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A few simple applications of Bayesian 

techniques

1. analytical straight-line fit

2. weighted mean

3. Miscalibrated Gaussian measurement errors 

4. search for weak signals in spectra

5. expert elicitation

6. The lost flight AF 477
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1. Analytical straight-line fit

yi = axi + b + ε i

yi
xi
a,b
εi

measured value

independent variable (“exactly” known)

fit parametes: eventually we expect to find pdf’s for these parameters

statistical error

ε i = 0; ε i
2 =σ 2 ⇒

the statistical measurement 
error has a Gaussian 
distribution
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p y | a,b,x,σ( ) = 2πσ 2( )−N 2
exp − 1

2σ 2 yi − axi − b( )2
i=1

N

∑⎡
⎣⎢

⎤
⎦⎥

likelihood

prior angular distribution

uniform a uniform angle
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The uniform distribution of a introduces an angular bias. 
The least informative choice corresponds to a uniform 
angular distribution

pϕ ϕ( ) = 1
π
; − π

2
≤ϕ < π

2

a = tanϕ

⇒ pϕ ϕ( )dϕ = pa a( )da = pa a( )d tanϕ( ) = pa a( )sec2ϕdϕ

⇒ pa a( ) = 1
π sec2ϕ

= 1
π 1+ tan2ϕ( ) =

1
π 1+ a2( )

and we obtain the distribution of a with the transformation 
method: 
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prior distribution of b: improper uniform distribution, related to 
the distribution of a

p b | a = 0( ) = 1
2B
; p b | a( ) = 1

2 ′B
= cosϕ
2B

= 1
2B
· 1
1+ a2

′B = B
cosϕ
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p a,b | y,x,σ( ) = p y | a,b,x,σ( )
da db p y | a,b,x,σ( )·p a,b( )

−B/cosϕ

B/cosϕ

∫
−∞

+∞

∫
·p a,b( )

p a,b( ) = p b | a( )·p a( ) = 1
2B
· 1
1+ a2

⎛
⎝⎜

⎞
⎠⎟

1
π 1+ a2( )

⎛

⎝
⎜

⎞

⎠
⎟

∝ 1
1+ a2( )3 2

we obtain the posterior from Bayes’ theorem

where the prior is
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p a,b | y,x,σ( ) =
exp − 1

2σ 2 yi − axi − b( )2
i=1

N

∑⎡
⎣⎢

⎤
⎦⎥

da db exp − 1
2σ 2 yi − axi − b( )2

i=1

N

∑⎡
⎣⎢

⎤
⎦⎥
· 1
1+ a2( )3 2−B/cosϕ

B/cosϕ

∫
−∞

+∞

∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

· 1
1+ a2( )3 2

≈

1
1+ a2( )3 2

exp − 1
2σ 2 yi − axi − b( )2

i=1

N

∑⎡
⎣⎢

⎤
⎦⎥

da
1+ a2( )3 2

db exp − 1
2σ 2 yi − axi − b( )2

i=1

N

∑⎡
⎣⎢

⎤
⎦⎥−∞

+∞

∫
−∞

+∞

∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

finally we find

This expression has a partly Gaussian structure, and now we 
rearrange the quadratic expression in the exponential 
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yi − axi − b( )2
i=1

N

∑ = yi − axi( )2 − 2b yi − axi( ) + b2⎡
⎣

⎤
⎦

i=1

N

∑

= yi − axi( )2
i=1

N

∑ − 2b yi − axi( )
i=1

N

∑ + Nb2

= N b2 − 2b 1
N

yi − axi( )
i=1

N

∑ + 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ 1
N

yi − axi( )2
i=1

N

∑ − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= N b − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2

+ 1
N

yi − axi( )2
i=1

N

∑ − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= N b − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2

+ N 1
N

yi
2

i=1

N

∑ − 2a 1
N

xiyi
i=1

N

∑ + a2 1
N

xi
2

i=1

N

∑⎛
⎝⎜

⎞
⎠⎟
− N 1

N
yi

i=1

N

∑ − a 1
N

xi
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2

= N b − 1
N

yi − axi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2

+ N var y − 2acov(x, y)+ a2 var x( )

da
1+ a2( )3 2

exp − N
2σ 2 var y − 2acov(x, y)+ a

2 var x( )⎡
⎣⎢

⎤
⎦⎥

db exp − N
2σ 2 b − 1

N
yi − axi( )

i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥−∞

+∞

∫
−∞

+∞

∫

= 2πσ 2

N
da

1+ a2( )3 2
exp − N

2σ 2 var y − 2acov(x, y)+ a
2 var x( )⎡

⎣⎢
⎤
⎦⎥−∞

+∞

∫

therefore the normalization integral becomes
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da

1+ a2( )3 2
exp −

N
2σ 2 var y − 2acov(x, y) + a

2 var x( )⎡
⎣⎢

⎤
⎦⎥−∞

+∞

∫

Approximate integration of the remaining integral 

We evaluate this integral by integrating about the peak of the 
integrand, assuming that the peak is narrow. 

We start with the logarithm of the integrand, we find its 
maximum and we Taylor expand about the maximum

Φ a( ) = − 3
2
ln 1+ a2( )− N

2σ 2 var y − 2acov(x, y)+ a
2 var x( )
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Φ a( ) = −
3
2
ln 1+ a2( ) − N

2σ 2 var y − 2acov(x, y) + a
2 var x( )

dΦ
da

= − 3a
1+ a2

+ N
σ 2 cov(x, y)− avar x( ) = 0

note that when N>>1 the peak is at position

We use the Newton-Raphson method for the solution of the cubic 
equation:

a0 ≈
cov(x, y)
var x

we find a from this 
cubic equation

f (a0 ) = − 3a0
1+ a0

2

f ′ (a0 ) = −3 1− a0
2

(1+ a0
2 )2

− N
σ 2 var x ≈ − N

σ 2 var x
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then 

Now, to complete the expansion, we must evaluate the 
second derivative at a1:

Φ a( ) ≈ Φ a1( ) + 1
2
d 2Φ
da2 a1

a − a1( )2 = Φ a1( )− a − a1( )2
2σ 1

2

(1)

(2)

we find this by using equations (1) and (2)

δa1 = − 3a0
1+ a0

2
σ 2

N var x
a1 = a0 −

3a0
1+ a0

2
σ 2

N var x
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da2
= �3
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(1 + a21)

2
� N

�2
var x = � 1

�2
1
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Now we complete the evaluation of the integral

da
1+ a2( )3 2

exp − N
2σ 2 var y − 2acov(x, y)+ a

2 var x( )⎡
⎣⎢

⎤
⎦⎥−∞

+∞

∫

= exp Φ a( )⎡⎣ ⎤⎦
−∞

+∞

∫ da

≈ exp Φ a1( )− a − a1( )2
2σ 1

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥−∞

+∞

∫ da = 2πσ 1
2 exp Φ a1( )⎡⎣ ⎤⎦

and finally we find the posterior distribution. 
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Moreover

a = a1; vara =σ 1
2;

b = 1
N

yi − a1xi( )
i=1

N

∑ ; varb = σ 2

N

p a,b | y,x,σ( )∝ 1
1+ a2( )3 2

exp − 1
2σ 2 yi − axi − b( )2

i=1

N

∑⎡
⎣⎢

⎤
⎦⎥

≈ exp −Φ a1( )− a − a1( )2
2σ 1

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
exp − N

2σ 2 b − 1
N

yi − a1xi( )
i=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

and thus we see that: 
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2. Weighted mean

P d | µ,σ( ) = 1
2πσ k

2
exp −

dk − µ( )2
2σ k

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

N

∏

= 1
2π( )N /2

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp − 1

2
dk − µ( )2
σ k
2

k=1

N

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

We consider known Gaussian errors

The likelihood function is
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P µ | d,σ( ) = P d |σ ,µ( )
P d |σ ,µ( )·P µ( )dµ

µ
∫

·P µ( )→ P d |σ ,µ( )
P d |σ ,µ( )dµ

µ
∫

Using an improper uniform prior we find 

and then 

P µ | d,σ( ) =
exp − 1

2
dk − µ( )2
σ k
2

k=1

N

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

exp − 1
2

dk − µ( )2
σ k
2

k=1

N

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
dµ

−∞

+∞

∫
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the exponent can be rearranged as usual

dk − µ( )2
σ k
2

k=1

N

∑ =
dk
2 − 2µdk + µ2

σ k
2

k=1

N

∑ = µ2 1
σ k
2

k=1

N

∑ − 2µ dk
σ k
2

k=1

N

∑ +
dk
2

σ k
2

k=1

N

∑

=
1
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

µ2 − 2µ dk
σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑⎛
⎝⎜

⎞
⎠⎟
+ dk

σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ dk

σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

2
1
σ k
2

k=1

N

∑ −
dk
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

=
1
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

µ − dk
σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

2

+ dk
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

2
1
σ k
2

k=1

N

∑ −
dk
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

thus we see that the mean has a Gaussian posterior 
distribution and that

µ =

dk
σ k
2

k=1

N

∑
1
σ k
2

k=1

N

∑
; σ µ

2 =
1
σ k
2

k=1

N

∑⎛⎝⎜
⎞
⎠⎟

−1
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3. Miscalibrated Gaussian measurement errors

Now we consider a case where we must find the mean value 
with given measurement errors, and where the errors are 
Gaussian and they are systematically multiplied by an 
unknown scale factor. 
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The likelihood has a Gaussian structure

P d | µ,σ ,α( ) = 1
2πα 2σ k

2
exp −

dk − µ( )2
2α 2σ k

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥k=1

N

∏

=
1

2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp −

1
2α 2

dk − µ( )2
σ k
2

k=1

N

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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we must rearrange the exponent as usual ... 

dk − µ( )2
σ k
2

k=1

N

∑ =
dk
2

σ k
2

k=1

N

∑ − 2µ dk
σ k
2

k=1

N

∑ + µ2 1
σ k
2

k=1

N

∑ =
ND
σM
2 − 2µ NM

σM
2 + µ2 N

σM
2

=
N
σM
2 D − 2µM + µ2( )

dove 1
σM
2 =

1
N

1
σ k
2

k=1

N

∑ ; M = dk
σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑ ; D = dk
2

σ k
2

k=1

N

∑ 1
σ k
2

k=1

N

∑

P d | µ,σ ,α( ) = 1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp −

N
2α 2σM

2 D − 2µM + µ2( )⎡

⎣
⎢

⎤

⎦
⎥

therefore the likelihood is
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Now we estimate the scale factor from Bayes’ theorem

P α | d,σ( ) = P d |σ ,α( )
P d |σ ,α( )·P α( )dα

α
∫

·P α( )

however we need first to marginalize the likelihood with respect to the mean, 
which in this case is a nuisance parameter

we take a uniform prior for the mean

P d |σ ,α( ) = P d | µ,σ ,α( )P µ σ ,α( )dµ
µ
∫

= 1
W

P d | µ,σ ,α( )dµ
µmin

µmax

∫

≈ 1
W

1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟

exp − N
2α 2σ M

2 D − 2µM + µ2( )⎡

⎣
⎢

⎤

⎦
⎥dµ

−∞

+∞

∫
W = µmax − µmin( )
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D − 2µM + µ2 = µ2 − 2µM + M 2 + D − M 2

= µ − M( )2 + D − M 2

as usual ... 

