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Consider a system such that

• the system can occupy a finite or countably infinite set of states Sn;

• the system changes state randomly at discrete times t = 1; 2; : : : ;

• if the system is in state Si , then the probability that the system goes into
state Sj is

pi j = P [S(n + 1) = Sj |S(n) = Si ] i ; j = 1; 2; : : :

i.e., this probability depends only on the previous state, and is independent
o all previous states (this is the Markov property);

• the transition probabilities pi j do not depend on time n.

Such a system is a special type of discrete time stochastic process, which is
called Markov chain.
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pNN = 0; pNR = 1=2; pNS = 1=2
pRN = 1=4; pRR = 1=2; pRS = 1=4
pSN = 1=4; pSR = 1=4; pSS = 1=2
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pi ;i+1 = p; pi ;i−1 = q
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ı
(n)
i = P [S(n) = Si ]

d h

π(n+1)
j =

∑

i

P [S(n+ 1) = Sj |S(n) = Si]P [S(n) = Si] =
∑

i

pijπ
(n)
i

π(n) = {π(n)
j }

π(n) = π(0)Pn

P = {pij}

π(n+1) = π(n)P
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Pn −−−−→
n→∞

P∞ (P∞)i,j = fj
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π(∞)
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i

π(0)
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π(0)
i fj = fj
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Type of state Definition of state (assuming, where applicable,
that the state is initially occupied)

Periodic Return to state possible only at times t, 2t, 3t,
: : : , where t > 1

Aperiodic Not periodic
Recurrent/Persistent Eventual return to state certain
Transient Eventual return to state uncertain
Ephemeral Is a state j such that pi j = 0 for every i
Positive-recurrent Recurrent/persistent, finite mean recurrence

time
Null-recurrent Recurrent, infinite mean recurrence time
Ergodic Aperiodic, positive-recurrent
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min
i ;j

p
(N)
i j = ‹ > 0

r
(n)
j = min

i
p
(n)
i j ; R

(n)
j = max

i
p
(n)
i j
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r
(n+1)
j = min

i
p
(n+1)
i j = min

i
Pn+1
i j = min

i
(PPn)i j = min

i

X

k

pikp
(n)
kj

≥ min
i

X

k

pik r
(n)
j = r

(n)
j

R
(n+1)
j = max

i
p
(n+1)
i j = max

i
Pn+1
i j = max

i
(PPn)i j = max

i

X

k

pikp
(n)
kj

≤ max
i

X

k

pikR
(n)
j = R

(n)
j
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R(n)
j − r(n)j = max

i
p(n)ij −min

k
p(n)kj = max

i,k

[
p(n)ij − p(n)kj

]

R(n+N)
j − r(n+N)

j = max
i,k

[
p(n+N)
ij − p(n+N)

kj

]
= max

i,k

{
∑

l

[
p(N)
il − p(N)

kl

]
p(n)lj

}

∑

l

[
p(N)
il − p(N)

kl

]
p(n)lj =

+∑

l

[p(N)
il − p(N)

kl ]p(n)lj +
−∑

l

[p(N)
il − p(N)

kl ]p(n)lj

≤
+∑

l

[p(N)
il − p(N)

kl ]R(n)
j +

−∑

l

[p(N)
il − p(N)

kl ]r(n)j
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+∑

l

[p(N)
il − p(N)

kl ] =
+∑

l

p(N)
il −

+∑

l

p(N)
kl ≤

∑

l

p(N)
il − δ = 1− δ

−∑

l

[p(N)
il − p(N)

kl ] =
−∑

l

p(N)
il −

−∑

l

p(N)
kl ≥ δ −

∑

l

p(N)
kl = −(1− δ)

∑

l

[
p(N)
il − p(N)

kl

]
p(n)lj ≤

+∑

l

[p(N)
il − p(N)

kl ]R(n)
j +

−∑

l

[p(N)
il − p(N)

kl ]r(n)j

≤ (1− δ)R(n)
j − (1− δ)r(n)j = (1− δ)(R(n)

j − r(n)j )

R(kN)
j − r(kN)

j < (1− δ)k
[
R(N)

j − r(N)
j

]
−−−−→
k→∞

0

0 < 1− δ < 1
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R(kN)
j − r(kN)

j < (1− δ)k
[
R(N)

j − r(N)
j

]
−−−−→
k→∞

0

p∗j

p∗i j = lim
n→∞

[Pn]i j = p∗j

ı∗
j =

X

k

ı
(0)
k p∗kj =

X

k

ı
(0)
k p∗j = p∗j
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This asymptotic distribution is stable, indeed from

ı
(n)
j =

X

k

ı
(n−1)
k pkj

we find

[ı∗P]j =
X

k

ı∗
kpkj =

X

k

p∗kpkj =
X

k

p∗ikpkj = p∗i j = p∗j = ı∗
j

or, in matrix form
ı∗ = ı∗P

i.e., the asymptotic probability vector is the left eigenvector with eigenvalue 1 of
the transition probability matrix. The distribution expressed by the probability
vector ı∗ is called invariant distribution or stationary distribution.
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P [S(n) = Si |S(n + 1) = Sj ]

= P [S(n + 1) = Sj |S(n) = Si ]
P [S(n) = Si ]

