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1. Image processing techniques (MLM, MEM)

The Crab Nebula in Taurus (VLT KUEYEN + FORS2)

ESO PR Photo 40f99 ( 17 November 1999 ) © European Southern Observatory
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We estimate the true pixel distribution taking the pixel vector that
maximizes the posterior distribution (MAP estimate: Maximum A
Posteriori estimate).

This depends on the prior distribution

P(f) flat prior :: > (I\ﬁ/laaizr;]um Likelihood Estimate

P(f|g) o< P(g|f) P(f) = P(glf)

P(f) entropic prior :: > (I\ﬂ/laéll\r/gum Entropy Method



Notice that

log P(f|g) = log P(g|f)— | —log P(f)]

therefore we obtain the estimate f’ by maximizing the
likelihood with the penalty function

[—logP(f)]

Experiments have been tried with many different
penalties, many of them barely justified on probabilistic
grounds (or not at all!)



Let f be the vector of “true values” (uncorrupted intensities of an image, a

spectrum, etc. ...), and translate these values into counts

n =\_O¢fiJ

(i=1, ..., M). The least informative prior is that for a structureless image is

uniform, and the probability of one count at the i-th position is just 1/M.

Likewise, the probability of a given vector of values where the total number

of counts is N, is given by the multinomial probability

N! 1Y)
P = nM!(Mj’ 2 =N

n'n,!...




Using Stirling’s approximation
n'=n"e" Inn!=nlnn—-n

M
we find, with the definiton p; = £,/ > £,

k=1

M
InP(n)=(NInN—-N)-> (nInn —n,)
=1

l

M
=NInN - Zni Inn,
i=1

M
~ _az f.In f, + cost. entropic prior
i=1

\

P(n) < exp{—aifi lnfl} o< exp{—aipi lnpl} =exp| aS(f) |



Using the entropic prior and Bayes’ theorem we find

P(f)o<exp| aS(f)|

P(f|g) < P(g|f) P(f) < P(g|f)exp| arS(f) ]

log P(f|g) = log P(g]f) + xS (£)

therefore we find the combination of pixels (i.e., the f vector)
that maximizes the posterior distribution by maximizing a linear
combination of likelihood and Shannon’s entropy.



Image likelihood: 1. the observation model

W o : m -
’zv. é

-y .
A PSF
- (Point Spread
Function
true image
of a galaxy

+ Noise » . ; ;

(example from Eric Thiebaut) “dirty image”
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PSF from atmospheric turbolence
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Relative flux

The Hubble PSF before the first servicing mission
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In general the effect of the PSF is modeled by a linear
operator

f — Hf

/N

action of optical “true” pixel
system on true image vector
Is modeled by matrix H



Image likelihood: 2. the noise model (degradation model)

(g—HFf)’

62

Gaussian noise model P(g‘f) oc €Xp| —

0, o[ ~(mf),

Poisson noise model P(g‘f) o H o !

(Poisson noise mostly from detection process, Gaussian
noise mostly from electronics or from approximation of
Poisson noise)



sometimes we can use the Gaussian approximation of
Poisson noise

pg )= [T -exp[~(u), ]
) (g, -(HE))
LA T




Gaussian noise only:

maximize linear combination of entropy and chi-square

(g—HFf)’

log P(f|g) = oS (f)-




Combined noise model

detector noise: Poisson noise
electronic noise: Gaussian noise

k

(g,— k)" |(Hf)

P(glt)=TTE exp| % | = e[ -(ur) ]

maximize
log P(f|g) = oS (£)+ Y log {; \/2;7 eXp{— (gna_zk) }(}f,)k exp| —(HF), ]}

» numerical maximization procedure
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Many related methods: e.g. the Richardson-Lucy (RL)
algorithm

noise model: Poisson noise
prior: flat prior

P(flg)e]] (HI),

1= !" exp| —(Hf) |P(f)

logP(f\g) = 2[—(Hf)n +g, log(Hf)n]+ const.

