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P (H|D) =
P (D|H)

P (D)
P (H)
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P (Hk|D) =
P (D|Hk)∑

j P (D|Hj)P (Hj)
P (Hk)
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���T���	��		��0 °C ����"!!�°C

# ��	�	��	�
�	���������������������	��	����	�	�������	���
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P(D|T,water,I) ��	������	�������	����	�	������	���

������
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��
��������	��%�°C ���	�	
��	�
P(D|T,water,I) = 0.1 (°C)-1 
����	�
��	�����[T-5°C, T+5°C]������
�	���	��	��	�	 

$ �	����	����
���	��	����	�	���D = -3°C 
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P D water, I( ) = P D T ,water, I( )P T( )dT
T
�

=
°C( )�1
100°C

2°C

� · °C( )�1
100

dT °C( ) = 0.002 °C( )�1

�������������������������������

P T D,water, I( ) = P D T ,water, I( )
P D,water, I( ) P T( ) = 0.1 °C( )�1

0.002 °C( )�1
0.01 °C( )�1

= 0.5 °C( )�1 0°C < T < 2°C( )
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���
����������������������
������	��-80°C<T<80°C

1. P(T) = (160°C)-1 ���-80°C<T<80°C�

2. P(D|T,ethanol,I) = 0.1 (°C)-1 ���[T-5°C, T+5°C]����
����������������

�� 
����������������������������D = -3°C�

�� �������
���� P(D,ethanol,I) ��

�� 	���������� ���������������


P D,ethanol, I( ) = P D T ,ethanol, I( )P T( )dT
T
� =

°C( )�1
10�8°C

2°C

� · °C( )�1
160

dT °C( ) = 0.00625 °C( )�1

P T D,ethanol, I( ) = P D T ,ethanol, I( )
P D,ethanol, I( ) P T( ) = 0.1 °C( )�1

0.00625 °C( )�1
1
160

°C( )�1 = 0.1 °C( )�1

�8°C < T < 2°C( )
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Pwater = Pethanol = 0.5
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P water D, I( ) = P D water, I( )
P D water, I( )P water, I( ) + P D ethanol, I( )P ethanol, I( )P water, I( )

=
P D water, I( )

P D water, I( ) + P D ethanol, I( )

P water D, I( )
P ethanol D, I( ) =

P D water, I( )
P D ethanol, I( )
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P D water( ) = 0.002 °C( )�1

P D ethanol( ) = 0.00625 °C( )�1
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P ethanol D, I( )
P water D, I( ) =

P D ethanol, I( )
P D water, I( ) = 3.125
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yi = axi + b + � i

yi
xi
a,b
�i
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� i = 0; � i
2 =� 2 �
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p y | a,b,x,�( ) = 2�� 2( )�N 2
exp � 1

2� 2 yi � axi � b( )2
i=1

N
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p� �( ) = 1
�
; � �

2
�� < �

2

a = tan�

� p� �( )d� = pa a( )da = pa a( )d tan�( ) = pa a( )sec2�d�

� pa a( ) = 1
� sec2�

= 1
� 1+ tan2�( ) =

1
� 1+ a2( )
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p b | a = 0( ) = 1
2B
; p b | a( ) = 1

2 �B
= cos�
2B

= 1
2B
· 1
1+ a2

�B = B
cos�
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p a,b | y,x,�( ) = p y | a,b,x,�( )
da db p y | a,b,x,�( )·p a,b( )

�B/cos�

B/cos�

�
��

+�

�
·p a,b( )

p a,b( ) = p b | a( )·p a( ) = 1
2B
· 1
1+ a2

�
��
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1
� 1+ a2( )
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� 1
1+ a2( )3 2
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p a,b | y,x,�( ) =
exp � 1

2� 2 yi � axi � b( )2
i=1

N
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da db exp � 1
2� 2 yi � axi � b( )2

i=1

N

��
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�
��
· 1
1+ a2( )3 2�B/cos�

B/cos�
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· 1
1+ a2( )3 2

�

1
1+ a2( )3 2

exp � 1
2� 2 yi � axi � b( )2

i=1

N
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da
1+ a2( )3 2

db exp � 1
2� 2 yi � axi � b( )2

i=1

N
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yi � axi � b( )2
i=1

N

� = yi � axi( )2 � 2b yi � axi( ) + b2�
�

�
�

i=1

N

�

= yi � axi( )2
i=1

N

� � 2b yi � axi( )
i=1

N

� + Nb2

= N b2 � 2b 1
N

yi � axi( )
i=1

N

� + 1
N

yi � axi( )
i=1

N
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+ 1
N

yi � axi( )2
i=1

N

� � 1
N

yi � axi( )
i=1

N
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= N b � 1
N

yi � axi( )
i=1

N
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2

+ 1
N

yi � axi( )2
i=1

N

� � 1
N

yi � axi( )
i=1

N
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= N b � 1
N

yi � axi( )
i=1

N
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+ N 1
N

yi
2

i=1

N

� � 2a 1
N

xiyi
i=1

N

� + a2 1
N

xi
2

i=1

N
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��
� N 1

N
yi

i=1

N

� � a 1
N

xi
i=1

N
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2

= N b � 1
N

yi � axi( )
i=1

N
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+ N var y � 2acov(x, y)+ a2 var x( )

da
1+ a2( )3 2

exp � N
2� 2 var y � 2acov(x, y)+ a

2 var x( )	
�


�
��

db exp � N
2� 2 b � 1

N
yi � axi( )

i=1

N
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= 2�� 2

N
da

1+ a2( )3 2
exp � N

2� 2 var y � 2acov(x, y)+ a
2 var x( )	
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da

