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%"&&,#$+'((#*#0-$)*'&*,9

5 -"#*#$1*#$-8&$21'0$:&.;#%-'<#=$2#-"&+,$(&*$-"#$%"&'%#$&($)*'&*,

>? @#((*#4,A$2#-"&+

B? !"#$C1D'2/2$E0-*&)4$C#-"&+



!"#$%&'(")*"+,-'.)"#/0%)&".*%#/'"#$'1)*%)'$*/.)*+2.*%#/

!"#$%"%&'()#*+#,-%#+*&.,#/0+#*.#1"*+2&3)#,-%#2,-%&#2"%#*.#"2,4#

526#7'"#6%#829:%7,*;%(<8#7-22.%#'#/&*2&#0*.,&*91,*2"===

px(x)dx = px (x(y))

∣

∣

∣

∣

dx

dy

∣

∣

∣

∣

dy = py(y)dy

⇒ py(y) = px (x(y))

∣

∣

∣
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∣

∣

∣

∣
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3-).)"#$4/'1")"$%5'"#$'.6-'"&+*72*.*-/'%0'1)%+"+*,*.8'

&%$-,/

!"#$#%&'()*+%#%',-*.,")*%)*/,00,1)2*

34,&)5'"#*%&*"6750%$"#%0*$#5%&.0"*5&)4#58"'*5&)5'"*%*45#40"9*%&'*

)7++,)"*$:%$*%*4:,#'*5)*4:,)"&*%$*#%&',;<*=:%$*5)*$:"*+#,8%8505$>*

$:%$*$:"*4:,#'*5)*0,&."#*$:%&*%*)5'"*,/*$:"*$#5%&.0"?@

A!"#$#%&'9*BCCDE
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!"#$%&"'7$8#$-1F#$-8&$*10+&2$)&'0-,$&0$-"#$%'*%G#$H*1+'/,$!"I$-"#0$8#$*&-1-#$-"#$

%'*%G#$,&$-"1-$&0#$&($-"#$-8&$)&'0-,$%&'0%'+#,$8'-"$&0#$&($-"#$<#*-'%#,$&($-"#$

'0,%*'.#+$-*'105G#?$!"/,$1$*10+&2$%"&*+$',$#6/'<1G#0-$-&$-1F'05$-"#$('*,-$)&'0-$-"1-$

+#('0#,$-"#$%"&*+$1,$&0#$<#*-#D$&($-"#$-*'105G#$8"'G#$-"#$&-"#*$',$-1F#0$:1-$

*10+&2=$&0$-"#$%'*%G#?$J#*#$:1-$*10+&2=$2#10,$-"1-$'-$',$/0'(&*2G4$+',-*'./-#+$&0$

-"#$%'*%/2(#*#0%#?$!"#0$&0G4$-"&,#$%"&*+,$-"1-$%*&,,$-"#$&))&,'-#$,'+#$&($-"#$

-*'105G#$1*#$1%-/1GG4$G&05#*$-"10$#1%"$,'+#?$K'0%#$-"#$,/.-#0+#+$1*%$',$>LM$&($-"#$

%'*%/2(#*#0%#I$-"#$)*&.1.'G'-4$&($+*18'05$1$*10+&2$%"&*+$-"1-$',$G&05#*$-"10$&0#$

,'+#$&($-"#$-*'105G#$',$>LM?
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!"#$%&"'()7$8#$-1F#$('*,-$1$*10+&2$*1+'/,I$10+$0#D-$8#$%"&&,#$1$*10+&2$)&'0-$&0$

-"',$*10+&2$*1+'/,?$!"#0I$8#$-1F#$-"#$%"&*+$-"*&/5"$-"',$)&'0-$10+$)#*)#0+'%/G1*$

-&$-"#$*1+'/,?$N"#0$8#$*&-1-#$-"#$-*'105G#$,&$-"1-$-"#$*1+'/,$',$)#*)#0+'%/G1*$-&$

&0#$&($-"#$,'+#,I$8#$,##$-"1-$"1G($&($-"#$)&'0-,$5'<#$%"&*+,$G&05#*$-"10$&0#$,'+#$&($

-"#$-*'105G#I$-"#*#(&*#$-"#$)*&.1.'G'-4$',$>LB?
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!"#$%&"'(*7$8#$-1F#$-"#$%"&*+$2'+)&'0-,$G&%1-#+$'0,'+#$-"#$%'*%G#$'0,%*'.#+$'0$-"#$

-*'105G#I$10+$8#$&.-1'0$%"&*+,$-"1-$1*#$G&05#*$-"10$&0#$,'+#$&($-"#$-*'105G#?$K'0%#$

-"#$*1-'&$&($-"#$1*#1,$&($-"#$-8&$%'*%G#,$',$>LOI$8#$('0+$-"1-$0&8$-"#$)*&.1.'G'-4$&($

+*18'05$1$G&05$%"&*+$',$;/,-$>LO?