P d |σ ,α( ) ≈ 1
W

1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟

exp −
N

2α 2σM
2 µ − M( )2 + D − M 2⎡⎣ ⎤⎦

⎧
⎨
⎩

⎫
⎬
⎭
dµ

−∞

+∞

∫

=
1
W

1
2π( )N /2α N

1
σ kk=1

N

∏⎛⎝⎜
⎞
⎠⎟
exp −

N D − M 2( )
2α 2σM

2

⎛

⎝
⎜

⎞

⎠
⎟
2πα 2σM

2

N

... therefore the likelihood is:
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P α | d,σ( ) = P d |σ ,α( )
P d |σ ,α( )·P α( )

α
∫

·P α( )

=

1
α N −1 exp −

N D − M 2( )
2α 2σM

2

⎛

⎝
⎜

⎞

⎠
⎟

1
α N −1 exp −

N D − M 2( )
2α 2σM

2

⎛

⎝
⎜

⎞

⎠
⎟ ·P α( )dα

α
∫

·P α( )

P α( )∝ 1
α

the prior should be scale-independent and 
therefore we take Jeffrey’s prior
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P α | d,σ( ) =
1

α N −1 exp − A
2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α

1
α N −1 exp − A

2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α
dα

α
∫

; A2 =
N D − M 2( )
2σM

2

P α | d,σ( )→
1

α N −1 exp − A
2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α

1
α N −1 exp − A

2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α
dα

0

∞

∫
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1
α N −1 exp −

A2

α 2

⎛
⎝⎜

⎞
⎠⎟
·1
α
dα

0

∞

∫ =
1
α N exp −

A2

α 2

⎛
⎝⎜

⎞
⎠⎟
dα

0

∞

∫

A2

α 2 = x; α =
A
x
; dα = −

A
2x3/2

dx

xN /2

AN exp −x( ) A
2x3/2

dx
0

∞

∫ =
1

2AN −1 x
N −1
2

−1
exp −x( )dx = 1

2AN −1 ·
0

∞

∫ Γ
N −1
2

⎛
⎝⎜

⎞
⎠⎟

P α | d,σ( )→
2AN −1

α N exp − A
2

α 2

⎛
⎝⎜

⎞
⎠⎟

Γ N −1
2

⎛
⎝⎜

⎞
⎠⎟
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we take the MAP estimate the scale parameter from the pdf

P α | d,σ( )→
2AN −1

α N exp − A
2

α 2

⎛
⎝⎜

⎞
⎠⎟

Γ N −1
2

⎛
⎝⎜

⎞
⎠⎟

d
dα

P α | d,σ( )∝ −
N

α N +1 exp −
A2

α 2

⎛
⎝⎜

⎞
⎠⎟
+
2A2

α N +3 exp −
A2

α 2

⎛
⎝⎜

⎞
⎠⎟
= 0

Nα 2 = 2A2 αMAP =
2
N
A =

D −M 2( )
σ M
2
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4. Search of signals in binned spectra: Bayesian 
analysis in the GERDA experiment 
(Caldwell and Kröninger, PRD 74 (2006) 092003)

Consider the search for sparse signals in a spectrum where

• The spectrum is confined to a certain region of interest.
• The spectral shape of a possible signal is known.
• The spectral shape of the background is known.
• The spectrum is divided into bins and the event numbers in the bins 

follow Poisson distributions.
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The work of Caldwell and Kröninger has been carried out in the context of 
GERDA (GERmanium Detector Array), an experiment that aims to detect 
weak signals from neutrinoless beta decay in germanium detectors kept in a 
very low background environment. 

Feynman diagram of neutrinoless double-beta decay, with two neutrons decaying to two 
protons. The only emitted products in this process are two electrons, which can occur if 
the neutrino and antineutrino are the same particle (i.e. Majorana neutrinos) so the same 
neutrino can be emitted and absorbed within the nucleus. 
In conventional double-beta decay, two antineutrinos - one arising from each W vertex - are 
emitted from the nucleus, in addition to the two electrons. The detection of neutrinoless double-
beta decay is thus a sensitive test of whether neutrinos are Majorana particles. (from Wikipedia)
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Artist’s view of GERDA 
http://www.mpi-hd.mpg.de/gerda/
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We introduce the normalized spectral shapes of background and signal 

(flat spectrum, known signal shape). Then we find the average number of events 

in each bin

An observed spectrum is defined by the numbers of counts in each bin: {ni}i=1,n

and since we assume a Poisson statistics in each bin, we find the following 

likelihoods for a given spectral observation

fB E( ); fS E( );

ν i B,S( ) = ν i Ei ,ΔEi ,B,S( ) = B fB E( )dE
Ei

Ei+ΔEi

∫ + S fS E( )dE
Ei

Ei+ΔEi

∫

p spectrum B, I( ) = ν i B,0( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦

p spectrum B,S, I( ) = ν i B,S( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦
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A specific spectral shape depends on the average number of background 
(B) and signal (S) events, and we can write

distribution for the 
average B

distribution for the 
average Sthe possible spectra are the results of 

many possibile choices of the background 
and of the signal rates, and therefore of 
the average number of background and 
signal events; here we marginalize over 
these dependencies
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p (spectrum|Hbkg, I) =

Z

B
p (spectrum|B, I) pB(B)dB

p (spectrum|Hbs, I) =

Z

B,S
p (spectrum|B,S, I) pB(B)pS(S)dBdS
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The competing hypotheses (observation of binned energy spectra) are 

• Hbkg = background only
• Hbs = background + signal 

then 

p Hbkg spectrum, I( ) = p spectrum Hbkg , I( )
p spectrum I( ) p Hbkg I( )

p Hbs spectrum, I( ) = p spectrum Hbs , I( )
p spectrum I( ) p Hbs I( )

p spectrum I( ) = p spectrum Hbkg , I( ) p Hbkg I( ) + p spectrum Hbs , I( ) p Hbs I( )
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Then we find the complete likelihood functions:

p spectrum Hbkg , I( ) = p spectrum B, I( ) pB B( )dB
B
∫

=
ν i B,0( )⎡⎣ ⎤⎦

ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦ pB B( )dB
B
∫

p spectrum Hbs , I( ) = p spectrum B,S, I( ) pB B( ) pS S( )dB
B
∫

=
ν i B,S( )⎡⎣ ⎤⎦

ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦ pB B( ) pS S( )dB
B
∫
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p Hbkg spectrum, I( ) = p spectrum Hbkg , I( )
p spectrum I( ) p Hbkg I( )

=

ν i B,0( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦ pB B( )dB
B
∫

ν i B,0( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦ pB B( )dB
B
∫ p Hbkg I( ) + ν i B,S( )⎡⎣ ⎤⎦

ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦ pB B( ) pS S( )dB
B
∫ p Hbs I( )

p Hbkg I( )

p Hbs spectrum, I( ) = p spectrum Hbs , I( )
p spectrum I( ) p Hbs I( )

=

ν i B,S( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦ pB B( ) pS S( )dB
B
∫

ν i B,0( )⎡⎣ ⎤⎦
ni

ni !i=1

N

∏ exp −ν i B,0( )⎡⎣ ⎤⎦ pB B( )dB
B
∫ p Hbkg I( ) + ν i B,S( )⎡⎣ ⎤⎦

ni

ni !i=1

N

∏ exp −ν i B,S( )⎡⎣ ⎤⎦ pB B( ) pS S( )dB
B
∫ p Hbs I( )

p Hbs I( )

The final, complete expressions are: 

One can use these expressions to test hypotheses (by means of Bayes 
factors), and find values for B and S.
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5. Expert elicitation 
(Morgan, PNAS 111 (2014) 7176)

Consider a problem where no experimental data exist, and 
where you wish to make an informed guess. 

You can rely on expert opinion and ask the expert to provide 
his/her own estimate of a probability distribution. 

You can also rely on a population of experts and construct 
averaged probability distributions from their guesses.
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PERSPECTIVE

Use (and abuse) of expert elicitation in
support of decision making for public policy
M. Granger Morgan1

Department of Engineering and Public Policy, Carnegie Mellon University, Pittsburgh, PA 15213

Edited by William C. Clark, Harvard University, Cambridge, MA, and approved March 18, 2014 (received for review October 22, 2013)

The elicitation of scientific and technical judgments from experts, in the form of subjective probability distributions, can be a valuable addition
to other forms of evidence in support of public policy decision making. This paper explores when it is sensible to perform such elicitation and
how that can best be done. A number of key issues are discussed, including topics on which there are, and are not, experts who have
knowledge that provides a basis for making informed predictive judgments; the inadequacy of only using qualitative uncertainty language; the
role of cognitive heuristics and of overconfidence; the choice of experts; the development, refinement, and iterative testing of elicitation
protocols that are designed to help experts to consider systematically all relevant knowledge when they make their judgments; the treatment
of uncertainty about model functional form; diversity of expert opinion; and when it does or does not make sense to combine judgments from
different experts. Although it may be tempting to view expert elicitation as a low-cost, low-effort alternative to conducting serious research
and analysis, it is neither. Rather, expert elicitation should build on and use the best available research and analysis and be undertaken only
when, given those, the state of knowledge will remain insufficient to support timely informed assessment and decision making.

Society often calls on experts for advice that
requires judgments that go beyond well-estab-
lished knowledge. In providing such judgments,
it is common practice to use simulation models,
engineering–economic assessment, and similar
tools. Although such analytical strategies can
provide valuable insight, they can never hope
to include all relevant factors. In such situations,
the community of applied decision analysis has
long used quantitative expert judgments in the
form of subjective probability distributions that
have been elicited from relevant experts. Most
such applications have been undertaken in sup-
port of decisions being made by private parties
(1–4). Sometimes the resulting distributions are
used directly, and sometimes they are fitted to
formal functions and used in various Bayesian
decision models (2, 5).
The use of expert elicitation in public sector

decision making has been less common. Several
studies have explored issues such as the health
impacts of fine particle air pollution (6–12) and
of lead pollution (13), the likely nature and ex-
tent of climate change (14–16), the various
impacts that may result from climate change
(17, 18), herbicide-tolerant oilseed crops (19),
and the likely cost and performance of various
energy technologies (20–24). The Environmental
Protection Agency (EPA) has begun to make use
of elicitation methods to address uncertain issues
in environmental science (25), and those who
work in both the Department of Energy and
the Food and Drug Administration (FDA) have
expressed interest in possibly using the method.
Done well, expert elicitation can make a valu-

able contribution to informed decision making.
Done poorly it can lead to useless or even
misleading results that lead decision makers

astray, alienate experts, and wrongly discredit
the entire approach. In what follows, I draw on
relevant literature and 35 y of personal experi-
ence in designing and conducting substantively
detailed expert elicitations, to suggest when
it does and does not make sense to perform
elicitations, how they should be designed and
conducted, and how I believe the results should
and should not be used. In contrast to much of
the literature in Bayesian decision-making and
applied decision analysis, my focus is on
developing detailed descriptions of the state
of understanding in some field of science or
technology.