P [S(n + 1) = Sj ]

i.e.,

P [S(n) = Si |S(n + 1) = Sj ] = pi j
ı
(n)
i

ı
(n+1)
j

P [S(n) = Si and S(n+ 1) = Sj ] = P [S(n) = Si|S(n+ 1) = Sj ]P [S(n+ 1) = Sj ]

= P [S(n+ 1) = Sj |S(n) = Si]P [S(n) = Si]
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P [S(n) = Si |S(n + 1) = Sj ] = pi j
ı∗
i

ı∗
j

�#+�*�& ���'(�(�'��&����'(&��)(������#&��"��(#�(����"*�&��"(���'(&��)(�#"/�+����*�
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pj iı
∗
j = pi jı

∗
i

ı
(n+1)
j =

X

i

ı
(n)
i pi j =

X

i

ı
(n)
j pj i = ı

(n)
j

X

i

pj i = ı
(n)
j
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P
`
Sik ; tk ;Sik−1 ; tk−1; : : : ;Si0 ; t0

´
=

= P
`
Sik ; tk |Sik−1 ; tk−1; : : : ;Si0 ; t0

´
P
`
Sik−1 ; tk−1; : : : ;Si0 ; t0

´

P
`
Sik ; tk ;Sik−1 ; tk−1; : : : ;Si0 ; t0

´
= P (Sik ; tk)

P
`
Sik ; tk ;Sik−1 ; tk−1; : : : ;Si0 ; t0

´
= P

`
Sik ; tk |Sik−1 ; tk−1

´
P
`
Sik−1 ; tk−1

´
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P (Sn; t +∆t) = P (Sn; t)+

+
X

j

[P (Sn; t +∆t|Sj ; t)P (Sj ; t)− P (Sj ; t +∆t|Sn; t)P (Sn; t)]

P (Sn; t +∆t|Sj ; t) = Tn;j∆t

d

dt
P (Sn; t) =

X

j

[Tn;jP (Sj ; t)− Tj;nP (Sn; t)]
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dın

dt
=

X

j

[Tn;jıj(t)− Tj;nın(t)]

Tn;j = Tj;n

dın

dt
=

X

j

Tn;j [ıj(t)− ın(t)]

X

j

Tn;j
“
ı∗
j − ı∗

n

”
= 0 ı∗

j = ı∗
n
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H =
X

n

ın lnın

dH

dt
=

X

n

d

dt
(ın lnın) =

X

n

dın

dt
(lnın + 1)

=
X

n;j

Tn;j (ıj − ın) (lnın + 1)

dH

dt
=

X

n;j

Tn;j (ın − ıj) (lnıj + 1)
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dH

dt
=

1

2

X

n;j

Tn;j (ın − ıj) (lnıj − lnın)

(ın − ıj) (lnıj − lnın) ≤ 0

dH

dt
≤ 0 ���"(����0!��-"��� ��
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1. We generate a new configuration �C  from the present configuration C
2. We compute the energy of the new configuration, �E
3. We compute the energy difference �E = �E � E
4. The new configuration is accepted with probability p 

p = 1 �E < 0

p = exp � �E
kT
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T C� �C( ) = min 1, exp �
�E � E( )
kT
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P C( )T C� �C( ) = P �C( )T �C � C( )
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P C( )exp �
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kT
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P �C( )
P C( ) = exp �

�E � E( )
kT
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T C� �C( ) = min 1, P �C( )
P C( )
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x = xn

y

� x,y( ) = min 1,� y( )q y,x( )
� x( )q x,y( )

�
�
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�
�
�

� x( )

y� xn+1( )

����
����	
���	�� �����	������������ �������� ��

P (x → y) = q(x,y)α(x,y)
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� x,y( ) = min 1,� y( )q y,x( )
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P x� y( ) = q x,y( )� x,y( ) = q x,y( )min 1,� y( )q y,x( )
� x( )q x,y( )
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� y( )q y,x( )
� x( )q x,y( ) � 1

� x,y( ) = 1; � y,x( ) = � x( )q x,y( )
� y( )q y,x( )

P x� y( ) = q x,y( )

P y� x( ) = q y,x( )� x( )q x,y( )
� y( )q y,x( )

� x( )P x� y( ) = � x( )q x,y( )

� y( )P y� x( ) = � y( )q y,x( )� x( )q x,y( )
� y( )q y,x( ) = � x( )q x,y( )
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p(x) =
0.6√
2π

exp

(
−x2

2

)
+

0.3√
2π

exp

(
− (x− 3)2

2

)
+

0.1√
0.5π

exp

(
− (x− 1)2
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S(D) ≈ e−αD−βD2
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P (n) =
an

n!
e−a

P (0) = e−a

a = D/D0

S(D) = P (0, D) = e−D/D0
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S(D) = 1− (1− e−D/D0)n

S(D) ≈ ne−D/D0

lnS(D) ≈ lnn−D/D0
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[
d

dD
e−αD−βD2

]

D=0

= (−α− 2βD)e−αD−βD2
∣∣∣
D=0

= −α

d

dD

[
1− (1− e−D/D0)n

]

D=0
= −n

e−D/D0

D0
(1− e−D/D0)n−1

∣∣∣∣
D=0

= 0
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S = exp �aD( ) + bDexp �cD( )
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L � ,�( ) = exp �
Sk � S � ,�( )( )2
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L a,b,c( ) = exp �
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S = exp �aD( ) + bDexp �cD( )
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