!"#$%&'"#(#)*++%,%-"#.'/$0"*/-'12#34*54#/-%#*'#5/,,%5"6#&-)#3478#
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F,1*1"*15'"&*$:"*)4,+"*,/*$:"*+#,80";*%&'*1"*4,&)5'"#*$:"**

'5)$#587$5,&*,/*4:,#')*5&*$:"*+0%&"
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+&,%-&.$%&"'(/7$+',-*'./-'&0$&($%"&*+,$HG#(-$)10#GP$10+$&($2'+)&'0-,$H*'5"-$)10#GP$'0$

-"#$('*,-$,&G/-'&0$&($3#*-*10+Q,$)1*1+&D$H-"#$G#(-$)10#G$,"&8,$ORR$%"&*+,I$-"#$*'5"-$

)10#G$,"&8,$>RRRRR$2'+)&'0-,P?

!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 :



+&,%-&.$%&"'()7$S',-*'./-'&0$&($%"&*+,$HG#(-$)10#GP$10+$&($2'+)&'0-,$H*'5"-$)10#GP$'0$

-"#$,#%&0+$,&G/-'&0$&($3#*-*10+Q,$)1*1+&D$H-"#$G#(-$)10#G$,"&8,$ORR$%"&*+,I$-"#$

*'5"-$)10#G$,"&8,$>RRRRR$2'+)&'0-,P?

T0$-"',$%1,#$'-$',$<#*4$#1,4$-&$('0+$-"#$*1+'1G$+#0,'-4$(/0%-'&0$&($%"&*+$%#0-#*,I$

,'0%#$"#*#$8#$-1F#$('*,-$1$*10+&2$*1+'/,I$10+$0#D-$8#$%"&&,#$1$*10+&2$)&'0-$H-"#$

%#0-#*P$&0$-"',$*10+&2$*1+'/,?$
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+&,%-&.$%&"'(*7$S',-*'./-'&0$&($%"&*+,$HG#(-$)10#GP$10+$&($2'+)&'0-,$H*'5"-$)10#GP$'0$

-"#$-"'*+$,&G/-'&0$&($3#*-*10+Q,$)1*1+&D$H-"#$G#(-$)10#G$,"&8,$ORR$%"&*+,I$-"#$

*'5"-$)10#G$,"&8,$>RRRRR$2'+)&'0-,P?$U&-'%#$-"1-$8"'G#$-"#$+',-*'./-'&0$&($

2'+)&'0-,$',$/0'(&*2I$-"#$+',-*'./-'&0$&($-"#$*#,/G-'05$%"&*+,$',$+',-'0%-G4$0&0V

/0'(&*2?

!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 ;;
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!"##$%&'(()*+,"-%(&>?'<"%.@A#

! &2,',*2"'(#*";'&*'"7%

! .7'(%#*";'&*'"7%#

! ,&'".(',*2"'(#*";'&*'"7%

B26#(%,#

9%#,-%#/&29'9*(*,<#0%".*,<#2+#7-2&0#

7%",%&.

f(r, θ)
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-+$',(%&)$*%$&+,
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9)"#/,".*%#",'*#(")*"#:-

b

r

r′

θ θ′

W#&2#-*'%1G$%&0,-*/%-'&0$(&*$-"#$+',%/,,'&0$&($-*10,G1-'&01G$'0<1*'10%#?$!"#$

&*'5'01G$%'*%G#$H.G1%FP$',$%*&,,#+$.4$1$,-*1'5"-$G'0#$H*#+P$8"'%"$+#('0#,$-"#$%"&*+?$

!"#$-*10,G1-#+$%'*%G#$',$,"&80$'0$.G/#?
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f(r, θ) = f(r) = C/r

⇒ (normalization) 1 =

∫
C

f(r)2πrdr = 2πCR

⇒ f(r) =
1

2πrR

C-%&%+2&%
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!"##$%&'()*%&+($,&-"(.()%'/#&0)()'$12&