First, Are There Any Experts?
To conduct an expert elicitation, there must be
experts whose knowledge can support informed
judgment and prediction about the issues of
interest. There are many topics about which
people have extensive knowledge that provides
little or no basis for making informed predictive
judgments. For example, the further one moves
away from questions whose answers involve
matters of fact that are largely dependent on
empirical natural or social science and well-
validated models into realms in which individual
and social behavior determine the outcomes of
interest, the more one should ask whether ex-
pertise, with predictive capability, exists. For
example, given a specified time series of future
radiative forcing and other relevant physical
variables, in my view, it is reasonable to ask
climate scientists to make probabilistic judg-
ments about average global temperature 150 y
in the future. I am far less persuaded that it
makes sense to ask “experts” questions that
entail an assessment of how the stock market,
or the price of natural gas will evolve over the

next 25 y, or what the value of gross world
product will be 150 y in the future.

The Interpretation of Probability
A subjectivist or Bayesian interpretation of
probability (5, 26–28) is used when one makes
subjective probabilistic assessments of the
present or future value of uncertain quantities,
the state of the world, or the nature of the pro-
cesses that govern the world. In such situations,
probability is viewed as a statement of an indi-
vidual’s belief, informed by all formal and in-
formal evidence that he or she has available.
Although subjective, such judgments cannot
be arbitrary. They must conform to the laws
of probability. Further, when large quantities
of evidence are available on identical repeated
events, one’s subjective probability should con-
verge to the classical frequentist interpretation
of probability.
Partly as a result of their different training

and professional cultures, different groups of
experts display different views about the ap-
propriateness of making subjective probabilistic
judgments, and have different levels of willing-
ness to make such judgments. Although every
natural scientist and engineer I have ever inter-
viewed seemed to think naturally in terms of
subjective probabilities, others, such as some
experts in the health sciences, have been far
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Expert elicitation is a complex procedure and one should 
resort to it only when absolutely necessary. 

Morgan concludes that 

“... it may be tempting to view expert elicitation as a low-
cost, low-effort alternative to conducting serious research 
and analysis, it is neither. Rather, expert elicitation should 
build on and use the best available research and analysis 
and be undertaken only when, given those, the state of 
knowledge will remain insufficient to support timely informed 
assessment and decision making.”
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Partial list of problems in expert elicitation

1. Words convey different meanings

less comfortable with such formulations. For
example, some years ago, my colleagues and
I conducted an expert elicitation among a
group of different types of health experts in
an effort to gain insight about health damages
that could result from chronic exposure to
submicron sulfate air pollution. One of our
experts, an inhalation toxicologist, tried re-
peatedly to answer our questions to provide a
subjective probability distribution on the slope
of a health damage function, but simply could
not bring himself to provide such answers. After
framing our questions in several different ways,
and always reaching an impasse, we suspended
the elicitation. Some days later the expert came
back to us saying he had been thinking about it,
that the questions we had been asking made
sense, and that he wanted to try again. However,
when we did that, he once again found that he
could not bring himself to make the necessary
quantitative judgments. Although this may be
an extreme case, I believe that it also reflects a
broader difference among fields.

Fifteen years ago, the Presidential/Congres-
sional Commission onRiskAssessment andRisk
Management (29), almost all of whose members
were medical professionals, argued that natural
scientists should provide probabilistic assess-
ments of exposures, and economists should
provide probabilistic assessments of damages,
but that health experts should provide only a
deterministic treatment of the health damage
functions associated with environmental expo-
sures. This reticence to engage in making quan-
titative subjective judgments has led some to
draw an overly sharp distinction between vari-
ability and uncertainty—with the claim that only
the former should be described in terms of

distributions (i.e., with histograms). Although
there are certainly situations in which it is
important to distinguish variability from un-
certainty, there are also many decision con-
texts in which distinguishing between the two
simply adds unnecessary complication.

Qualitative Uncertainty Words Are Not
Sufficient
There is clear evidence that without some
quantification, the use of qualitative words such
as “likely” and “unlikely” to describe uncertainty
can mask important, often critical, differences
between the views of different experts. The
problem arises because the same words can
mean very different things to different people, as
well as different things to the same person in
different contexts. Fig. 1 summarizes the range
of quantitative values that respondents attached
to various probability words, independent of
any specific context, in a study conducted by
Wallsten et al. (30). Wardekker et al. (31) re-
port similar findings in more recent studies
undertaken in The Netherlands to improve the
communication of uncertainty in results from
environmental assessments. Fig. 2 summarizes
the range of quantitative values that members
of the EPA Science Advisory Board attached to
probability words used to describe the likeli-
hood that a chemical agent is a human car-
cinogen. Such results make a compelling case
for at least some quantification when assessing
the value of uncertain coefficients or the like-
lihood of uncertain events. The climate assess-
ment community has taken this lesson seriously,
providing mappings of probability words into
quantitative values in most assessment reports
(34–36).

Cognitive Heuristics and Bias
We humans are not equipped with a competent
mental statistical processor. Rather, in making
judgments in the face of uncertainty, we un-
consciously use a variety of cognitive heuristics.
As a consequence, when asked to make prob-
abilistic judgments, either in a formal elicitation
or in any less formal setting, people’s judgments
are often biased. Two of the cognitive heuristics
that are most relevant to expert elicitation are
called “availability” and “anchoring and adjust-
ment.” These heuristics have been extensively
studied by Tversky and Kahneman (37, 38).
Through the operation of availability, people

assess the frequency of a class, or the probability
of an event, by the ease with which instances or
occurrences can be brought to mind. In per-
forming elicitation, the objective should be to
obtain an expert’s carefully considered judg-
ment based on a systematic consideration of all
relevant evidence. For this reason one should
take care to adopt strategies designed to help the

expert being interviewed to avoid overlooking
relevant evidence.
When presented with an estimation task, if

people start with a first value (i.e., an anchor)
and then adjust up and down from that
value, they typically do not adjust sufficiently.
Kahneman and Tversky call this second heu-
ristic “anchoring and adjustment” (37, 38). To
minimize the influence of this heuristic when
eliciting probability distributions, it is standard
procedure not to begin with questions that ask
about “best” or most probable values but rather
to first ask about extremes: “What is the highest
(lowest) value you can imagine for coefficient
X?” or “Please give me a value for coefficient X
for which you think there is only one chance in
100 that actual value could be larger (smaller).”
Having obtained an estimate of an upper
(lower) bound, it is then standard practice to
ask the expert to imagine that the uncertainty
about the coefficient’s value has been resolved
and the actual value has turned out to be 10%
or 15% larger (smaller) than the bound they
offered. We then ask the expert, “Can you offer

Fig. 1. The range of numerical probabilities that re-
spondents attached to qualitative probability words in the
absence of any specific context are shown. Note the very
wide ranges of probability that were associated with some
of these words. Figure redrawn from Wallsten et al. (30).

Fig. 2. Results obtained by Morgan (32) when mem-
bers of the Executive Committee of the EPA Science
Advisory Board were asked to assign numerical proba-
bilities to uncertainty words that had been proposed for
use with EPA cancer guidelines (33). Note that even in
this relatively small and expert group, the minimum
probability associated with the word “likely” spans 4
orders of magnitude, the maximum probability associ-
ated with the word “not likely” spans more than 5 orders
of magnitude, and there is an overlap of the probabilities
the different experts associated with the two words.

Morgan PNAS | May 20, 2014 | vol. 111 | no. 20 | 7177
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less comfortable with such formulations. For
example, some years ago, my colleagues and
I conducted an expert elicitation among a
group of different types of health experts in
an effort to gain insight about health damages
that could result from chronic exposure to
submicron sulfate air pollution. One of our
experts, an inhalation toxicologist, tried re-
peatedly to answer our questions to provide a
subjective probability distribution on the slope
of a health damage function, but simply could
not bring himself to provide such answers. After
framing our questions in several different ways,
and always reaching an impasse, we suspended
the elicitation. Some days later the expert came
back to us saying he had been thinking about it,
that the questions we had been asking made
sense, and that he wanted to try again. However,
when we did that, he once again found that he
could not bring himself to make the necessary
quantitative judgments. Although this may be
an extreme case, I believe that it also reflects a
broader difference among fields.

Fifteen years ago, the Presidential/Congres-
sional Commission onRiskAssessment andRisk
Management (29), almost all of whose members
were medical professionals, argued that natural
scientists should provide probabilistic assess-
ments of exposures, and economists should
provide probabilistic assessments of damages,
but that health experts should provide only a
deterministic treatment of the health damage
functions associated with environmental expo-
sures. This reticence to engage in making quan-
titative subjective judgments has led some to
draw an overly sharp distinction between vari-
ability and uncertainty—with the claim that only
the former should be described in terms of

distributions (i.e., with histograms). Although
there are certainly situations in which it is
important to distinguish variability from un-
certainty, there are also many decision con-
texts in which distinguishing between the two
simply adds unnecessary complication.

Qualitative Uncertainty Words Are Not
Sufficient
There is clear evidence that without some
quantification, the use of qualitative words such
as “likely” and “unlikely” to describe uncertainty
can mask important, often critical, differences
between the views of different experts. The
problem arises because the same words can
mean very different things to different people, as
well as different things to the same person in
different contexts. Fig. 1 summarizes the range
of quantitative values that respondents attached
to various probability words, independent of
any specific context, in a study conducted by
Wallsten et al. (30). Wardekker et al. (31) re-
port similar findings in more recent studies
undertaken in The Netherlands to improve the
communication of uncertainty in results from
environmental assessments. Fig. 2 summarizes
the range of quantitative values that members
of the EPA Science Advisory Board attached to
probability words used to describe the likeli-
hood that a chemical agent is a human car-
cinogen. Such results make a compelling case
for at least some quantification when assessing
the value of uncertain coefficients or the like-
lihood of uncertain events. The climate assess-
ment community has taken this lesson seriously,
providing mappings of probability words into
quantitative values in most assessment reports
(34–36).

Cognitive Heuristics and Bias
We humans are not equipped with a competent
mental statistical processor. Rather, in making
judgments in the face of uncertainty, we un-
consciously use a variety of cognitive heuristics.
As a consequence, when asked to make prob-
abilistic judgments, either in a formal elicitation
or in any less formal setting, people’s judgments
are often biased. Two of the cognitive heuristics
that are most relevant to expert elicitation are
called “availability” and “anchoring and adjust-
ment.” These heuristics have been extensively
studied by Tversky and Kahneman (37, 38).
Through the operation of availability, people

assess the frequency of a class, or the probability
of an event, by the ease with which instances or
occurrences can be brought to mind. In per-
forming elicitation, the objective should be to
obtain an expert’s carefully considered judg-
ment based on a systematic consideration of all
relevant evidence. For this reason one should
take care to adopt strategies designed to help the

expert being interviewed to avoid overlooking
relevant evidence.
When presented with an estimation task, if

people start with a first value (i.e., an anchor)
and then adjust up and down from that
value, they typically do not adjust sufficiently.
Kahneman and Tversky call this second heu-
ristic “anchoring and adjustment” (37, 38). To
minimize the influence of this heuristic when
eliciting probability distributions, it is standard
procedure not to begin with questions that ask
about “best” or most probable values but rather
to first ask about extremes: “What is the highest
(lowest) value you can imagine for coefficient
X?” or “Please give me a value for coefficient X
for which you think there is only one chance in
100 that actual value could be larger (smaller).”
Having obtained an estimate of an upper
(lower) bound, it is then standard practice to
ask the expert to imagine that the uncertainty
about the coefficient’s value has been resolved
and the actual value has turned out to be 10%
or 15% larger (smaller) than the bound they
offered. We then ask the expert, “Can you offer

Fig. 1. The range of numerical probabilities that re-
spondents attached to qualitative probability words in the
absence of any specific context are shown. Note the very
wide ranges of probability that were associated with some
of these words. Figure redrawn from Wallsten et al. (30).

