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3$)%$*&)/#$)4'#)%"/

D&'$3&"/3'$"7$+#/"#$4/*%#/A-%/"($/*$1($/5+"#%1(%$1*+'3%$"7$E1F'*/1($

/(7'#'(3'

6 +#/"#$4/*%#/A-%/"(*$1#'$"('$"7$%&'$51/($%1#9'%*$"7$7#'B-'(%/*%*C$&",$

5-3&$4"$+"*%'#/"#*$4/77'#$,&'($,'$3&""*'$4/77'#'(%$+#/"#*G

6 %&'#'$1#'$%,"$51/($H"AI'3%/8'J$5'%&"4*$7"#$%&'$3&"/3'$"7$+#/"#*

<K L'77#'F*M$5'%&"4

NK D&'$O1)/5-5$P(%#"+F$O'%&"4
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G&#0%&%3+*:#/)#"$%#)/3,"#2')#/,#.&/)(3<:#"$%#("$%3#(&%#/,#&("C#

H(-#9+&#-%#4(>I%9"/@%*64#9$((,%#+#23/(3#'/,"3/>."/(&JJJ

px(x)dx = px (x(y))
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∣

∣

∣
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∣

∣
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∣

∣

∣
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∣

∣

∣
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3-).)"#$4/'1")"$%5'"#$'.6-'"&+*72*.*-/'%0'1)%+"+*,*.8'

&%$-,/

5%3"3+&'K,#2+3+'(1#0(%,#+,#)(**(-,F#

L9(&,/'%3#+&#%;./*+"%3+*#"3/+&0*%#/&,93/>%'#/&,/'%#+#9/39*%:#+&'

,.22(,%#"$+"#+#9$(3'#/,#9$(,%&#+"#3+&'(<C#?$+"#/,#"$%#23(>+>/*/"6#

"$+"#"$%#9$(3'#/,#*(&0%3#"$+&#+#,/'%#()#"$%#"3/+&0*%JM

N5%3"3+&':#OPPQR
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3/#32'$*"$%&1%$"('$"7$%&'$%,"$+"/(%*$3"/(3/4'*$,/%&$"('$"7$%&'$8'#%/3'*$"7$%&'$

/(*3#/A'4$%#/1(92'K$D&-* 1$#1(4"5$3&"#4$/*$'B-/812'(%$%"$%1=/(9$%&'$7/#*%$+"/(%$%&1%$

4'7/('*$%&'$3&"#4$1*$"('$8'#%')$"7$%&'$%#/1(92'$,&/2'$%&'$"%&'#$/*$%1='($H1%$

#1(4"5J$"($%&'$3/#32'K$R'#'$H1%$#1(4"5J$5'1(*$%&1%$/%$/*$-(/7"#52F$4/*%#/A-%'4$"($

%&'$3/#3-57'#'(3'K$D&'($"(2F$%&"*'$3&"#4*$%&1%$3#"**$%&'$"++"*/%'$*/4'$"7$%&'$

%#/1(92'$1#'$13%-122F$2"(9'# %&1($'13&$*/4'K$S/(3'$%&'$*-A%'(4'4$1#3$/*$<TU$"7$%&'$

3/#3-57'#'(3'Q$%&'$+#"A1A/2/%F$"7$4#1,/(9$1$#1(4"5$3&"#4$%&1%$/*$2"(9'#$%&1($"('$

*/4'$"7$%&'$%#/1(92'$/*$<TUK
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!"#$%&"'()C$,'$%1='$7/#*%$1$#1(4"5$#14/-*Q$1(4$(')%$,'$3&""*'$1$#1(4"5$+"/(%$"($

%&/*$#1(4"5$#14/-*K$D&'(Q$,'$%1='$%&'$3&"#4$%&#"-9&$%&/*$+"/(%$1(4$+'#+'(4/3-21#$

%"$%&'$#14/-*K$>&'($,'$#"%1%'$%&'$%#/1(92'$*"$%&1%$%&'$#14/-*$/*$+'#+'(4/3-21#$%"$

"('$"7$%&'$*/4'*Q$,'$*''$%&1%$&127$"7$%&'$+"/(%*$9/8'$3&"#4*$2"(9'#$%&1($"('$*/4'$"7$

%&'$%#/1(92'Q$%&'#'7"#'$%&'$+#"A1A/2/%F$/*$<TNK
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!"#$%&"'(*C$,'$%1='$%&'$3&"#4$5/4+"/(%*$2"31%'4$/(*/4'$%&'$3/#32'$/(*3#/A'4$/($%&'$

