeneracy number attached to each
level

Y/

N' N1 N5 N g
~ NN Ny 10 92 9

M M
» lnﬁzlnN!—ZlnNk!+ZNklngk

k=1 k=1
M
(Nk/N) Kullback-Leibler
=—N Z(Nk/N) In gk divergence
k=1
M
M
Pk
——NZpklnp—k :Zpkln—
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Properties of the Kullback-Leibler divergence
» extremal value when p, = g,.

Indeed, using again a Lagrange multiplier we must
consider the auxiliary function

Irr + )\Zpk
k

and we find the extremum at

P = gre™ "t = gi

(homework!) normalization



« the KL divergence is a measure of the number of excess bits
that we must use when we take a distribution of symbols
which is different from the true distribution

M
Pk
I = Zpk In —
1 gk

M M

1 1

= Zpk In Zpk In —

—1 gk 1 Pk
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« the KL divergence for continuous distributions does not

diverge
Pk
Ik, = ) prln—
oo (x)dx
dz 1
%/_OO p(x)dr ng(x)dw
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» the KL divergence is non-negative

Notice first that when we define ¢(t) =tInt  we find

8(t) = B(1) + ' (1)t — 1)+ 58" (W)t ~1)* = (t 1) + 5 (¢ — 1)?

where t < h < 1 and therefore

Ixr = /j p(z)1n 28 g /+Oo P(2)  PE) o — /;OO & (1@) g(z)dz

g9(x) oo 9(x)  g(z) g(x)

LG ) () Joowe= [ (55 ) o
_ /+°° 21h <p<x>gz;;<x>>2 iz > 0

— 0



The KL divergence is a quasi-metric (however a local version of
the KL divergence is the Fisher information, which is a true
metric)

The KL divergence can be used to measure the “distance”
between two distributions.

Example: the KL divergence

—+ o0

Ik (p,q) = /_ p(x)In Sggdaﬁ

for the distributions
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Now consider a family of parametric distributions and evaluate the KL divergence
between two close elements of the family

oo p(z,0)

Tien (0@ 0)p(e.0 +0) = [ (. 0) 2L

=E (Inp(z,0) — Inp(x,0 + ¢))

Since

Olnp(x,0) 19%Inp(z,0) ,
Inp(x,0+¢€) ~Inp(x,0)+ Y e+§ 902 €

we find, using the first Bartlett identity,

Olnp(z,0) 10%Inp(x,0) ,
_E -
( 06 T2 o2 ¢

1 [0Plnp(z,0)] 5 1 5

Iy (p(x,0),p(x,0 +¢€)) =

i.e., locally the KL divergence is just the Fisher information



Homework: go back to the estimate of the parameter of the
binomial distribution and find the KL divergence of
successive estimates

End of mathematical aside
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Entropy extremization with additional conditions (partial
knowledge of moments of the prior distribution)

function (functional) that must be extremized

b e

0| p|= —Jp(x)ln p(x) dx+Y A<

: m(x) \

xp(x)dx—M ¢

Qt—.W‘




variation

-

5Q=—}5p< In

\

p((x) +1—Zlkxk -dx =0
k

mx)

J

lnp(x)+1—2)ukxk=0
k

m(x)

p(x)= m(x)exp(;lkxk _1j



p(x)=mlx)exp| T -1

p(x) is determined by the choice of m(x) and by the
constraints

The constraints can be the moments themselves:

b
M, = Jka(x)exp(Z)Lnx” — ljdx
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1. no moment is known, normalization is the only
constraint, and p(x) is defined in the interval (a,b)

b
M, = Jm(x)exp(ﬂ,o —1)dx=1

we take a reference distribution which is uniform on (a,b),

l.e., 1
m(x):b—a
1 b
MO=b_a;’:exp(/lo—l)dxzexp(lo—l):l
0
= A =1; p(x)zm(x)exp(zlnxn_lj: 1
n=0 b—a



2. only the first moment is known, i.e, the mean, and p(x) is
defined on (a,b)

b
bl Jexp (A, + A x—1)dx=1
a

a

b
Jxexp (A, + Ax—1)dx

exp(A,—1) exp(4, —1) exp(A,b)—exp(La)
M - 1 - = .
0 P ;’:exp(;tlx)dx - 7
exp(A, —1) % exp(A,—1)| 1 1
M, = b(—oa ) _J:xexp(),lx)dx = b(—oa ){Z(bexp(llb)—aexp(lla))— ;L—lz(exp(llb)— exp(lla))

In general these equations can only be solved numerically...

|



special case:

exp (4, — 1)_exp(ﬂ,1L/2) —exp(—A,L/2)

