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Bayesian estimates often require the evaluation of complex 
integrals. Usually these integrals can only be evaluated with 
numerical methods.

enter the Monte Carlo methods!

1. acceptance-rejection sampling
2. importance sampling
3. statistical bootstrap
4. Bayesian methods in a sampling-resampling perspective
5. introduction to Markov chains and to the Metropolis 
algorithm
6. Markov Chain Monte Carlo (MCMC)
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1. The acceptance rejection method
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Example: generation of beta-distributed random numbers

<latexit sha1_base64="ei9sgycMZZ8H3f91w1RvpTPRbeY="></latexit>

p(x) =
xa(1� x)b

B(a+ 1, b+ 1)

<latexit sha1_base64="uS2U2xtj0MozHajZ6QMo/LrB4rQ="></latexit>

xmax =
a

a+ b
normalized distribution unnormalized distribution modal value

<latexit sha1_base64="PuTFtfbo3TNEiLQ6wQkAbkOSme4=">AAACL3icbVBNSwJBGJ7p0+xLC7p0GZJAD8muRHUJpC4dDVIDU3l3dqzB2Z1lZjaUzT/TtS79mugSXfsXzaqHzB4YeHie92seLxJcG8f5wAuLS8srq5m17PrG5tZ2Lr/T0DJWlNWpFFLdeqCZ4CGrG24Eu40Ug8ATrOn1L1O/+ciU5jK8McOItQO4D3mPUzBW6ub2oq5THJTIOUkGHSBF92hQ6nijbq7glJ0xyDxxp6SApqh18xjf+ZLGAQsNFaB1y3Ui005AGU4FG2XvYs0ioH24Zy1LQwiYbifjD4zIoVV80pPKvtCQsfq7I4FA62Hg2coAzIP+66Xif14rNr2zdsLDKDYspJNFvVgQI0maBvG5YtSIoSVAFbe3EvoACqixmc1sSWcbKYW2Q8D3eRofCJLKZKxnszY0929E86RRKbsn5cr1caF6MY0vg/bRASoiF52iKrpCNVRHFD2hZ/SCXvEbfsef+GtSuoCnPbtoBvj7B1Kepf8=</latexit>

p0(x) = xa(1� x)b



Edoardo Milotti - Bayesian Methods - May 2021 5

0.0 0.2 0.4 0.6 0.8 1.0
0

5.×10-11

1.×10-10

1.5×10-10

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

5

6

<latexit sha1_base64="sIJDvKhoJ7kUt6o2CjilJdNwqdI=">AAACGHicbVA7T8MwGLR5lvBqYWSxqJCYqqRCwFjBwthK9CG1UeU4TmvVsSPbQVRRfwErLPwaNsTKxr/BaTPQlpMsne6+ly9IONPGdX/gxubW9s5uac/ZPzg8Oi5XTjpaporQNpFcql6ANeVM0LZhhtNeoiiOA067weQ+97tPVGkmxaOZJtSP8UiwiBFsrNR6Hparbs2dA60TryBVUKA5rEA4CCVJYyoM4Vjrvucmxs+wMoxwOnMGqaYJJhM8on1LBY6p9rP5pTN0YZUQRVLZJwyaq387MhxrPY0DWxljM9arXi7+5/VTE936GRNJaqggi0VRypGRKP82CpmixPCpJZgoZm9FZIwVJsaGs7Qln22k5NoOwWHI8pwwR7mM5rrj2NC81YjWSade865r9dZVtXFXxFcCZ+AcXAIP3IAGeABN0AYEUPACXsEbfIcf8BN+LUo3YNFzCpYAv38BSBee+Q==</latexit>x

generated pairs 
(red = accepted pairs)

normalized histogram of the 
accepted x's

comparison with the plot of the 
normalized beta distribution 



Example: random numbers with semi-Gaussian distribution from 
exponentially distributed random numbers.

f x( ) = 2
π
exp − x

2

2
⎛
⎝⎜

⎞
⎠⎟

x ≥ 0

g x( ) = exp −x( )
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f x( ) = 2
π
exp − x

2

2
⎛
⎝⎜

⎞
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x ≥ 0

g x( ) = exp −x( )

⇒
f x( ) = cg x( )
′f x( ) = c ′g x( )

⎧
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⇒

2
π
exp − x
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x 2
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⇒ x = 1; c = 2
π
exp − x

2

2
+ x

⎛
⎝⎜

⎞
⎠⎟
≈1.31549

Definition of contact point (to maximize efficiency)
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Short summary: 

1. we create a data set by randomly sampling from the 
exponential distribution

2. we use the acceptance-rejection algorithm to resample the 
data set with the target distribution (the half-Gaussian)

This is a sampling – resampling technique (see later ... )