%#/1(92'Q$1(4$,'$"A%1/($3&"#4*$%&1%$1#'$2"(9'#$%&1($"('$*/4'$"7$%&'$%#/1(92'K$S/(3'$

%&'$#1%/"$"7$%&'$1#'1*$"7$%&'$%,"$3/#32'*$/*$<TVQ$,'$7/(4$%&1%$(",$%&'$+#"A1A/2/%F$"7$

4#1,/(9$1$2"(9$3&"#4$/*$I-*%$<TVK

!)+0*(1)+2+3&..*#*,)+41$05)&$,167+8/&9/+$,*+&1+9$##*9):+(,3+8/;<+
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D(-#-%#-/'%&#"$%#,9(2%#()#"$%#23(>*%< +&'#-%#9(&,/'%3#"$%##

'/,"3/>."/(&#()#9$(3',#/&#"$%#2*+&%

!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2324 48



+&,%-&.$%&"'(/C$4/*%#/A-%/"($"7$3&"#4*$.2'7%$+1('26$1(4$"7$5/4+"/(%*$.#/9&%$+1('26$/($

%&'$7/#*%$*"2-%/"($"7$E'#%#1(4W*$+1#14")$.%&'$2'7%$+1('2$*&",*$VXX$3&"#4*Q$%&'$#/9&%$

+1('2$*&",*$<XXXXX$5/4+"/(%*6K
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+&,%-&.$%&"'()C$Y/*%#/A-%/"($"7$3&"#4*$.2'7%$+1('26$1(4$"7$5/4+"/(%*$.#/9&%$+1('26$/($

%&'$*'3"(4$*"2-%/"($"7$E'#%#1(4W*$+1#14")$.%&'$2'7%$+1('2$*&",*$VXX$3&"#4*Q$%&'$

#/9&%$+1('2$*&",*$<XXXXX$5/4+"/(%*6K

Z($%&/*$31*'$/%$/*$8'#F$'1*F$%"$7/(4$%&'$#14/12$4'(*/%F$7-(3%/"($"7$3&"#4$3'(%'#*Q$

*/(3'$&'#'$,'$%1='$7/#*%$1$#1(4"5$#14/-*Q$1(4$(')%$,'$3&""*'$1$#1(4"5$+"/(%$.%&'$

3'(%'#6$"($%&/*$#1(4"5$#14/-*K$
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+&,%-&.$%&"'(*C$Y/*%#/A-%/"($"7$3&"#4*$.2'7%$+1('26$1(4$"7$5/4+"/(%*$.#/9&%$+1('26$/($

%&'$%&/#4$*"2-%/"($"7$E'#%#1(4W*$+1#14")$.%&'$2'7%$+1('2$*&",*$VXX$3&"#4*Q$%&'$

#/9&%$+1('2$*&",*$<XXXXX$5/4+"/(%*6K$:"%/3'$%&1%$,&/2'$%&'$4/*%#/A-%/"($"7$

5/4+"/(%*$/*$-(/7"#5Q$%&'$4/*%#/A-%/"($"7$%&'$#'*-2%/(9$3&"#4*$/*$4/*%/(3%2F$("(?

-(/7"#5K

!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2324 4;



!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2324 23



!"##$%&'(()*+,"-%(&

NS+6&%,RF#

; 3("+"/(&+*#/&@+3/+&9%

; ,9+*%#/&@+3/+&9%#

; "3+&,*+"/(&+*#/&@+3/+&9%

D(-#*%"#

>%#"$%#23(>+>/*/"6#'%&,/"6#

()#9$(3'#9%&"%3,

f(r, θ)
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./'%(0',"-%'0&"%1'/"'%2$

b

r

r′

θ θ′

['"5'%#/312$3"(*%#-3%/"($7"#$%&'$4/*3-**/"($"7$%#1(*21%/"(12$/(81#/1(3'K$D&'$

"#/9/(12$3/#32'$.A213=6$/*$3#"**'4$AF$1$*%#1/9&%$2/('$.#'46$,&/3&$4'7/('*$%&'$3&"#4K$

D&'$%#1(*21%'4$3/#32'$/*$*&",($/($A2-'K
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f(r, θ) = f(r) = C/r

⇒ (normalization) 1 =

∫
C

f(r)2πrdr = 2πCR

⇒ f(r) =
1

2πrR

<"#5#='5#
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3$((-%&#/'4%&5/-*&6$/,/'%#7(&+'/'#-89&