/

Lnoas);ier?ii;re distribution j> £ =arg mfaxzn:[_(Hf)n T8, log(Hf)n]




8. Raw image of planet Saturn obtained with the WF/PC cam-
era of the HST.

9. Reconstruction of the image of Saturn using the R-L algo-
rithm.



NGC 604 in Spiral Galaxy M33
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2. A game of boxes: a simple example of Bayesian inference

R AN
N S
A 010 . O 20
@ 30 @® 20
. ~__

e box A contains 10 yellow balls and 30 red balls;

e box B contains 20 yellow balls and 20 red balls;



3 >
10 O 20
® 30 ® 20

When we choose one of the two boxes at random, the probability of
choosing a given box is 1/2

P(A|T) = P(B|I) = 1/2

and the probabilities of extracting a ball of a given color — yellow (Y)
or red (R) — depend on the chosen box

P(Y|A,I)=1/4; P(R|A,I)=3/4



3 >
10 O 20
@® 30 ® 20

Guessing the box name
Now we play the reverse game with the help of a friend.

The friend hides the names of the boxes and places them in front of us.
We extract one ball from the box on the left and we use all our prior

knowledge and Bayes' theorem to infer its name.

Clearly, at the outset —i.e., a priori, given the information / that we
initially have — the probability that the box on the left is actually box A is
just po(L = A|I) = 1/2, because the two boxes A and B are equally
probable.

We start the game by extracting the first ball.
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<4 <>
10 O 20
@® 30 @20

Extraction 1

the ball is red. Using the prior information we find that the probabilities
of extraction of a red or a yellow ball from any of the two boxes (the
evidences) are

po(R) = P(R|L = A, Ipo(L = A, I)+P(R|L = B,I)po(L = B,I) =5/8 = 0.625
po(Y)=P(Y|L= A Dpo(L =A1+P(Y|L=B,py(L=B,I)=3/8=0.375
Therefore, using Bayes' theorem, the posterior probability for A is

po(L = A|l) = %(1/2) —3/5=10.6

P(R|L = A, I)
po(R)

pi(L = AR, T) =



3 >
10 O 20
® 30 ® 20

Extraction 2

the ball is red, again. Then we use the old posterior probabilities as the
new priors and we find

p1(R) = P(R|L = A,p1(L = A,I) + P(R|B,I)p1(L = B,I) = 0.65

m(Y)=PY|L=ATI)p(L=A1T)+PY|B,I)p(L=B,1)=0.35

and a repeated application of Bayes' theorem yields:

P(R|L = A, I)
p1(R)

p2(L = AR, R}, I) = pi(L = AR, T) = 0.692308



3 >
10 O 20
@® 30 ® 20

Extraction n

in the generic case we consider the n-th extraction and we do not
specify explicitly the colors of the extractions. Using the posterior
probabilities of the previous step we find

Prn(Dn{ Dk }k=1.n—1,1) = P(Dn|L = A, I)pp—1(L = A{Dx }tk=1,n—1,1)
+ P(Dn|L — Bal)pn—l(L — B|{Dk}k:1,n—171)

and from Bayes' theorem we find the new posterior probabilities:

P(D,|L=A,I)
(L= AD or ), T) = (L= AUD N ey 1, T
p< |{ k}k b ) pn(Dn’{Dk}kzl,n—lal)p 1( |{ k}k bnt )
P(D,|L = B, 1)

pn(L = B{Dg}k=1,n,1) = Pn-1(L = B{Dg}r=1n-1,1)

pn<Dn’{Dk}k}:1,n—17 I)



O 20
® 20

10

® 30

100 extractions

R, R, R, Y, Y, R, R, ¥, ¥, R, R, R, R, R, R, R, R, R, R, R, R, R, R, R, V¥,

R, R, R, R, R, Y, R, R, R, R, Y, R, R, R, R, Y, R, R, R, Y, R, R, R, R, R,

R, Y, R, R, Y, R, R, R, R, R, R, Y, R, R, R, R, Y, R, R, Y, R, Y, R, R, YV,
Y, R, R, Y, R, R, R, Y, R, R, Y, R, R, R, R, R, R, R, R, R, R, Y, Y, R, R
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1,n7[)

pn(L = A{Dy }

A different initial prior
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'
?