+#,8%8505$>*;,'"0)*'"+"&'*,&*+:>)54%0*%))7;+$5,&)9*$:">*%#"*&,$*

G,'H.5I"&<*="*'"/5&"*$:"*"0";"&$%#>*"I"&$)*8%)"'*,&*#"%0H1,#0'*

4,&)$#%5&$)9*'"#5I"'*/#,;*,7#*,1&*"-+"#5"&4"<
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J*1%>*/,#1%#'*$,*K,8L"4$5I"K*+#5,#)2*M"//#">)N*+#5,#)
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3.)(.4%5&(",)(62*:"#"*1"*4,&4"&$#%$"*,&*%*+#,80";*,/*+%#%;"$#54*)$%$5)$54)<*

="*)""O*$:"*+%#%;"$"#*$:%$*8")$*%'%+$)*,7#*$:",#>*$,*'%$%<*P:5)*;"%&)*$:%$*1"*)"%#4:*

%;,&.*5&4,;+%$580"*:>+,$:")")*$:%$*%#"*'"/5&"'*8>*'5//"#"&$*+%#%;"$"#*I%07")<

P:"*'5//"#"&$*:>+,$:")")*A%&'*$:"#"/,#"9*$:"*'5//"#"&$*+%#%;"$"#)E*%#"*#"+#")"&$"'*8>*

'5//"#"&$*+'/N)*A%*+%#%;"$#54*/%;50>*,/*+'/N)E

p(x|θ)

!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 26



D,%/#EA#F'&,(%,,#*0%",*,*%.#+2&#'#/'&'3%,&*7#/0+#+'3*(<

E

[

∂ ln p(x|θ)
∂θ

]

= 0

E

[

∂2 ln p(x|θ)
∂θ2

]

= −E

[

(

∂ ln p(x|θ)
∂θ

)2
]
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D,%/#GA#'#/'&'3%,%&H0%/%"0%",#I*J%(*-220#*.#'#+'3*(<#2+#/0+K.#,-',#&%/&%.%",#,-%#

0*.,&*91,*2"#2+#,-%#0',')#$*;%"#,-%#;'(1%#2+#,-%#/'&'3%,%&>.@4#

!,#7'"#9%#.-26"#,-',#,-%#+2((26*"$#*"%L1'(*,<#-2(0.

6-%&%########*.#,-%#8,&1%8#;'(1%#2+#,-%#/'&'3%,%&)#'"0##############*.#,-%#MI#%.,*3',2&#

>N&'3%&HO'2HP*.-%&#921"0@4

θ̂(D)θ0
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var[θ̂(D)] ≥
1

E

[

(

∂ lnL(D, θ0)

∂θ0

)2
] =

1

−E
∂2 lnL(D, θ0)

∂θ20



D,%/#QA#0%+*"*,*2"#2+#P*.-%&#!"+2&3',*2"4#R#;%&<#72"7%",&',%0#/0+#*.#;%&<#*"+2&3',*;%4#

C-%&%+2&%)#,-%#.3'((%&#,-%#;'&*'"7%)#,-%#$&%',%&#,-%#8*"+2&3',*2"84#

C-1.)#+&23#,-%#N&'3%&HO'2HP*.-%&#921"0

2"%#*.#(%0#,2#,-%#P*.-%&#!"+2&3',*2"

I(θ) = E

[

(

∂ ln p(x, θ)

∂θ

)2
]

= −E
∂2 ln p(x, θ)

∂θ2
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var[θ̂(D)] ≥
1

E

[

(

∂ lnL(D, θ0)

∂θ0

)2
] =

1

−E
∂2 lnL(D, θ0)

∂θ20



D,%/#SA#*,#7'"#9%#.-26"#,-',#,-%#P*.-%&#!"+2&3',*2"#*.#'#(27'(#>'"0#.<33%,&*7'(@#+2&3#2+#,-%#

T1((9'7JHI%*9(%&#0*;%&$%"7%#>.%%#9%(26@

P&23#,-*.)#'"0#+&23#,-%#/&2/%&,*%.#2+#,-%#TI#0*;%&$%"7%)#6%#.%%#,-',#,-%#P*.-%&#!"+2&3',*2"#

9%-';%.#(*J%#'#>.L1'&%0@#0*.,'"7%#9%,6%%"#0*.,&*91,*2".4

IKL (p(x|θ), p(x|θ + ǫ)) = −

1

2
E

[

∂2 ln p(x|θ)
∂θ2

]