Now notice that in this method we generate pairs of real numbers           
that are uniformly distributed between f(x) and the x-axis, 
therefore we can use these pairs to estimate the total area under 
the curve

(here the reference area is the area of the enclosing rectangle which corresponds to a 
uniform distribution)  

area =
# of accepted pairs

# of pairs
reference area
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In general, if , where p is a pdf h x( ) = f x( ) p x( )

h x( )dx
a

b

∫ = f x( ) p x( )dx
a

b

∫ = Ep f x( )⎡⎣ ⎤⎦ ≈
1
N

f xn( )
n=1

N

∑

and we find that the variance of this estimate of the integral is

1
N

1
N −1

f xn( ) − Ep f x( )⎡⎣ ⎤⎦⎡⎣ ⎤⎦
2

n=1

N

∑⎧
⎨
⎩

⎫
⎬
⎭

We encounter a problem with this method when we must 
sample functions that have many narrow peaks.

here the x are i.i.d with pdf p(x)
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2. Importance sampling

h x( )dx
a

b

∫ = f x( ) p x( )dx
a

b

∫ = f x( ) p x( )
q x( )

⎡

⎣
⎢

⎤

⎦
⎥q x( )dx

a

b

∫

= Eq f x( ) p x( )
q x( )

⎡

⎣
⎢

⎤

⎦
⎥ ≈

1
N

f xn( ) p xn( )
q xn( )n=1

N

∑

this pdf is troublesome ... therefore we use this ...

These methods are still not very efficient and there is a better 
alternative, the Markov Chain Monte Carlo method
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here the x are i.i.d with pdf q(x)

16



3. Bootstrap (B. Efron, 1977)

The bootstrap method is a 
resampling technique that 
helps calculate many statistical 
estimators
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the distribution of data is an approximation of the “true”
underlying distribution (in this case a mixture model)
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distribution of mean value obtained from 5000 sets of data 
(sample size = 50)

You can do this if you have large datasets ... but what if you have 
only a handful of measurements?
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example: single dataset (same size as before, 50 
measurements)

the distribution is a rough representation of the underlying 
distribution ... and yet it can be used just as before ...
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Bootstrap recipe: 

if you want to find the distribution of the mean (or any other 
statistical estimator) use the dataset itself to generate new 
datasets

resample from dataset (with replacement)
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distribution of mean value

repeated sampling from 
original distribution

resampling from single 
dataset

true mean: -0.2
mean from repeated sampling (size = 250000): -0.200222 ± 0.0813632
mean from resampling dataset (size = 50): -0.142699 ± 0.0838678
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bootstrap estimate of correlation 
coefficient distribution

Example from Di Ciccio & Efron, Statistics of Science 11 (1996) 189 and Efron, 
Statistics of Science 13 (1998) 95

counts of CD4 limphocytes
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4. Bayesian methods in a sampling-resampling perspective (Smith 
& Gelfand, 1992)
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In Bayesian methods we have to evaluate many integrals, like, e.g.,

normalization (evidence)

marginalization

averages (statistical estimators)
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Bayesian learning as a resampling procedure (importance sampling-
like scheme)

1. prior distribution defined 
by the empirical distribution 
of the initial samples

(sampling)

2. the Likelihood distorts 
the distribution of initial 
samples (corresponds to 
a sample acceptance 
probability) 

(resampling))

3. the posterior distribution is 
represented by the resampled 
empirical distribution
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p(✓|x) / `(x; ✓)p(✓)
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Example (McCullagh & Nelder): take two sets of binomially 
distributed independent random variables Xi1 and Xi2 (i=1,2,3)

The observed random variables are the sums 

Yi = Xi1 + Xi2

Xi1 = Binomial ni1,θ1( )
Xi2 = Binomial ni2 ,θ2( )
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likelihood =
3Y

i=1

X

ji

✓
ni1

ji

◆✓
ni2

yi � ji

◆
✓j11 (1� ✓1)

ni1�ji✓yi�ji
2 (1� ✓2)

ni2�yi+ji

max(0, yi � ni2)  ji  min(ni1, yi)

<latexit sha1_base64="nyRCdbq19SsveA/1jZ4ABWGYylc="></latexit>



Sample data

1 2 3
ni1 5 6 4
ni2 5 4 6
yi 7 5 6

Edoardo Milotti - Bayesian Methods - May 2021 30



Example of implementation in Mathematica
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Posterior as a resampled prior using acceptance-rejection
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Posterior as a resampled prior using weighted bootstrap
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The resampled points are representative of the posterior 
distribution and can be used to evaluate any sample estimate
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... these calculational methodologies have also had an 
impact on theory. By freeing statisticians from dealing with 
complicated calculations, the statistical aspects of a 
problem can become the main focus. 

Casella & George, in their description of the Gibbs sampler. 
Am. Stat. 46 (1992) 167