L Z
exp(4, —
p(LO ) [ il (%exp(llL/Z) + %exp(—llL/Z)j - %f(exp(ﬂ’ll’/z) - CXP(_%L/Z))} =0

exp(A, — 1).exp(/llL/2) —exp(-A,L/2)
L A

~(exp(AL/2)+ exp(~AL/2)) = 5-(exp(AL/2) - exp(-AL/2)) =0

1



exp(2, —1) Sm}/ll(i“l/Lz/ 2)_,
1

Lcosh(A,L/2)- %sinh(/llL/2) =0

1

= (AL/2)=tanh(AL/2) = A,=0; A,=1

p(x)= m(X)eXp(kZIS/Ikx" _ 1) _

4
L



nonzero mean

L L '
a—>—-——; b—>—; M, =
2 2

exp (4, — 1)_exp(ﬂ,1L/2) —exp(—-A,L/2)

L Z
exp (}:112— 1) [%(exp(,llL/z) +exp(-A,L/2))- %(eXP(ALﬁ) —exp(-A,L/ 2))} =€
exp(ﬂ.o — 1). , B
(2,1)2) sinh(A,L/2) =1

tanh(A,L/2) A,

L 1 1
2
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tanh(/llL/Z)z[ : 28]1 tanh(z)z(1+§)1

+
AL/2 L

this is similar to the equations of ferromagnetism




another special case

M, = myexp(2, —1)

a=0;, b—




then

myexp(A, —1)=-1, = —
and we obtain the exponential distribution

px)=m{exp| Lax' 1)

= m, exp(/lo — l)exp(/ll)C) = éexp(_&j



3. both mean and variance are known, and the interval is

the whole real axis

=
I
S

=
||

||
m*—.w Q'——.W Q*—,w

exp(ﬂ,o +Ax+A,x° — 1) = exp

= exp

xexp(l +Ax+Ax’ —1)d

p(lo +Ax+A,x° — l)dx =1

x> exp( Ay + Ax + 2,x% —1)dx




AT 1 A [z
M,=m,exp| A,—1--— -wexp[—m£x+l—;j }dx:moexp(%—l——‘] -~ =1

00

: 1 A Y N 7 ( 2
1 mo CXp 0 2,2 ] XGXPI: 2(_1/212)£X+ Azj ] X mo €Xp( 0 /lzj /12 [ Azj ‘Lt

00

FERR 1 A Y N z( 1 22
M, = A—1-=21| | x° - x+ | |dx= —-1-"2 | -—| —+2 =0+’
2 mo exp 0 212 j X CXPI: 2(_1/212) [X lz ) ] X l’l’lo exp[ 0 AZ j Az ( 212 122 ] (o) [,L

—o0

R
3]
+

A s

M,=m exp()t — ——1) ——=1

0 0 0 }‘2 ),2

A

M =1 _

T H
M, = —L+—12 =o’+u’

? 20, A




p(x)=m, exp()to +Ax+A,x° — 1)

) 2
:moexp(/lo—l—i—l)exp — : (x+£]

2

1% exp[ lz(x—u)z}

20

... In this case where mean and variance are known, the
entropic prior is Gaussian
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An alternative form of entropy that incorporates the
normalization constraint

Q[p;m] = —)J;dx p(x)In :;(();)) + ),U;dxp(x)— 3[dxm(x))

= de(—p(x)ln px) +Ap(x)— /lm(x)]
X m(x)

00 = JSpdx[—ln px) —1+/’L]:O
X m(x)

p(x)=m(x)exp(A—1)
jdx p(x)= de m(x)exp(A—1)=exp(A- 1)de m(x)=exp(A-1)=1

= A=1

Olp;m]= }j{dX(—p(X)ln nlz (();)) + p(x)— m(x))



Until now we have emphasized the role of the momenta of
the distribution, however other information can be
iIncorporated in the same way in the entropic prior.

A “crystallographic” example (Jaynes, 1968)

Consider a simple version of a crystallographic problem,
where a 1-D crystal has atoms at the positions

x,=jL (L=1,...,n)

J

and such that these positions may be occupied by impurities.



From X-ray experiments it has been determined that impurity
atoms prefer sites where

cos(kxj)>0
so that

<cos(kxj)> =0.3
which means that we have the constraint

<cos(kxj)> = gpj cos(kxj) =0.3

where p; is the probability that an impurity atom is at site J.



Then the constrained entropy that must be maximized is

Q:—ij Inp, + 4, (ij —1)+7Ll[2pj cos(kxj)—0.3]
j=1 Jj=1 J=1

from which we find the maximization condition

g—fj:—(lnpj+1)+ito +/'Llcos(kxj):0

e., p = exp[l—;to - A, COS(kxj):|

The rest of the solution proceeds either by approximation or
by numerical calculation.
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