23(>+>/*/"6#<('%*,#'%2%&'#(&#2$6,/9+*#+,,.<2"/(&,:#"$%6#+3%#&("#

8('T0/@%&C#?%#'%)/&%#"$%#%*%<%&"+36#%@%&",#(&#"$%#>+,/,#() 3%+*T

-(3*'#9(&,"3+/&",:#'%3/@%'#)3(<#(.3#(-&#%12%3/%&9%C
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:&4';&5-/4'/#&,-&<-=>$2,"1$<&+/"-/(9&?$55/$;(@&+/"-/(
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A,'/,"%B&/$*'/CF#$%3%#-%#9(&9%&"3+"%#(&#+#23(>*%<#()#

2+3+<%"3/9#,"+"/,"/9,C#

?%#,%%U#"$%#2+3+<%"%3#"$+"#>%,"#+'+2",#(.3#"$%(36#"(#'+"+C#7$/,#

<%+&,#"$+"#-%#,%+39$#+<(&0#/&9(<2+"/>*%#$62("$%,%,#"$+"#+3%#

'%)/&%'#>6#'/))%3%&"#2+3+<%"%3#@+*.%,C

7$%#'/))%3%&"#$62("$%,%,#N+&'#"$%3%)(3%:#"$%#'/))%3%&"#

2+3+<%"%3,R#9(33%,2(&'#"(#'/))%3%&"#2')B,

p(x|θ)
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V"%2#OF#5+3"*%""#/'%&"/"/%,#)(3#+#2+3+<%"3/9#2')#)+</*6

E

[

∂ ln p(x|θ)

∂θ

]

= 0

E

[

∂2 ln p(x|θ)

∂θ2

]

= −E

[

(

∂ ln p(x|θ)

∂θ

)2
]
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V"%2#WF#+#2+3+<%"%3T'%2%&'%&"#A/U%*/$(('#/,#+#)+</*6#()#2')B,#

"$+"#3%23%,%&"#"$%#'/,"3/>."/(&#()#"$%#'+"+:#0/@%&#"$%#@+*.%#()#"$%#

2+3+<%"%3N,RC#

G"#9+&#>%#,$(-&#"$+"#"$%#)(**(-/&0#/&%;.+*/"6#$(*',

-$%3%########/,#"$%#4"3.%4#@+*.%#()#"$%#2+3+<%"%3:#+&'

/,#"$%#EA#%,"/<+"(3#NX3+<%3TY+(TZ/,$%3#>(.&'RC

var[θ̂(D)] ≥=
1

E

[

(

∂ lnL(D, θ0)

∂θ0

)2
] =

1

−E
∂2 lnL(D, θ0)

∂θ20

θ̂(D)θ0
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V"%2#[F#'%)/&/"/(&#()#Z/,$%3#G&)(3<+"/(&C#!#@%36#9(&9%&"3+"%'#2')#

/,#@%36#/&)(3<+"/@%C#7$%3%)(3%:#"$%#,<+**%3#"$%#@+3/+&9%:#"$%#

03%+"%3#"$%#4/&)(3<+"/(&4C#

7$.,:#)3(<#"$%#X3+<%3TY+(TZ/,$%3#>(.&'

(&%#/,#*%'#"(#"$%#Z/,$%3#G&)(3<+"/(&

var[θ̂(D)] ≥=
1

E

[

(

∂ lnL(D, θ0)

∂θ0

)2
] =

1

−E
∂2 lnL(D, θ0)

∂θ20

I(θ) = E

[

(

∂ ln p(x, θ)

∂θ

)2
]

= −E
∂2 ln p(x, θ)

∂θ2
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V"%2#\F#/"#9+&#>%#,$(-&#"$+"#"$%#Z/,$%3#G&)(3<+"/(&#/,#+#*(9+*#N+&'#

,6<<%"3/9+*R#)(3<#()#"$%#].**>+9UTA%/>*%3#'/@%30%&9%#N,%%#>%*(-R

Z3(<#"$/,:#+&'#)3(<#"$%#23(2%3"/%,#()#"$%#]A#'/@%30%&9%:#-%#,%%#

"$+"#"$%#Z/,$%3#G&)(3<+"/(&#>%$+@%,#*/U%#+#N,;.+3%'R#'/,"+&9%#

>%"-%%&#'/,"3/>."/(&,C

IKL (p(x|θ), p(x|θ + ǫ)) = −

1

2
E

[

∂2 ln p(x|θ)

∂θ2

]

ǫ2 =
1

2
I(θ)ǫ2
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V"%2#^F#"$%#]A#'/@%30%&9%#/,#/&@+3/+&"#-/"$#3%,2%9"#"(#3+&'(<#