Fig. 2. Results obtained by Morgan (32) when mem-
bers of the Executive Committee of the EPA Science
Advisory Board were asked to assign numerical proba-
bilities to uncertainty words that had been proposed for
use with EPA cancer guidelines (33). Note that even in
this relatively small and expert group, the minimum
probability associated with the word “likely” spans 4
orders of magnitude, the maximum probability associ-
ated with the word “not likely” spans more than 5 orders
of magnitude, and there is an overlap of the probabilities
the different experts associated with the two words.

Morgan PNAS | May 20, 2014 | vol. 111 | no. 20 | 7177
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less comfortable with such formulations. For
example, some years ago, my colleagues and
I conducted an expert elicitation among a
group of different types of health experts in
an effort to gain insight about health damages
that could result from chronic exposure to
submicron sulfate air pollution. One of our
experts, an inhalation toxicologist, tried re-
peatedly to answer our questions to provide a
subjective probability distribution on the slope
of a health damage function, but simply could
not bring himself to provide such answers. After
framing our questions in several different ways,
and always reaching an impasse, we suspended
the elicitation. Some days later the expert came
back to us saying he had been thinking about it,
that the questions we had been asking made
sense, and that he wanted to try again. However,
when we did that, he once again found that he
could not bring himself to make the necessary
quantitative judgments. Although this may be
an extreme case, I believe that it also reflects a
broader difference among fields.

Fifteen years ago, the Presidential/Congres-
sional Commission onRiskAssessment andRisk
Management (29), almost all of whose members
were medical professionals, argued that natural
scientists should provide probabilistic assess-
ments of exposures, and economists should
provide probabilistic assessments of damages,
but that health experts should provide only a
deterministic treatment of the health damage
functions associated with environmental expo-
sures. This reticence to engage in making quan-
titative subjective judgments has led some to
draw an overly sharp distinction between vari-
ability and uncertainty—with the claim that only
the former should be described in terms of

distributions (i.e., with histograms). Although
there are certainly situations in which it is
important to distinguish variability from un-
certainty, there are also many decision con-
texts in which distinguishing between the two
simply adds unnecessary complication.

Qualitative Uncertainty Words Are Not
Sufficient
There is clear evidence that without some
quantification, the use of qualitative words such
as “likely” and “unlikely” to describe uncertainty
can mask important, often critical, differences
between the views of different experts. The
problem arises because the same words can
mean very different things to different people, as
well as different things to the same person in
different contexts. Fig. 1 summarizes the range
of quantitative values that respondents attached
to various probability words, independent of
any specific context, in a study conducted by
Wallsten et al. (30). Wardekker et al. (31) re-
port similar findings in more recent studies
undertaken in The Netherlands to improve the
communication of uncertainty in results from
environmental assessments. Fig. 2 summarizes
the range of quantitative values that members
of the EPA Science Advisory Board attached to
probability words used to describe the likeli-
hood that a chemical agent is a human car-
cinogen. Such results make a compelling case
for at least some quantification when assessing
the value of uncertain coefficients or the like-
lihood of uncertain events. The climate assess-
ment community has taken this lesson seriously,
providing mappings of probability words into
quantitative values in most assessment reports
(34–36).

Cognitive Heuristics and Bias
We humans are not equipped with a competent
mental statistical processor. Rather, in making
judgments in the face of uncertainty, we un-
consciously use a variety of cognitive heuristics.
As a consequence, when asked to make prob-
abilistic judgments, either in a formal elicitation
or in any less formal setting, people’s judgments
are often biased. Two of the cognitive heuristics
that are most relevant to expert elicitation are
called “availability” and “anchoring and adjust-
ment.” These heuristics have been extensively
studied by Tversky and Kahneman (37, 38).
Through the operation of availability, people

assess the frequency of a class, or the probability
of an event, by the ease with which instances or
occurrences can be brought to mind. In per-
forming elicitation, the objective should be to
obtain an expert’s carefully considered judg-
ment based on a systematic consideration of all
relevant evidence. For this reason one should
take care to adopt strategies designed to help the

expert being interviewed to avoid overlooking
relevant evidence.
When presented with an estimation task, if

people start with a first value (i.e., an anchor)
and then adjust up and down from that
value, they typically do not adjust sufficiently.
Kahneman and Tversky call this second heu-
ristic “anchoring and adjustment” (37, 38). To
minimize the influence of this heuristic when
eliciting probability distributions, it is standard
procedure not to begin with questions that ask
about “best” or most probable values but rather
to first ask about extremes: “What is the highest
(lowest) value you can imagine for coefficient
X?” or “Please give me a value for coefficient X
for which you think there is only one chance in
100 that actual value could be larger (smaller).”
Having obtained an estimate of an upper
(lower) bound, it is then standard practice to
ask the expert to imagine that the uncertainty
about the coefficient’s value has been resolved
and the actual value has turned out to be 10%
or 15% larger (smaller) than the bound they
offered. We then ask the expert, “Can you offer

Fig. 1. The range of numerical probabilities that re-
spondents attached to qualitative probability words in the
absence of any specific context are shown. Note the very
wide ranges of probability that were associated with some
of these words. Figure redrawn from Wallsten et al. (30).

Fig. 2. Results obtained by Morgan (32) when mem-
bers of the Executive Committee of the EPA Science
Advisory Board were asked to assign numerical proba-
bilities to uncertainty words that had been proposed for
use with EPA cancer guidelines (33). Note that even in
this relatively small and expert group, the minimum
probability associated with the word “likely” spans 4
orders of magnitude, the maximum probability associ-
ated with the word “not likely” spans more than 5 orders
of magnitude, and there is an overlap of the probabilities
the different experts associated with the two words.
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2. Cognitive heuristics and bias

... When presented with an estimation task, if people start with a first value (i.e., an 
anchor) and then adjust up and down from that value, they typically do not adjust 
sufficiently.  ... 

To minimize the influence of this heuristic when eliciting probability distributions, it is standard 
procedure not to begin with questions that ask about “best” or most probable values but 
rather to first ask about extremes: “What is the highest (lowest) value you can imagine for 
coefficient X?” or “Please give me a value for coefficient X for which you think there is only 
one chance in 100 that actual value could be larger (smaller).” 

Having obtained an estimate of an upper (lower) bound, it is then standard practice to ask the 
expert to imagine that the uncertainty about the coefficient’s value has been resolved and the 
actual value has turned out to be 10% or 15% larger (smaller) than the bound they offered. 
We then ask the expert, “Can you offer an explanation of how that might be possible?” 

Sometimes experts can offer a perfectly plausible physical explanation, at which point we ask 
them to revise their bound. After obtaining estimates of upper and lower bounds on the value 
of a coefficient of interest, we then go on to elicit intermediate values across the probability 
distribution [“What is the probability that the value of X is greater (less) than Y?”]. 
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3. Ubiquitous overconfidence

... One reason for adopting this rather elaborate procedure is that there is strong evidence 
that most such judgments are overconfident. 

A standard measure of overconfidence is the surprise index: the fraction of true values that 
lie outside an assessor’s 98% confidence interval when answering questions for which the 
true answer is known (e.g., the length of the Panama Canal). Fig. 3 reports a summary of 
results from 21 different studies involving over 10,000 such assessment questions. Note that 
none yield the target value for the surprise index of 2% and over half yielded values of 30% 
or more! 

an explanation of how that might be possible?”
Sometimes experts can offer a perfectly plau-
sible physical explanation, at which point we
ask them to revise their bound. After obtaining
estimates of upper and lower bounds on the
value of a coefficient of interest, we then go on
to elicit intermediate values across the proba-
bility distribution [“What is the probability that
the value of X is greater (less) than Y?”]. If
results seem to be unduly scattered, changing
the question format may help: “Give me a value
of X such that the odds that the true value is
greater (less) than 1 in Z (or probability P).”
To support such interviews the decision

analysis community has developed adjustable
probability wheels on which the size of a col-
ored pie-slice portion of a wheel can be adjusted
so that respondents can compare their assess-
ments of probability to the size of the slice and
adjust it up and down until the size of the slice
corresponds to their judged probability (1).
Although such aids may be helpful for decision
analysts who are dealing with clients with lim-
ited numeracy, when we have shown such an
aid to an expert in science or technology they
have typically toyed with it in a bemused way
and then set it aside to give direct quantitative
responses.
Only after filling in a number of intervening

points in a cumulative distribution function
does one finally ask for a median or best esti-
mate, sketch the resulting distribution, and
show it to the expert for their assessment and
possible revision.

Ubiquitous Overconfidence
One reason for adopting this rather elaborate
procedure is that there is strong evidence that
most such judgments are overconfident. A
standard measure of overconfidence is the sur-
prise index: the fraction of true values that lie
outside an assessor’s 98% confidence interval
when answering questions for which the true
answer is known (e.g., the length of the Panama
Canal). Fig. 3 reports a summary of results from
21 different studies involving over 10,000 such
assessment questions. Note that none yield the
target value for the surprise index of 2% and
over half yielded values of 30% or more! Lest
the reader infer that such overconfidence is only

observed in judgments made by lay respond-
ents, Fig. 4 shows the evolution over time of the
recommended values for the speed of light.
Similar results exist for other physical quantities.
Calibration is a widely used measure of the

performance of someone making subjective
probabilistic judgments. Lichtenstein et al. (41)
explain that an assessor (judge) is well cali-
brated “if, over the long run, for all propositions
assigned a given probability, the proportion that
is true equals the probability that is assigned.
Judges’ calibration can be empirically evaluated
by observing their probability assessments, ver-
ifying the associated propositions, and then
observing the proportion that is true in each
response category.”With a few exceptions, such
as weather forecasters who make daily pre-
cipitation forecasts aided by computer models
and receive regular feedback on how well they
are performing (42, 43), most people making
subjective judgments are not very well cali-
brated. Fig. 5 shows examples of very poorly
calibrated results from clinical diagnosis of
pneumonia (44) to very well-calibrated proba-
bilistic precipitation judgments by US weather
forecasters (43).
Lichtenstein et al. (41) found that probability

judgments tend to be too high when questions
are hard, and too low when questions are easy,
where “hard” and “easy” questions were classi-
fied in terms of the percentage of correct
answers made by a reference group. One pos-
sible explanation is that assessors partition their
responses according to some fixed cut-off value.
The hard/easy effect would result if that value
remains constant as the difficulty of the ques-
tion changes. Lichtenstein et al. (41) suggest that

the hard–easy effect may result because of “. . .an
inability to change the cutoffs involved in the
transformation from feelings of certainty to
probabilistic responses.”
If an assessor is asked a large enough set of

questions to make it possible to plot a calibra-
tion curve, one might be tempted to simply
adjust his or her assessed probabilities (e.g.,
when the expert says P = 0.7, adjust it to 0.8).
Kadane and Fischhoff (45) have shown that for
assessed probabilities that conform to the basic
laws of probability (i.e., are coherent) such a
procedure is not justified.