What if we do not know the number of balls?

We only know the total number of balls (N-1), and the number of red

balls ranges from 0 to N-1. Then

likelihood
,

P(Y|Ng,I) = (1= Ngr/N); P(R|Ng,I)= Ngr/N

and we have N competing hypotheses. Here we must use this version
of Bayes theorem

P(D|An, 1)

Pl D D) = 5014, Piay)

P(ANR|I)
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100 extractions
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probability distributions for the different hypotheses after 2, 20, 80 draws
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Evolution of the posterior
probability as a function of
the number of draws
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step
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A mysterious result

Y, R, Y, Y, Y, R, R, Y, Y, Y, Y, Y, Y, Y, R, R, R, Y, R, R, R, Y, R, R, VY,

R, R, R, Y, R, R, Y, R, R, R, ¥, ¥, Y, R, R, Y, Y, Y, R, R, R, R, ¥, ¥, ¥,

Y, ¥, Y, Y, R, Y, Y, Y, R, Y, Y, R, R, R, R, R, Y, Y, ¥, Y, Y, R, Y, Y, Y,

Y, ¥, Y, R, Y, R, R, R, ¥, Y, Y, R, R, R, R, Y, Y, Y, R, R, R, R, R, Y, Y.

Is this the same game as before? We can repeat the latest analysis

and we find the plots in the following slides.



step
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300¢
step 200}
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First 400
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» <l >

Answer: alternate draws from A and B (14 and 34 red balls
out of 50)

1t —

400[ |

300}
state

0.15
step 200} E : 0.10
| , , ‘ . 5
0 100 200 300 400 100} |
step 0.05
This is an example of a Hidden s 1 CRR .
Markov Model ?
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3. Bayesian classification

this likelihood is defined by
training data

4

P(x|c)
P(X)

data X, classes C

P(C|X)= P(C)

the prior is also defined by
training data

we can use the prior learning to assign a class to new data

P(X|C
Ckzarggllax I(D(‘X)k)P(Ck)zarggllaxP(X\Ck)P(Ck)




Consider a vector of N attributes given as Boolean variables
x = {x;} and classify the data vectors with a single Boolean
variable.

The learning procedure must yield:

it is easy to obtain it as an empirical distribution from

P(y) an histogram of training class data: y is Boolean, the
histogram has just two bins, and a hundred examples
suffice to determine the empirical distribution to better
than 10%.

there is a bigger problem here: the arguments have 2N+
different values, and we must estimate 2(2N-1)

P(X‘ y) parameters ... for instance, with N = 30 there are more
than 2 billion parameters!
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How can we reduce the huge complexity of learning?

we assume the conditional independence of the x,,’s:
naive Bayesian learning

"

for instance, with just two attributes

P(xl,xz‘y) = P(xl‘xz,y)P(xz‘y) = P(xl‘y)P(xz‘y)
conditional independence assumption
with more than 2 attributes

P(xly) = [1P(x])

k=1
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Therefore:




More general discrete inputs

If any of the N x variables has J different values, e if there are
K classes, then we must estimate in all NK(J-1) free
parameters with the Naive Bayes Classifier (this includes
normalization) (compare this with the K(JV-1) parameters

needed by a complete classifier)
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Continuous inputs and discrete classes — the Gaussian case

2
1 X, = 1L,
P(xn yk): 277:(72 CXp _( 262kk)
nk | n _

here we must estimate 2NK parameters + the shape of the

distribution P(y) (this adds up to another K-1 parameters)
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Gaussian special case with class-independent variance and
Boolean classification (two classes only):

P(X|y = O)P(y =0)
X|y = O)P(y = O)+P(X|y = I)P(y = 1)

P(y:O|X): P(

1 _ (xn_lLLnO)z_

P =0)= —
(ly=0)= ey 2l
1 _ (xn_tl’tnl)z_

P =1)= —
(ol =1) = - R




P(X|y = O)P(y = 0)
Xy=0)P(y=0)+ P(x]y=1)P(y=1)
1
P(X|y = 1)P(y =1)