@+3/+>*%#"3+&,)(3<+"/(&,:#+&'#"$%3%)(3%#+*,(#"(#2+3+<%"%3#

"3+&,)(3<+"/(&,C#Z3(<#"$%#'%)/&/"/(&#()#]A#'/@%30%&9%:#+&'#)3(<#

"$%#"3+&,)(3<+"/(&#)(3<.*+#)(3#2')B,#-%#)/&'

7$%3%)(3%:#"$%#Z/,$%3#G&)(3<+"/(&#/,#+*,(#/&@+3/+&"#-/"$#3%,2%9"#"(#

2+3+<%"%3#"3+&,)(3<+"/(&,C

∫ +∞

−∞

py(y) ln

(

py(y)

qy(y)

)

dy =

∫ +∞

−∞

px(x) ln









px(x)

∣

∣

∣

∣

dx

dy

∣

∣

∣

∣

qx(x)

∣

∣

∣

∣

dx

dy

∣

∣

∣

∣









dx

=

∫ +∞

−∞

px(x) ln

(

px(x)

qx(x)

)

dx
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V"%2#_F#)3(<#"$%#%;.+"/(&#"$+"#3%*+"%,#]A#'/@%30%&9%#+&'#Z/,$%3#

G&)(3<+"/(&:#-%#)/&'#+#9(33%,2(&'/&0#2')F#

"$/,#<%+&,#"$+"#)(3#,<+**#)*.9".+"/(&,#()#"$%#2+3+<%"%3:#Z/,$%3B,#

/&)(3<+"/(&#9$+&0%,#;.+'3+"/9+**6C#7$%&:#-%#3%9(@%3#*/&%+3#9$+&0%,#

-$%&#-%#"+U%#"$%#,;.+3%#3(("C#

Z/&+**6:#>6#'%)/&/&0#"$%#2')

-%#(>"+/&#+#2')#"$+"#/,#/&@+3/+&"#-/"$#3%,2%9"#"(#2+3+<%"%3#

"3+&,)(3<+"/(&,C#?%#+22*6#"$/,#"(#*/U%*/$((',:#"$+"#'%)/&%#2+3+<%"3/9#

2')#)+</*/%,

IKL (p(x|θ), p(x|θ + ǫ)) = −

1

2
E

[

∂2 ln p(x|θ)

∂θ2

]

ǫ2 =
1

2
I(θ)ǫ2

f(θ) ∼
√

I(θ)
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`1+<2*%F#+#,/<2*%#8+.,,/+&#A/U%*/$(('#)(3#, '+"+2(/&",

7$/,#2(/&",#"(#+#.&/)(3<#23/(3#)(3#=C#G&#0%&%3+*:#"$/,#.&/)(3<#23/(3#/,#

+&#/<23(2%3#23/(3C

lnL(D|µ) ∼
∑

n

(

− lnσ −

(xn − µ)2

2σ2

)

L(D|µ) =
∏

n

1
√

2πσ2
exp

(

−

(xn − µ)2

2σ2

)

6#=%*+'#>7-

I(µ) = E

[

−

∂2 lnL(D|µ)

∂µ2

]

∼ constant
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`1+<2*%F#+#,/<2*%#8+.,,/+&#A/U%*/$(('#)(3#, '+"+2(/&",#N9"'CR

7$/,#2(-%3T*+-#23/(3#/,#+&("$%3#/<23(2%3#23/(3C

L(D|µ) =
∏

n

1
√

2πσ2
exp

(

−

(xn − µ)2

2σ2

)

I(σ) = E

[

−

∂2 lnL(D|σ)

∂σ2

]

∼
1

σ2
6#=%*+7:

√

I(σ) ∼
1

σ
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`1+<2*%F#a(/,,(&#'/,"3/>."/(&

7$/,#2(-%3T*+-#23/(3#/,#6%"#+&("$%3#/<23(2%3#23/(3C

L(D|µ) =
∏

n

akn

kn!
e−a

I(a) = E

[

−

∂2 lnL(D|a)

∂a2

]

∼
1

a

√

I(a) ∼
1
√

a
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!"#$%%&'"#$()'$*"+)&,"-$++)$.%"/)0&)%

S%))3%6,#23/(3,#+3%#".&%'#"(#"$%#A/U%*/$((':#>."#

'(%,&B"#"$/,#,(.&'#,"3+&0%J#V$(.*'&B"#"$%#23/(3#

/&)(3<+"/(&#>%#"/%'#"(#"$%#23/(3#'/,"3/>."/(&#

+*(&%J#

Db:#"$%#A/U%*/$(('#/,#+*,(#9(&,"3.9"%'#.,/&0#

23/(3#/&)(3<+"/(&#N(>@/(.,*6cRC#V(:#/&#+#,%&,%:#

A/U%*/$(('#+&'#"$%#,%*%9"%'#23/(3,#+3%#3%*+"%'C#

!"#$%&'()**#)+,'