Developing a Protocol
A primary output of many expert elicitations is
a set of subjective probability distributions on
the value of quantities of interest, such as an
oxidation rate or the slope of a health damage
function (for an example of a simple elicitation
interview, see SI Appendix).
However, often the objective is broader than

that—to obtain an expert’s characterization of
the state of knowledge about a general topic or
problem area in which the elicitation of specific
probability distributions may be only one of a
number of tasks. Either way the development of
a good elicitation protocol requires considerable
time and care, and multiple iterations on format
and question wording. Working with colleagues
who are familiar with the domain and its lit-
erature one can usually build a much longer list
of questions than it is reasonable to have an
expert answer in a session of a few hours or the
better part of a day. If the objectives of the
elicitation have not already been sharply de-
fined, this is the time to do that. A sharp focus

Fig. 3. Summary of the value of the surprise index
(ideal value = 2%) observed in 21 different studies in-
volving over 10,000 assessment questions. These results
indicate clearly the ubiquitous tendency to overconfidence
(i.e., assessed probability distributions that are too nar-
row). A more detailed summary is provided in Morgan
and Henrion (39).

Fig. 4. Published estimates of the speed of light. The light gray boxes that start in 1930 are the recommended values
from the particle physics group that presumably include an effort to consider uncertainty arising from systematic error
(40). Note that for over two decades the reported confidence intervals on these recommended values did not include
the present best-measured value. Henrion and Fischhoff (40), from which this figure is combined and redrawn, report
that the same overconfidence is observed in the recommended values of a number of other physical constants.
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an explanation of how that might be possible?”
Sometimes experts can offer a perfectly plau-
sible physical explanation, at which point we
ask them to revise their bound. After obtaining
estimates of upper and lower bounds on the
value of a coefficient of interest, we then go on
to elicit intermediate values across the proba-
bility distribution [“What is the probability that
the value of X is greater (less) than Y?”]. If
results seem to be unduly scattered, changing
the question format may help: “Give me a value
of X such that the odds that the true value is
greater (less) than 1 in Z (or probability P).”
To support such interviews the decision

analysis community has developed adjustable
probability wheels on which the size of a col-
ored pie-slice portion of a wheel can be adjusted
so that respondents can compare their assess-
ments of probability to the size of the slice and
adjust it up and down until the size of the slice
corresponds to their judged probability (1).
Although such aids may be helpful for decision
analysts who are dealing with clients with lim-
ited numeracy, when we have shown such an
aid to an expert in science or technology they
have typically toyed with it in a bemused way
and then set it aside to give direct quantitative
responses.
Only after filling in a number of intervening

points in a cumulative distribution function
does one finally ask for a median or best esti-
mate, sketch the resulting distribution, and
show it to the expert for their assessment and
possible revision.

Ubiquitous Overconfidence
One reason for adopting this rather elaborate
procedure is that there is strong evidence that
most such judgments are overconfident. A
standard measure of overconfidence is the sur-
prise index: the fraction of true values that lie
outside an assessor’s 98% confidence interval
when answering questions for which the true
answer is known (e.g., the length of the Panama
Canal). Fig. 3 reports a summary of results from
21 different studies involving over 10,000 such
assessment questions. Note that none yield the
target value for the surprise index of 2% and
over half yielded values of 30% or more! Lest
the reader infer that such overconfidence is only

observed in judgments made by lay respond-
ents, Fig. 4 shows the evolution over time of the
recommended values for the speed of light.
Similar results exist for other physical quantities.
Calibration is a widely used measure of the

performance of someone making subjective
probabilistic judgments. Lichtenstein et al. (41)
explain that an assessor (judge) is well cali-
brated “if, over the long run, for all propositions
assigned a given probability, the proportion that
is true equals the probability that is assigned.
Judges’ calibration can be empirically evaluated
by observing their probability assessments, ver-
ifying the associated propositions, and then
observing the proportion that is true in each
response category.”With a few exceptions, such
as weather forecasters who make daily pre-
cipitation forecasts aided by computer models
and receive regular feedback on how well they
are performing (42, 43), most people making
subjective judgments are not very well cali-
brated. Fig. 5 shows examples of very poorly
calibrated results from clinical diagnosis of
pneumonia (44) to very well-calibrated proba-
bilistic precipitation judgments by US weather
forecasters (43).
Lichtenstein et al. (41) found that probability

judgments tend to be too high when questions
are hard, and too low when questions are easy,
where “hard” and “easy” questions were classi-
fied in terms of the percentage of correct
answers made by a reference group. One pos-
sible explanation is that assessors partition their
responses according to some fixed cut-off value.
The hard/easy effect would result if that value
remains constant as the difficulty of the ques-
tion changes. Lichtenstein et al. (41) suggest that

the hard–easy effect may result because of “. . .an
inability to change the cutoffs involved in the
transformation from feelings of certainty to
probabilistic responses.”
If an assessor is asked a large enough set of

questions to make it possible to plot a calibra-
tion curve, one might be tempted to simply
adjust his or her assessed probabilities (e.g.,
when the expert says P = 0.7, adjust it to 0.8).
Kadane and Fischhoff (45) have shown that for
assessed probabilities that conform to the basic
laws of probability (i.e., are coherent) such a
procedure is not justified.

Developing a Protocol
A primary output of many expert elicitations is
a set of subjective probability distributions on
the value of quantities of interest, such as an
oxidation rate or the slope of a health damage
function (for an example of a simple elicitation
interview, see SI Appendix).
However, often the objective is broader than

that—to obtain an expert’s characterization of
the state of knowledge about a general topic or
problem area in which the elicitation of specific
probability distributions may be only one of a
number of tasks. Either way the development of
a good elicitation protocol requires considerable
time and care, and multiple iterations on format
and question wording. Working with colleagues
who are familiar with the domain and its lit-
erature one can usually build a much longer list
of questions than it is reasonable to have an
expert answer in a session of a few hours or the
better part of a day. If the objectives of the
elicitation have not already been sharply de-
fined, this is the time to do that. A sharp focus

Fig. 3. Summary of the value of the surprise index
(ideal value = 2%) observed in 21 different studies in-
volving over 10,000 assessment questions. These results
indicate clearly the ubiquitous tendency to overconfidence
(i.e., assessed probability distributions that are too nar-
row). A more detailed summary is provided in Morgan
and Henrion (39).

Fig. 4. Published estimates of the speed of light. The light gray boxes that start in 1930 are the recommended values
from the particle physics group that presumably include an effort to consider uncertainty arising from systematic error
(40). Note that for over two decades the reported confidence intervals on these recommended values did not include
the present best-measured value. Henrion and Fischhoff (40), from which this figure is combined and redrawn, report
that the same overconfidence is observed in the recommended values of a number of other physical constants.
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4. Expert calibration

can help the pruning process and sometimes
the pruning can help to sharpen the focus.

Questions that are posed in an expert elici-
tation should pass what is commonly termed
a clairvoyant test. The question, “What will be
the price of gasoline next year?” fails such a test.
Without specifying the octane, and when and
where that gasoline is to be purchased, a clair-
voyant cannot provide a precise answer to this
question.

The best experts have comprehensive mental
models of all of the various factors that may
influence the value of an uncertain quantity, as
well as which of those factors most contribute
to its uncertainty. However, not all of that
knowledge may be comparably accessible. Be-
cause the objective of an elicitation should be to
obtain each expert’s best-considered judgment,
it is important to help them keep all of those
factors in mind as they answer specific ques-
tions in an elicitation. To assist in that process,
we have often used a variety of graphical aids
such as summary tables and influence diagrams
to illustrate the relation between key factors that
influence the value of interest. For a simple
example see pages 4 and 5 of the protocol used
in Curtright et al. (20) (available at http://pubs.
acs.org/doi/suppl/10.1021/es8014088/suppl_file/
es8014088_si_001.pdf).

My colleagues and I have also made frequent
use of card-sorting tasks, in which, working it-
eratively with the group of experts before we
visit them, we develop a set of cards, each of
which lists a factor that may influence the value
of interest (blank cards are included so that an
expert can add, modify, or combine factors).
After discussing and possibly refining or mod-
ifying the factors, the expert is then asked to
sort the cards, first in terms of the strength of
influence, and then a second time in terms of

howmuch each factor contributes to uncertainty
in the value of the quantity of interest. Such an
exercise helps experts to differentiate between
the strength of influences versus sources of un-
certainty, and to focus on the most important
of the latter in formulating their probabilistic
responses. For an example, see pages 5–7 of
the protocol used in Zickfeld et al. (16) (available
at www.pnas.org/content/suppl/2010/06/28/
0908906107.DCSupplemental/Appendix.pdf).
Similarly, when we have done an elicitation

on a future technology, such as carbon capture
and geological sequestration for coal-fire power
plants, we have taken it apart into component
pieces, rather than simply asking for holistic
judgments about the entire system (46).
In choosing the questions that will be posed,

it is important to draw a clear distinction be-
tween questions of fact and questions whose
answers largely entail normative judgments. It
may be appropriate in some circumstances to
ask experts what they believe a specific group’s
preferences are or will be. However, one should
take care to distinguish such questions from
those in which, using methods similar to those
used in expert elicitation, experts’ own value
judgments are elicited. An example of the for-
mer would be questions of fact, such as the
implicit “value of a statistical life” that a specific
socioeconomic group can be expected to display
in making a well-specified risky decision. An
example of the latter would be normative
questions about what value of a statistical life
society should adopt in making regulatory
decisions. Although it may be interesting to
learn what value of a statistical life an econ-
omist thinks society should adopt, or what
level of protection an ecologist thinks society
should afford a particular species or habitat,
such questions are not about issues of fact,

and thus are more appropriately handled as
part of an opinion survey.
In most of the elicitations I have conducted, I

have involved an excellent postdoctorate or ju-
nior colleague, who has not yet established a
reputation or a professional stake in the field,
but has performed a recent systematic review of
the relevant literature. Upon hearing a particu-
lar response from an expert, they may observe,
“That response would appear to be at odds with
work reported by group X.” Sometimes the
expert will respond “Oh yes, I had forgotten
about that” and adjust his or her answer. More
often he or she says something more along the
lines of, “Yes, I know, but I really discount the
work of group X because I have grave doubts
about how they calibrate their instrument.”
When I have described this proactive procedure
to some colleagues who work in survey research
they have expressed concern that such in-
tervention may inappropriately influence an
expert’s response. Although I am not aware of
literature on this point, in most of the elic-
itations that I have conducted in areas of nat-
ural science, such as air chemistry or climate
change, it is my experience that the experts are
intimately familiar with and have assessed each
others’ work, and it is most unlikely that
anything I or my colleagues say during an
elicitation session will change their judgment
once they have considered all relevant evi-
dence. When that is not the case, care should
be taken ahead of time to provide literature
packets, reviews, and summaries so that all
experts come to the questions with a compa-
rable familiarity with available knowledge.
In contrast to political or similar polling, the

objective of most expert elicitation is not to
obtain a statistically representative sample of the
views of a population. Rather, it is to gain an
understanding of the range of responsible ex-
pert judgments and interpretations across the
field of interest. Thus, in selecting the group of
experts, care must be taken to include people
who represent all of the major perspectives and
interpretations that exist within the community.
This can typically be achieved by a careful
reading of the literature and discussion with
experts who can identify the views of their
various peers. In the elicitations we have con-
ducted, we have often constructed tables of the
experts sorted by background and technical
perspective. Because we have always worked
with a collaborator who was expert in the
field and with the relevant literatures, we have
not felt it necessary to use more formal pro-
cedures for sorting and selecting participants.
When results from an expert elicitation are to

be used as input to regulatory or other public
policy decision making (by EPA, FDA, etc.),
perceived legitimacy or fairness become espe-
cially important (47). In such cases, a more