ǫ
2 =

1

2
I(θ)ǫ2
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D,%/#UA#,-%#TI#0*;%&$%"7%#*.#*";'&*'",#6*,-#&%./%7,#,2#&'"023#;'&*'9(%#,&'".+2&3',*2".)#'"0#

,-%&%+2&%#'(.2#,2#/'&'3%,%&#,&'".+2&3',*2".4#P&23#,-%#0%+*"*,*2"#2+#TI#0*;%&$%"7%)#'"0#+&23#

,-%#,&'".+2&3',*2"#+2&31('#+2&#/0+K.#6%#+*"0

C-%&%+2&%)#,-%#P*.-%&#!"+2&3',*2"#*.#'(.2#*";'&*'",#6*,-#&%./%7,#,2#/'&'3%,%&#,&'".+2&3',*2".4

∫ +∞

−∞

py(y) ln

(
py(y)

qy(y)

)
dy =

∫ +∞

−∞

px(x) ln



px(x)

∣∣∣∣dxdy
∣∣∣∣

qx(x)

∣∣∣∣dxdy
∣∣∣∣


 dx

=

∫ +∞

−∞

px(x) ln

(
px(x)

qx(x)

)
dx
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D,%/#VA#+&23#,-%#%L1',*2"#,-',#&%(',%.#TI#0*;%&$%"7%#'"0#P*.-%&#!"+2&3',*2")#6%#+*"0#'#

72&&%./2"0*"$#/0+A#

,-*.#3%'".#,-',#+2&#.3'((#+(17,1',*2".#2+#,-%#/'&'3%,%&)#P*.-%&K.#*"+2&3',*2"#7-'"$%.#

L1'0&',*7'((<4#C-%")#6%#&%72;%&#(*"%'&#7-'"$%.#6-%"#6%#,'J%#,-%#.L1'&%#&22,4#

P*"'((<)#9<#0%+*"*"$#,-%#/0+

6%#29,'*"#'#/0+#,-',#*.#*";'&*'",#6*,-#&%./%7,#,2#/'&'3%,%&#,&'".+2&3',*2".#'"0#*.#3%'.1&%0#

*"#W*";%&.%#/'&'3%,%&#1"*,.X#>'.#*,#.-21(0#9%#+2&#'#/0+Y#,-*.#7'"#9%#.%%"#+&23#,-%#+2&31('#

'92;%)#'"0#+&23#,-%#+'7,#,-',#,-%#TI#0*;%&$%"7%#*.#0*3%".*2"(%..@4#

Z%#'//(<#,-*.#,2#(*J%(*-220.)#,-',#0%+*"%#/'&'3%,&*7#/0+#+'3*(*%.

IKL (p(x|θ), p(x|θ + ǫ)) = −

1

2
E

[

∂2 ln p(x|θ)
∂θ2

]

ǫ
2 =

1

2
I(θ)ǫ2

f(θ) ∼
√

I(θ)
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[\'3/(%A#'#.*3/(%#]'1..*'"#I*J%(*-220#+2&#! 0','/2*",.

C-*.#/2*",.#,2#'#1"*+2&3#/&*2&#+2&#"4#!"#$%"%&'()#,-*.#1"*+2&3#/&*2&#*.#'"#*3/&2/%&#/&*2&4

lnL(D|µ) ∼
∑

n

(

− lnσ −
(xn − µ)2

2σ2

)

L(D|µ) =
∏

n

1
√

2πσ2
exp

(

−

(xn − µ)2

2σ2

)

+*\%0#.*$3'

I(µ) = E

[

−

∂2 lnL(D|µ)

∂µ2

]

∼ constant
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[\'3/(%A#'#.*3/(%#]'1..*'"#I*J%(*-220#+2&#! 0','/2*",.#>7,04@

C-*.#/26%&H('6#/&*2&#*.#'"2,-%&#*3/&2/%&#/&*2&4

L(D|µ) =
∏

n

1
√

2πσ2
exp

(

−

(xn − µ)2

2σ2

)

I(σ) = E

[

−

∂2 lnL(D|σ)

∂σ2

]

∼

1

σ2
+*\%0#31

√

I(σ) ∼
1

σ
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[\'3/(%A#^2*..2"#0*.,&*91,*2"

C-*.#/26%&H('6#/&*2&#*.#<%,#'"2,-%&#*3/&2/%&#/&*2&4

I(a) = E

[

−

∂2 lnL(D|a)

∂a2

]