-./0.1.0/02
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!#,$(3"#3%)3%,$%3#(&#N5(*"=<+&&K,R#%&"3(26#/&#,"+"/,"/9+*#<%9$+&/9,

6 3"(*/4'#$1$*F*%'5$,&'#'$*%1%'*$1 1#'$"33-+/'4$AF$6! /4'(%/312$+1#%/32'*$$

.17)1897):::)7);6K

6 %&'$(-5A'#$"7$,1F*$%"$7/22$%&'*'$*%1%'*$/*$9/8'($AF$

6 %&'($E"2%\51((W*$'(%#"+F$/*$

 

Ω =
N!

N
1
!N

2
!…N

M
!

 

SB = kB lnΩ = kB ln
N!

N
1
!N

2
!…NM !

≈ kB N lnN − N( )− Nn lnNn − Nn( )
n

∑





= kB N lnN − Npn ln pn + lnN( )
n

∑




= kB pn ln

1

pnn

∑
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SB = kB pi ln
1

pii

∑

<-$+=*"11>()&1+?-#@)0()AB(+)$0C&)

D,"11-1>()&1+?-#@

SI = pi log2
1

pii

∑

!"#$%$&'&()*#+*!,)-&.%'*-(%(/-

!"#$%$&'&()*#+*-#0"./*-)1$#'-D,"11-1>()&1+?-#@)0()+,&)"E&?"F&)

012-?*"+0-1)-B+#B+)G@)")(-B?%&)-2)

(@*G-$(

(,&-*'#2%"&(,1&.*+03.(&#3*&-*

(,/*&3+#"1%(&#3*.%""&/4*$)*

(,/*!5(, -)1$#'
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`1+<2*%,F#

d I.,"#"-(#,6<>(*,:#e#+&'#O:#,+<%#,(.39%#23(>+>/*/"6##

SI = −2

(

1

2
log2

1

2

)

= 1 bit

(8%&%+-&%+?+

%<:-@+(%&7' -$%&->%+#"64&7-(#4"+

94"$%A%*+;A+%-98+

'A7;4@

(8%+&%':@(+#'+>#$%"+#"+

B'%:*4:"#( C;#('D+E64&+

"-(:&-@+@4>-&#(87'+(8#'+#'+

C"-('DF
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; I.,"#"-(#,6<>(*,:#e#+&'#O:#23(>+>/*/"/%,#f#+&'#g#:#3%,2%9"/@%*6

; P#,6<>(*,:#%;.+*#23(>+>/*/"/%,#

SI = −

1

4
log2

1

4
−

3

4
log2

3

4
≈ 0.81 bit

SI = −

8
∑

1

1

8
log2

1

8
= log2 8 = 3 bit
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.D$&AD'%%-%&$%,/-+;&"(&'##","1$&5-/&"%#$+$%#$%,&(-)/2$(C#

Z7$*F5A"2*$1#'$'5/%%'4$*/5-2%1('"-*2F$1(4$/(4'+'(4'(%2F$AF$%,"$*"-#3'*Q$%&'$I"/(%$

+#"A1A/2/%F$4/*%#/A-%/"($/*

1(4$%&'#'7"#' %&'$I"/(%$'(%#"+F$/*$$

p(j, k) = p1(j)p2(k)

S = −

∑

j,k

p(j, k) log2 p(j, k) = −

∑

j,k

p1(j)p2(k) log2[p1(j)p2(k)]

= −

∑

j

p1(j) log2 p1(j)−
∑

k

p2(k) log2 p2(k)

= S1 + S2
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.D$&AD'%%-%&$%,/-+;&"(&',&'&*'8"*)*&5-/&,D$&)%"5-/*&#"(,/"=),"-%E

D&/*$/*$1($'1*F$#'*-2%$%&1%$7"22",*$-*/(9$"('$]19#1(9'$5-2%/+2/'#$%"$=''+$+#"A1A/2/%F$

("#512/\1%/"($/(%"$133"-(%

+**#23(>+>/*/"/%,#$+@%#

"$%#,+<%#@+*.%

S + λ

N
∑

k=1

pk = −

N
∑

k=1

pk log2 pk + λ

N
∑

k=1

pk

= −

1

ln 2

N
∑

k=1

pk ln pk + λ

N
∑

k=1

pk

∂

∂pj
(S + λ

N
∑

k=1

pk) = −

1

ln 2
(ln pj + 1) + λ = 0

pj = exp(λ ln 2− 1) = 1/N
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