Fig. 5. Illustration of two extremes in expert calibration. (A) Assessment of probability of pneumonia (based on
observed symptoms) in 1,531 first-time patients by nine physicians compared with radiographically assigned cases of
pneumonia as reported by Christensen-Szalanski and Bushyhead (44). (B) Once-daily US Weather Service precipitation
forecasts for 87 stations are compared with actual occurrence of precipitation (April 1977 to March 1979) as reported
by Charba and Klein (43). The small numbers adjacent to each point report the number of forecasts.

Morgan PNAS | May 20, 2014 | vol. 111 | no. 20 | 7179

PE
RS

PE
CT

IV
E

46



Edoardo Milotti - Bayesian Methods - September 2018

5. Range of opinions in the scientific community 

world and the data. This often is true when the
experts come from different disciplinary back-
grounds. Experts tend to trust data obtained
through methods with which they have direct
experience. For example, when one is trying
to estimate the relationship between expo-
sure to a substance and increased morbidity
or mortality, epidemiologists may tend to
find epidemiological data compelling while
being more suspect of toxicological studies
on animals. Toxicologists may have the oppo-
site preference. In this situation, the variability
among the findings represents a spectrum of
beliefs and weights that experts from different
fields place on the various types of evidence.
In such cases, reconciling the differences may
be imprudent.

In the context of climate change, Oppen-
heimer et al. (69) argue that “with the general
credibility of the science of climate change
established, it is now equally important that
policy-makers understand the more extreme
possibilities that consensus may exclude or
downplay.”
Fig. 8 provides a striking example of two

quite different schools of thought that existed
just under a decade ago within the community
of oceanographers on the topic of possible
collapse of the Atlantic meridional overturning
circulation (AMOC) in the face of global
warming. After reviewing literature on paleo-
climate change and model simulations, in its
2007 assessment, IPCCWorking Group II (68)
wrote, “The third line of evidence, not assessed
by Working Group I, relies on expert elic-
itations (sometimes combined with the analy-
sis of simple climate models). These [A]MOC
projections show a large spread, with some
suggesting a substantial likelihood of triggering
a [A]MOC threshold response within this
century.” However, Fig. 8 was not reproduced
in the report.

Combining Expert Judgments
There is extensive literature on strategies to
combine experts’ probabilistic judgments, ex-
cellent overviews of which can be found in
the writings of Clemen and Winkler (70, 71).
Clearly, there are circumstances in which
combining the judgments of different experts
is a sensible thing to do. However, if the experts
make very different judgments about the rele-
vant underlying science, or if the uncertain
value that is being assessed will be used as an
input to a nonlinear model, then it is best not to
combine the separate judgments, but rather to
run separate analyses to explore how much the
difference in expert opinions affect the outcome
of interest. For example, in early work on the
health impacts of fine-particle air pollution, we
found that differences among air pollution
experts made relatively little difference in
assessments of health impact compared with
the wide range of different functional models
and views expressed by health experts (6).
Cooke and Goossens (8, 72) have worked

extensively on developing and applying meth-
ods to assess the quality of expert judgments
and support the combining of those judgments.
In an approach they and coworkers term the
“classical method,” experts are asked to make
judgments about a number of “seed” ques-
tions—questions about quantities in the same
general domain as the topic of interest, but for
which true values can be found. By performing
a product of a calibration score and an infor-
mation score (a measure of assessed confidence

interval), and dropping those experts whose cali-
bration score is lower than a cutoff value, the
performance of experts is evaluated, and only
those who achieve a high enough score are used
to produce a combined distribution. It remains
an open question just how diagnostic this pro-
cedure is for assessing the quality of expert
judgments on complex scientific questions for
which answers cannot be known for at least
many years in the future. Withholding various
numbers of seed questions and treating them
as the target quantities of interest has allowed
some evaluation of the screening method. On
the basis of an examination of 14 studies that
used the classical method, Clemen (73) con-
cludes, “the overall out-of-sample performance
of Cooke’s method appears to be no better than
EQ [the use of equal weights on all experts];
the two methods have similar median combi-
nation scores, but EQ has less variability and
better accuracy.” Similarly, Lin and Cheng (74)
conclude that although sometimes the perfor-
mance weight method is superior it does not
always outperform EQ. To clarify these issues,
Cooke now has plans to extend such assessment
to a much larger set of data on seed questions.
While Cooke’s method has been used in

a number of applications (8, 49), it is potentially
problematic in situations, such as the assess-
ment of health damage functions or various
quantities in climate science in which different
experts make very different assumptions about
the nature of the underlying causal mecha-
nisms. As noted above, depending on how the
results will be used, combining the judgments
of experts (by any procedure) may not be
appropriate. It would also be problematic if
one were to exclude some experts who rep-
resent plausible but poorly represented alter-
native views about the science. The history of
science is replete with examples in which the
minority opinion about uncertain science ul-
timately proved to be correct.
A special case in the literature on combining

expert judgments involves the combination of
judgments about binary events (either the event
happens or it does not). In laboratory studies,
Karvetski et al. (75) showed that by eliciting
extra judgments to determine how coherent
a judgment is, adjusting the resulting set of
judgments to make them more coherent, and
then weighting those adjusted judgment on the
basis of original coherence, a significant im-
provement in performance could be achieved.
In the early 1950s, a group of investigators at

the RAND Corporation developed a strategy to
obtain group judgment that they termed the
“Delphi method” (76). This method was first
used in classified studies conducted for the
US Air Force on bombing requirements. When
that work was declassified a decade later (76),
the method became popular as a strategy for

Fig. 7. Individual expert assessments of the value of
climate sensitivity as reported in Zickfeld et al. (16)
compared with the IPCC assessment by Schneider et al.
(68) that there is between an 0.05 and 0.17 probability
that climate sensitivity is >4.5 °C (i.e., above the red line).
The assessed expert distributions place probability of
between 0.07 and 0.37 above 4.5 °C.

Fig. 8. Expert elicitation can be effective in displaying
the range of opinions that exist within a scientific com-
munity. This plot displays clearly the two very different
schools of thought that existed roughly a decade ago
within the community of oceanographers about the
probability “that a collapse of the AMOC will occur or will
be irreversibly triggered as a function of the global mean
temperature increase realized in the year 2100.” Each
curve shows the subjective judgments of one of 12
experts. Four experts (2, 3, 4, and 7 in red) foresaw
a high probability of collapse, while seven experts (in red)
foresaw little, if any, likelihood of collapse. Collapse was
defined as a reduction in AMOC strength by more than
90% relative to present day. Figure redrawn from Zickfeld
et al. (18).
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world and the data. This often is true when the
experts come from different disciplinary back-
grounds. Experts tend to trust data obtained
through methods with which they have direct
experience. For example, when one is trying
to estimate the relationship between expo-
sure to a substance and increased morbidity
or mortality, epidemiologists may tend to
find epidemiological data compelling while
being more suspect of toxicological studies
on animals. Toxicologists may have the oppo-
site preference. In this situation, the variability
among the findings represents a spectrum of
beliefs and weights that experts from different
fields place on the various types of evidence.
In such cases, reconciling the differences may
be imprudent.

In the context of climate change, Oppen-
heimer et al. (69) argue that “with the general
credibility of the science of climate change
established, it is now equally important that
policy-makers understand the more extreme
possibilities that consensus may exclude or
downplay.”
Fig. 8 provides a striking example of two

quite different schools of thought that existed
just under a decade ago within the community
of oceanographers on the topic of possible
collapse of the Atlantic meridional overturning
circulation (AMOC) in the face of global
warming. After reviewing literature on paleo-
climate change and model simulations, in its
2007 assessment, IPCCWorking Group II (68)
wrote, “The third line of evidence, not assessed
by Working Group I, relies on expert elic-
itations (sometimes combined with the analy-
sis of simple climate models). These [A]MOC
projections show a large spread, with some
suggesting a substantial likelihood of triggering
a [A]MOC threshold response within this
century.” However, Fig. 8 was not reproduced
in the report.

Combining Expert Judgments
There is extensive literature on strategies to
combine experts’ probabilistic judgments, ex-
cellent overviews of which can be found in
the writings of Clemen and Winkler (70, 71).
Clearly, there are circumstances in which
combining the judgments of different experts
is a sensible thing to do. However, if the experts
make very different judgments about the rele-
vant underlying science, or if the uncertain
value that is being assessed will be used as an
input to a nonlinear model, then it is best not to
combine the separate judgments, but rather to
run separate analyses to explore how much the
difference in expert opinions affect the outcome
of interest. For example, in early work on the
health impacts of fine-particle air pollution, we
found that differences among air pollution
experts made relatively little difference in
assessments of health impact compared with
the wide range of different functional models
and views expressed by health experts (6).
Cooke and Goossens (8, 72) have worked

extensively on developing and applying meth-
ods to assess the quality of expert judgments
and support the combining of those judgments.
In an approach they and coworkers term the
“classical method,” experts are asked to make
judgments about a number of “seed” ques-
tions—questions about quantities in the same
general domain as the topic of interest, but for
which true values can be found. By performing
a product of a calibration score and an infor-
mation score (a measure of assessed confidence

interval), and dropping those experts whose cali-
bration score is lower than a cutoff value, the
performance of experts is evaluated, and only
those who achieve a high enough score are used
to produce a combined distribution. It remains
an open question just how diagnostic this pro-
cedure is for assessing the quality of expert
judgments on complex scientific questions for
which answers cannot be known for at least
many years in the future. Withholding various
numbers of seed questions and treating them
as the target quantities of interest has allowed
some evaluation of the screening method. On
the basis of an examination of 14 studies that
used the classical method, Clemen (73) con-
cludes, “the overall out-of-sample performance
of Cooke’s method appears to be no better than
EQ [the use of equal weights on all experts];
the two methods have similar median combi-
nation scores, but EQ has less variability and
better accuracy.” Similarly, Lin and Cheng (74)
conclude that although sometimes the perfor-
mance weight method is superior it does not
always outperform EQ. To clarify these issues,
Cooke now has plans to extend such assessment
to a much larger set of data on seed questions.
While Cooke’s method has been used in

a number of applications (8, 49), it is potentially
problematic in situations, such as the assess-
ment of health damage functions or various
quantities in climate science in which different
experts make very different assumptions about
the nature of the underlying causal mecha-
nisms. As noted above, depending on how the
results will be used, combining the judgments
of experts (by any procedure) may not be
appropriate. It would also be problematic if
one were to exclude some experts who rep-
resent plausible but poorly represented alter-
native views about the science. The history of
science is replete with examples in which the
minority opinion about uncertain science ul-
timately proved to be correct.
A special case in the literature on combining

expert judgments involves the combination of
judgments about binary events (either the event
happens or it does not). In laboratory studies,
Karvetski et al. (75) showed that by eliciting
extra judgments to determine how coherent
a judgment is, adjusting the resulting set of
judgments to make them more coherent, and
then weighting those adjusted judgment on the
basis of original coherence, a significant im-
provement in performance could be achieved.
In the early 1950s, a group of investigators at

the RAND Corporation developed a strategy to
obtain group judgment that they termed the
“Delphi method” (76). This method was first
used in classified studies conducted for the
US Air Force on bombing requirements. When
that work was declassified a decade later (76),
the method became popular as a strategy for