1+ a2( )3 2
exp �

N
2� 2 var y � 2acov(x, y) + a

2 var x( )�
��

�
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���

� a( ) = � 3
2
ln 1+ a2( )� N

2� 2 var y � 2acov(x, y)+ a
2 var x( )
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� a( ) = �
3
2
ln 1+ a2( ) � N

2� 2 var y � 2acov(x, y) + a
2 var x( )

d�
da

= � 3a
1+ a2

+ N
� 2 cov(x, y)� avar x( ) = 0
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a0 �
cov(x, y)
var x
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f (a0 ) = � 3a0
1+ a0

2

f � (a0 ) = �3 1� a0
2

(1+ a0
2 )2

� N
� 2 var x � � N

� 2 var x
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� a( ) � � a1( ) + 1
2
d 2�
da2 a1

a � a1( )2 = � a1( )� a � a1( )2
2� 1

2

���

���

�	�

�����
�������
���	����
���������������

�a1 = � 3a0
1+ a0

2
� 2

N var x
a1 = a0 �

3a0
1+ a0

2
� 2

N var x

d2Φ

da2
= −3

1− a21
(1 + a21)

2
− N

σ2
var x = − 1

σ2
1
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da
1+ a2( )3 2

exp � N
2� 2 var y � 2acov(x, y)+ a

2 var x( )�
	�

�
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+�




= exp � a( )�	 �

��

+�


 da

� exp � a1( )� a � a1( )2
2� 1

2

�
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 da = 2�� 1
2 exp � a1( )�	 �
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a = a1; vara =� 1
2;

b = 1
N

yi � a1xi( )
i=1

N

� ; varb = � 2

N

p a,b | y,x,�( )� 1
1+ a2( )3 2

exp � 1
2� 2 yi � axi � b( )2

i=1

N

�

��

�
��

� exp �� a1( )� a � a1( )2
2� 1

2
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�
exp � N

2� 2 b � 1
N

yi � a1xi( )
i=1

N
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px(x)dx = px (x(y))

∣∣∣∣
dx

dy

∣∣∣∣ dy = py(y)dy

⇒ py(y) = px (x(y))

∣∣∣∣
dx

dy

∣∣∣∣
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2π ×
∫ θ0

0
sin θdθ = 2π(1− cos θ0) Ωheads = Ωtails = Ωsides = 4π/3

⇒ 2π(1− cos θ0) = 4π/3

⇒ h√
h2 + d2

=
r√

r2 + 1
= 1/3

⇒ r = 1/2
√
2
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θheads = θtails = θsides = π/3

⇒ cos θ0 = 1/2

⇒ h√
h2 + d2

=
r√

r2 + 1
= 1/2

⇒ r = 1/
√
3
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��&�("�����"�����"�$ �) �����$��!��� �!���#����#���#��������
�����$���#��#������#�""�����"�, �("��"-���#�,!�����-�����
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f(r, θ)
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f(r, θ) = f(r) = C/r

⇒ (normalization) 1 =

∫

C
f(r)2πrdr = 2πCR

⇒ f(r) =
1

2πrR
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p(x|θ)
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E

[
∂ ln p(x|θ)

∂θ

]
= 0

E

[
∂2 ln p(x|θ)

∂θ2

]
= −E

[(
∂ ln p(x|θ)

∂θ

)2
]
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var[θ̂(D)] ≥=
1

E

[(
∂ lnL(D, θ0)

∂θ0

)2
] =

1

−E
∂2 lnL(D, θ0)

∂θ20

θ̂(D)θ0
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var[θ̂(D)] ≥=
1

E

[(
∂ lnL(D, θ0)

∂θ0

)2
] =

1

−E
∂2 lnL(D, θ0)

∂θ20

I(θ) = E

[(
∂ ln p(x, θ)

∂θ

)2
]
= −E

∂2 ln p(x, θ)

∂θ2
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IKL (p(x|θ), p(x|θ + ε)) = −1

2
E

[
∂2 ln p(x|θ)

∂θ2

]
ε2 =

1

2
I(θ)ε2
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∫ +∞

−∞
py(y) ln

(
py(y)

qy(y)

)
dy =

∫ +∞

−∞
px(x) ln





px(x)

∣∣∣∣
dx

dy

∣∣∣∣

qx(x)

∣∣∣∣
dx

dy

∣∣∣∣



 dy

=

∫ +∞

−∞
px(x) ln

(
px(x)

qx(x)

)
dy
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IKL (p(x|θ), p(x|θ + ε)) = −1

2
E

[
∂2 ln p(x|θ)

∂θ2

]
ε2 =

1

2
I(θ)ε2
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f(θ) ∼
√
I(θ)
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lnL(D|µ) ∼
∑

n

(
− lnσ − (xn − µ)2

2σ2

)

L(D|µ) =
∏

n

1√
2πσ2

exp

(
− (xn − µ)2

2σ2

)
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I(µ) = E

[
−∂2 lnL(D|µ)

∂µ2

]
∼ constant
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L(D|µ) =
∏

n

1√
2πσ2

exp

(
− (xn − µ)2

2σ2

)

I(σ) = E

[
−∂2 lnL(D|σ)

∂σ2

]
∼ 1

σ2
��������

√
I(σ) ∼ 1

σ