P(y:0|x): P(




— NT[,2 _,27
W():ln(P(y_ )j—|—z unO unl

logistic shape
1
P(y — O|X) = - /
1+ exp(wo + zwnxnj

n=1

N
%+2mm)

x|
P(y=1x)=1-P(y=0|x)= =

N
1+exp(w0 +anxnj

n=1
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Finally an input vector belongs to class y = 0 if

P(y=0lx)
P(y=1]x)

1
N
1+ exp(wO + anxn]
n=1

N
N
exp(w() N Eann) » exp(wo + ;wnxn] <1
n=1

N
1+ exp(w0 + anxn]

n=1

N
» w, + anxn <0
n=1
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P(y=0[x)=

P(y = 1|X) =



4. The kangaroo problem with an extended contingency
table (Cheesman and Stutz, 2004)

attributes (number of values):

* handedness (2)
* beer-drinking (2)
 state-of-origin (7)
« color (3)

4-dimensional contingency table
with 2x2x7x3 = 84 entries

The size of the contingency table increases exponentially
as the number of attributes grows
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If we are given the number of occurrencies n;;, for each
position in the contingency table, we have the following
constraints

with the likelihood

N! .
L(n‘O,N,I) = H Hl.,’]ff,;’i’;



In a Bayesian context, data that depend on all the problem variables are
sufficient statistics and we can estimate all the corresponding probabilities.

However, this is not always the case. If we are only given a set of
marginals, i.e., of constraints, the marginals define a subspace of the whole
parameter space, and within this subspace the distribution is
eventually determined by the prior information only.

With enough attributes, the contingency table becomes VERY large, and it
becomes impossible to collect sufficient statistics, we are mostly limited to
marginals.

The situation is very different if we assume independence: then the
marginals are sufficient statistics. E.q., if probabilities factorize, then
kangaroos have only (2+2+7+3)-(1+1+1+1) = 10 independent values (using
normalization) instead of 84.
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Maximum entropy approach to the kangaroo problem, given
marginals

DM =i 2 =N
i

j’k7l

n

— 1. —_ l

2 Qi’j’k’l o 1, ZQZ’]’k’Z N
l,] k,l jaksl

Example with two marginals: we maximize the constrained
entropy

n n
5=- Z 0, .,1080, ;,,+ Ay [ 2 0,4~ 1] +4 [Zel,j,k,z - Nl] +4, [Zez,j,k,l - ﬁz)
ikl

ijkl i,jkl ikl



In the original kangaroo problem

1 1 1 1
Sy =| p,; log—+ Ps log—_+ P, log—+ Pir log—_

bl % bl P bl p bl

+4, (pbl R 2>l 2% e al i 1) + 4, (pbl 2 1/3) + 45 (pbl 2 1/3)

=—logp, —1+A4 +A,+1,=0

=—logp, —1+A4 +A,=0

=—logp, —1+A4 +4,=0

= —logp,. — 1+, =0



Py = Prr eXP(}%)
\P,7 = Pir exp(lz) = PPy = PuDir
P = Ppp eXP(Az T 13)

Pyt Pyt Pyt Py =1 ( Pyr = Py =1/3= Py
prl+pbl—:1/3 o p;,_l:1/3+pbl
pbl+p131:1/3 (1/3_pbz)2:pbz/3+p§z
PuPvi = PuPpr \1/9_2pbl/3+plfl :pbl/3+plfl
1 p) 4  this solution coincides
= D=5 Pu=BuTg Pa=y b



In the extended kangaroo problem we find

aS
00

m,j,k,l
6, =exp(A,+4-1)
0, .., =exp(A,+4,-1)

= —(logH

m,j,k,l

+1)+2,+ 4, =0

thus we obtain again a multiplicative structure.

Whatever the choice of marginals, probabilities factorize, and the
MaxEnt solution corresponds to a set of independent probabilities.

Thus independence is built-in the MaxEnt method, which is
a sort of “generalized independence method”.
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