Fig. 7. Individual expert assessments of the value of
climate sensitivity as reported in Zickfeld et al. (16)
compared with the IPCC assessment by Schneider et al.
(68) that there is between an 0.05 and 0.17 probability
that climate sensitivity is >4.5 °C (i.e., above the red line).
The assessed expert distributions place probability of
between 0.07 and 0.37 above 4.5 °C.

Fig. 8. Expert elicitation can be effective in displaying
the range of opinions that exist within a scientific com-
munity. This plot displays clearly the two very different
schools of thought that existed roughly a decade ago
within the community of oceanographers about the
probability “that a collapse of the AMOC will occur or will
be irreversibly triggered as a function of the global mean
temperature increase realized in the year 2100.” Each
curve shows the subjective judgments of one of 12
experts. Four experts (2, 3, 4, and 7 in red) foresaw
a high probability of collapse, while seven experts (in red)
foresaw little, if any, likelihood of collapse. Collapse was
defined as a reduction in AMOC strength by more than
90% relative to present day. Figure redrawn from Zickfeld
et al. (18).

7182 | www.pnas.org/cgi/doi/10.1073/pnas.1319946111 Morgan(AMOC =  Atlantic Meridional Overturning 
Circulation )
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Expert elicitation and the Yucca Mountain nuclear waste 
depository
(Alley and Alley, “Too Hot to Touch – The Problem of High-Level Nuclear Waste, 
CUP, 2012)

Trim: 228mm × 152mm Top: 10.544 mm Gutter: 23.198 mm
CUUK2016-19 CUUK2016/Alley ISBN: 978 1 107 03011 4 August 22, 2012 16:1

290 Too Hot to Touch

Figure 19.2 Lathrop Wells cinder cone. Photograph by Greg Valentine.

a few kilometers long. The dikes, which may or may not reach land sur-
face, lead to two basic scenarios. In the eruption scenario, magma pierces
a section of the repository and continues to the surface through one or
more volcanic vents. Needless to say, any waste packages in the path of
the volcano’s conduit are destroyed and radioactive waste is spewed into
the atmosphere. The effects would be experienced immediately. In the
intrusion scenario, an igneous dike spills into the repository but does not
erupt at the surface. The effects would be delayed by the time required
for water to transport the released radionuclides from damaged waste
packages to the biosphere.

Significant disagreement exists among scientists regarding how
magma would flow into the repository tunnels and how many waste
packages would be destroyed. Would the magma enter the repository
like slow moving molasses, cooling quickly and affecting relatively few
containers? Or would it burst into the tunnels with shock waves powerful
enough to break open repository tunnels? Lacking sufficient real-world
examples, scientists debated the possibilities using computer models of
magma physics. [7–8]

In addition to the questions about possible igneous activity and
its consequences, there was the underlying question of whether magma
would ever intersect the repository in the first place. A straightforward

48



Edoardo Milotti - Bayesian Methods - September 2018 49



Edoardo Milotti - Bayesian Methods - September 2018

... In 1980, the first estimates of volcanic activity at the repository site put the annual probability 
at about 1 in 100 million. This was right at the Nuclear Regulatory Commission’s cutoff point 
for inclusion in the TSPA, but not below it. By some accounts, 1 in 100 million is also roughly 
the same possibility as the ultimate low-probability, high-consequence event – global mass 
extinction from the impact of an asteroid or comet.

In the mid 1990s, DOE convened a panel of ten experts, mostly volcanologists, to conduct a 
formalized “ask-the-experts” approach to estimating the probability of volcanism and its 
uncertainty. The method, called expert elicitation, brings together a panel of experts and 
mathematically combines their individual estimates. 

The goal is to obtain a probability distribution and range of uncertainty representative of the 
larger scientific community. Of course, the end result is affected by who serves on the panel, 
and the pool of qualified participants is not very large. 

Using a formal nomination process, ten panel members were selected from a group of 70 
scientists. Expertise mattered, but equally important were strong communication and 
interpersonal skills, as well as flexibility and impartiality. 

The experts were asked to act as objective evaluators of the various theories. Their job was to 
listen to proponents of different positions and then weigh each of these theories in making their 
estimates.
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After workshops and field trips to bring everyone up to speed, professional interviewers spent 
two days with each panel member extracting key information. Each of the ten experts 
independently arrived at an annual probability distribution for a volcanic event intersecting the 
repository. The average of these estimates was about 1 in 70 million, later revised to about 1 in 
60 million. In the scheme of things, this was not far from the original 1 in 100 million estimate.

The expert elicitation did not end the debate. The results were challenged not only by the State 
of Nevada but also by scientists working for the NRC. Arguing that conservatism was needed, 
the NRC used an estimate of 1 event in 10 million in their assessments. 

Still portending a rare event, the higher probability by NRC scientists came about, in part, from 
their assumption that faults and deep tectonic structures may provide pathways for the ascent 
of magma directly into Yucca Mountain. There was also disagreement about whether the time 
between eruptions was increasing or decreasing. Volcanism is known to be episodic. While 
most geoscientists consider the volcanism in the Yucca Mountain region to be waning, a few 
argued that we could be in the middle or end of a quiescent period. ...
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6. The lost flight AF 477

Bayesian methods allow for 
incremental extension of our 
knowledge. They are ideally suited to 
search for lost objects by incorporating 
new knowledge in a natural way. 

This has been strikingly demostrated 
by several headline-making cases, like 
the retrieval of the wreakage of the Air 
France Flight AF 447, which 
disappeared in the early morning of 
June 1st 2009.

(Data and info from Stone & al., Stat. 
Science 29 (2014) 69, and from the 
presentation of C. M. Keller) 
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What can be done in such a case? There are precedents 
that show that Bayes-inspired searches can be successful.

1968, the case of the missing USS Submarine Scorpion

Norfolk, VA

Azores

USS Scorpion 
Initial Uncertainty Area

Final 
search area
12 x 10 nmi
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Probability Map for Wreck Location

Scorpion located 
within 260 yards of 
highest probability 
cell

5Operations analysis during the underwater search for Scorpion, by H R Richardson and L D 
Stone, Naval Research Logistics, 1971, 18:141-157

Probability Map for Wreck Location

Scorpion located 
within 260 yards of 
highest probability 
cell

5Operations analysis during the underwater search for Scorpion, by H R Richardson and L D 
Stone, Naval Research Logistics, 1971, 18:141-157

Scorpion located 
within 240 m of 
highest probability cell 
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AF447 Disappears 
•  In the early morning hours 

of 1 June 2009, Air France 
Flight 447, with 228 
passengers and crew 
aboard, disappeared in 
convective weather over the 
South Atlantic 

•  The French Bureau of 
Enquiries and Analyses 
(BEA) took charge of the 
search. 

13 

Last Known Position 
(LKP) 2.98°N, 30.59°W 

Last Known 
Position (LKP) 
2.98�N, 
30.59�W

AF 477 intended path
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Last Known Point and 40 nmi Search Zone 

14 

LKP 

Using the Airbus’s 
satellite maintenance 
reporting system 
(ACARS), the BEA 
determined that the 
plane could have 
flown no farther than 
40 nmi from the Last 
Known Point (LKP) 
before it crashed. 
 
5,025 nmi2 search 

area 

Intended 
Flight 
Path 

LKP 

40 nmi 

Intended 
flight path
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• Initial searches were unsuccessful. 

• After one month (max. time for beacon batteries) nothing 
found

• Mid 2010, task assigned to Stone’s group

• Stone group delivers report at end of January 2011

• Search begins at end of March 2011

• Wreakage found after one week
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A search procedure must specify 

1. a prior distribution based on expert opinion and all available data

2. an updating method: this is based on an empirical representation 
(particle-based) of the prior PDF (by Monte Carlo simulation)

Each of the N particles is assigned an initial uniform prior wn = 1/N and 
this is updated with the probability pd(n) of finding the n-th particle (this 
requires a model for the search process)

Adding the new weights in each cell of the search grid, we update the 
empirical PDF to its posterior value. 

w̄n =
(1� pd(n))wnP
n0(1� pd(n0))wn0
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Flight Dynamics (FD) and Reverse Drift PDFs 
The Prior PDF for impact was based on a weighted combination of three 
scenarios: 

1.  (35%) Uniform over 40 nmi circle about LKP 
2.  (35%) Distribution based on nine commercial accidents involving Loss of 
Control crashes – represented by circular normal with std dev of 8 nmi 
3.  (30%) SAROPS Reverse Drift simulation prior truncated at 40 nmi 

17 
Flight Dynamics PDF Reverse Drift PDF 

Flight Dynamics (FD) and Reverse Drift PDFs 
The Prior PDF for impact was based on a weighted combination of three 
scenarios: 

1.  (35%) Uniform over 40 nmi circle about LKP 
2.  (35%) Distribution based on nine commercial accidents involving Loss of 
Control crashes – represented by circular normal with std dev of 8 nmi 
3.  (30%) SAROPS Reverse Drift simulation prior truncated at 40 nmi 

17 
Flight Dynamics PDF Reverse Drift PDF Flight path PDF Reverse drift PDF
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Prior PDF 

70% Flight Dynamics + 30% Reverse Drift 

18 

Prior PDF = 0.7 Flight path PDF + 0.3 Reverse drift PDF
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Analysis Process 

35% 
Uniform PDF over 40 nmi 

circle 

35% 
Circular normal PDF 

based on LOC accidents 

30% 
PDF derived from reverse 

drift modeling 

Prior Probability Distribution 

Location of wreckage 

Final PDF leading to the 
wreckage discovery 

Flight dynamics Scenarios 

Posterior after surface searches 

Posterior after Phase 1 beacon search 

Posterior after Phase 2 active sonar search 

Posterior after Phase 3 active sonar search 

Posterior after Surface Searches 

Prior Probability Distribution 
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Phase 4 Search Finds the Wreckage 
The BEA chose to use the second PDF and search near the LKP. 

On 3 April 2011, the underwater wreckage was found. 

29 

LKP 

Approximate  
Location of 
Wreck 

Approximate location 
of wreck, found April 
3rd 2011
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FDR and CVR with Beacons Recovered 

31 

Flight Data Recorder (FDR) being 
recovered by a mechanical arm on the 
Remora 6000 Remotely Operated Vehicle 

Cockpit Voice Recorder (CVR) capsule 
with the Underwater Locator Beacon (ULB) 
still attached 

The Flight Data Recorder (FDR) and Cockpit Voice Recorder (CVR) 
provided valuable information on the accident. 

FDR and CVR with Beacons Recovered 

31 

Flight Data Recorder (FDR) being 
recovered by a mechanical arm on the 
Remora 6000 Remotely Operated Vehicle 

Cockpit Voice Recorder (CVR) capsule 
with the Underwater Locator Beacon (ULB) 
still attached 

The Flight Data Recorder (FDR) and Cockpit Voice Recorder (CVR) 
provided valuable information on the accident. 

Flight Data Recorder (FDR) being 
recovered by a mechanical arm on the 
Remora 6000 Remotely Operated 
Vehicle

Cockpit Voice Recorder 
(CVR) capsule with the 
Underwater Locator Beacon 
(ULB) still attached

The Flight Data Recorder (FDR) 
and Cockpit Voice Recorder (CVR) 
provided valuable information on 
the accident.
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CNN News Report (May 27th 2011)

The Air France flight from Rio de Janeiro to Paris that crashed in 2009 
plummeted 38,000 ft in just three minutes and 30 seconds because pilots 
lost vital speed data, France’s Bureau of Investigation and Analysis (BEA) said 
Friday.

Pilots on the aircraft got conflicting air speeds in the minutes leading up to the 
crash, the interim reports states. The aircraft climbed to 38,000 ft when “the stall 
warning was triggered and the airplane stalled,” the report says.

Aviation experts are asking why the pilots responded to the stall by pulling the 
nose up instead of pushing it down to recover.
...

The speed displayed on the left primary flight display were “inconsistent” with 
those on the integrated standby instrument system (ISIS), the report says.
...
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The aircraft experienced some “rolling” before stalling and then descending rapidly into the 
ocean. The descent lasted 3 minutes and 30 seconds and the engines remained 
operational, said the report. It plunged at 10,912 feet (3,300 meters) per minute.
...

Richard Quest, CNN’s aviation analyst, said: “For whatever reason the aircraft speed 
sensors failed and the A330 went into a high altitude stall. The pilot’s actions were unable 
to recover the aircraft and some might say, made the bad situation worse.

“The actual falling from the sky will have been horrific. This plane fell out of the sky.”

All 228 people aboard the Airbus A330 Flight 447 were killed on June 1, 2009.
...

Air crash investigators at the Paris-based BEA have been working on the theory that 
the speed sensors, known as pitot tubes or probes, malfunctioned because of ice at 
high altitude.

Since the accident, Air France has replaced the pitots on its Airbus fleet with a newer 
model.
...
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Elementary (artificial) examples of random motion and drift 
for the construction of simple a priori empirical distribution
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Random path from origin (black dot) to end 
(red dot)
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Endpoints of 10000 random paths with the 
same number of elementary steps
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Abstract – In 1974 the U.S. Coast Guard put into 
operation its first computerized search and rescue 
planning system CASP (Computer-Assisted Search 
Planning) which used a Bayesian approach 
implemented by a particle filter to produce probability 
distributions for the location of the search object. These 
distributions were used for planning search effort.  In 
2003, the Coast Guard started development of a new 
decision support system for managing search efforts 
called Search and Rescue Optimal Planning System 
(SAROPS).  SAROPS has been operational since 
January, 2007 and is currently the only search planning 
tool that the Coast Guard uses for maritime searches.  
SAROPS represents a major advance in search 
planning technology.  This paper reviews the technology 
behind the tool. 
Keywords: search, Monte Carlo simulation, particle 
filters, optimization, Bayesian 

1 Introduction 
The U.S. Coast Guard’s Search and Rescue Optimal 
Planning System (SAROPS) is the successor to the 
Computer-Assisted Search Planning (CASP) System.  
Both programs use a Monte-Carlo based simulator 
(particle filter) for developing probability distributions 
(maps) for the location of objects missing at sea, and both 
programs aid in search planning. 
 Based on the principles in [1], CASP [2] was 
developed in the early 1970s and deployed in 1974.  Since 
CASP was developed, computer capability has improved 
dramatically which has allowed SAROPS to use more 
accurate environmental and object motion models in its 
simulation and to recommend operationally feasible 
“optimal” search plans.  SAROPS provides a greatly 
improved user interface that presents results on 
geographic maps which incorporate environmental data 
products not available when CASP was developed.  
Development on SAROPS started in October, 2003, and 
version 1.0 was deployed in early 2007. 

1.1  Basic Components of SAROPS 
There are four basic components of SAROPS:  The 
Environmental Data Server (EDS), simulator (SIM), 
search Planner, and Graphical User Interface (GUI). 

 EDS.  SAROPS requires environmental estimates in 
order to account for possible drift of the search object and 
to estimate the detectability of the object by various 
search sensors, e.g., visual and radar.  Estimates of ocean 
currents and winds are needed to account for drift and 
leeway of search objects.  Wave height, cloud cover, sun, 
and rain all affect the detectability of search objects.  
Water temperature is used to estimate survival times.  The 
EDS provides the data on appropriate spatial and temporal 
grids to cover the area and time period of interest. 
 SIM.  The simulator uses information about the time 
and last known position of the search object and 
information about its intentions, to produce probability 
distributions (maps) for the object’s location using a 
particle filter where each particle represents a possible 
path for the search object.  The particle filter takes into 
account drift using estimates of winds and currents 
provided by the EDS.  SIM includes information about the 
object’s intended path, areas where trouble is likely to 
occur, areas where searches have already occurred, and 
other considerations.  It incorporates information from 
unsuccessful searches in a Bayesian fashion.  This 
information is used to produce a probability distribution 
on the particles i.e., paths.  The collection of particles and 
their weights define the object location distributions as a 
function of time. The distribution for a selected time is 
displayed as a set of rectangular cells with the 
probabilities associated with each cell indicated by a color 
scale. 
 Planner.  In the typical cycle, SIM produces a 
probability distribution for the object’s location at the time 
of the next search.  The Planner uses this distribution 
along with a list of assigned search assets to produce 
operationally feasible search plans that maximize the 
increase in probability of detecting the object. 
 After the search takes place, and if it is unsuccessful, 
SIM will produce a posterior probability map for object 
location that accounts for the unsuccessful search and the 
possible motion of the object.  This distribution provides 
the basis for planning the next increment of search.   
 In subsequent sections, we describe SIM and the 
Planner.  The EDS and GUI are not discussed in detail in 
this paper. 
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programs aid in search planning. 
 Based on the principles in [1], CASP [2] was 
developed in the early 1970s and deployed in 1974.  Since 
CASP was developed, computer capability has improved 
dramatically which has allowed SAROPS to use more 
accurate environmental and object motion models in its 
simulation and to recommend operationally feasible 
“optimal” search plans.  SAROPS provides a greatly 
improved user interface that presents results on 
geographic maps which incorporate environmental data 
products not available when CASP was developed.  
Development on SAROPS started in October, 2003, and 
version 1.0 was deployed in early 2007. 

1.1  Basic Components of SAROPS 
There are four basic components of SAROPS:  The 
Environmental Data Server (EDS), simulator (SIM), 
search Planner, and Graphical User Interface (GUI). 

 EDS.  SAROPS requires environmental estimates in 
order to account for possible drift of the search object and 
to estimate the detectability of the object by various 
search sensors, e.g., visual and radar.  Estimates of ocean 
currents and winds are needed to account for drift and 
leeway of search objects.  Wave height, cloud cover, sun, 
and rain all affect the detectability of search objects.  
Water temperature is used to estimate survival times.  The 
EDS provides the data on appropriate spatial and temporal 
grids to cover the area and time period of interest. 
 SIM.  The simulator uses information about the time 
and last known position of the search object and 
information about its intentions, to produce probability 
distributions (maps) for the object’s location using a 
particle filter where each particle represents a possible 
path for the search object.  The particle filter takes into 
account drift using estimates of winds and currents 
provided by the EDS.  SIM includes information about the 
object’s intended path, areas where trouble is likely to 
occur, areas where searches have already occurred, and 
other considerations.  It incorporates information from 
unsuccessful searches in a Bayesian fashion.  This 
information is used to produce a probability distribution 
on the particles i.e., paths.  The collection of particles and 
their weights define the object location distributions as a 
function of time. The distribution for a selected time is 
displayed as a set of rectangular cells with the 
probabilities associated with each cell indicated by a color 
scale. 
 Planner.  In the typical cycle, SIM produces a 
probability distribution for the object’s location at the time 
of the next search.  The Planner uses this distribution 
along with a list of assigned search assets to produce 
operationally feasible search plans that maximize the 
increase in probability of detecting the object. 
 After the search takes place, and if it is unsuccessful, 
SIM will produce a posterior probability map for object 
location that accounts for the unsuccessful search and the 
possible motion of the object.  This distribution provides 
the basis for planning the next increment of search.   
 In subsequent sections, we describe SIM and the 
Planner.  The EDS and GUI are not discussed in detail in 
this paper. 
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The main elements of SAROPS
(from Kratze, Stone, and Frost)

EDS: SAROPS requires environmental estimates in order to account for possible drift of the 
search object and to estimate the detectability of the object by various search sensors, e.g., 
visual and radar. Estimates of ocean currents and winds are needed to account for drift of 
search objects. Wave height, cloud cover, sun, and rain all affect detectability of search objects. 
Water temperature is used to estimate survival times. The EDS provides the data on appropriate 
spatial and temporal grids to cover the area and time period of interest.

SIM: The simulator uses information about time and last known position of the search object and 
information about its intentions, to produce probability distributions (maps) for the object’s 
location using a particle filter where each particle represents a possible path for the search 
object. The particle filter takes into account drift using estimates of winds and currents provided 
by the EDS. SIM includes information about the object’s intended path, areas where trouble is 
likely to occur, areas where searches have already occurred, and more. It incorporates 
information from unsuccessful searches in a Bayesian fashion. All this is used to produce a 
probability distribution on paths. The paths and their weights define the object location 
distributions as a function of time. The distribution for a selected time is displayed as a set of 
rectangular cells with the probabilities associated with each cell indicated by a color scale.

Planner: SIM produces a probability distribution for the object’s location at the time of the next 
search. The Planner uses this distribution along with a list of assigned search assets to produce 
operationally feasible search plans that maximize the increase in probability of detecting the 
object.
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