∼

1

a

√

I(a) ∼
1√
a
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L(D|a) =
∏

n

akn

kn!
e−a



!"#$%%&'"#$()'$*"+)&,"-$++)$.%"/)0&)%

M"//#">)*+#5,#)*%#"*$7&"'*$,*$:"*Q5O"05:,,'9*87$*

',")&N$*$:5)*),7&'*)$#%&."?*R:,70'&N$*$:"*+#5,#*

5&/,#;%$5,&*8"*$5"'*$,*$:"*+#5,#*'5)$#587$5,&*

%0,&"?*

FS9*$:"*Q5O"05:,,'*5)*%0),*4,&)$#74$"'*7)5&.*

+#5,#*5&/,#;%$5,&*A,8I5,7)0>TE<*R,9*5&*%*)"&)"9*

Q5O"05:,,'*%&'*$:"*)"0"4$"'*+#5,#)*%#"*#"0%$"'<*
!"#$%&'()**#)+,'

-./0.1.0/02
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J*):,#$*#"/#"):"#*,&*A!,0$U;%&&()E*"&$#,+>*5&*)$%$5)$54%0*;"4:%&54)

5 %&0,'+#*$1$,4,-#2$8"#*#$,-1-#,$# 1*#$&%%/)'#+$.4$$! '+#0-'%1G$)1*-'%G#,$$

H#%&#'(%&)))&%&*P?

5 -"#$0/2.#*$&($814,$-&$('GG$-"#,#$,-1-#,$',$5'<#0$.4$

5 -"#0$3&G-X2100Q,$#0-*&)4$',$

 

Ω =
N!

N
1
!N

2
!…N

M
!

 

SB = kB lnΩ = kB ln
N!

N
1
!N

2
!…NM !

≈ kB N lnN − N( )− Nn lnNn − Nn( )
n

∑





= kB N lnN − Npn ln pn + lnN( )
n

∑




= kB pn ln

1

pnn

∑
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SB = kB pi ln
1

pii

∑

+,-./01##23&4#.5,67&83&9:3.&-8;4&

<=1##,#23&4#.5,67

SI = pi log2
1

pii

∑

!"#$%$&'&()*#+*!,)-&.%'*-(%(/-

!"#$%$&'&()*#+*-#0"./*-)1$#'-<=1##,#23&4#.5,67&83&.=4&1>451?4&

8#@,501.8,#&,:.6:.&A7&1&3,:5B4&,@&

370A,-3

(,&-*'#2%"&(,1&.*+03.(&#3*&-*

(,/*&3+#"1%(&#3*.%""&/4*$)*

(,/*!5(, -)1$#'
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[\'3/(%.A#

_ :1.,#,62#.<392(.)#`#'"0#E)#.'3%#.21&7%#/&29'9*(*,<##

SI = −2

(

1

2
log2

1

2

)

= 1 bit

,-%&%#'&%#G#

%L1'(#,%&3. ';%&'$%#*"+2&3',*2"#

72";%<%0#9<#%'7-#

.<392(

,-%#&%.1(,#*.#$*;%"#*"#

/.%1021"*, W9*,.X#>+2&#

"',1&'(#(2$'&*,-3.#,-*.#*.#

W"',.X@
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! :1.,#,62#.<392(.)#`#'"0#E)#/&29'9*(*,*%.#a#'"0#b#)#&%./%7,*;%(<

! c#.<392(.)#%L1'(#/&29'9*(*,*%.#

SI = −

1

4
log2

1

4
−

3

4
log2

3

4
≈ 0.81 bit

SI = −

8
∑

1

1

8
log2

1

8
= log2 8 = 3 bit
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./$&0/'%%-%&$%,1-+2&"(&'##","3$&4-1&"%#$+$%#$%,&(-)15$(4#

T($,42.&G,$1*#$#2'--#+$,'2/G-10#&/,G4$10+$'0+#)#0+#0-G4$.4$-8&$,&/*%#,I$-"#$;&'0-$

)*&.1.'G'-4$+',-*'./-'&0$',

10+$-"#*#(&*#$-"#$;&'0-$#0-*&)4$',$$

p(j, k) = p1(j)p2(k)

S = −

∑

j,k

p(j, k) log2 p(j, k) = −

∑

j,k

p1(j)p2(k) log2[p1(j)p2(k)]

= −

∑

j

p1(j) log2 p1(j)−
∑

k

p2(k) log2 p2(k)

= S1 + S2

!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 53



./$&0/'%%-%&$%,1-+2&"(&',&'&*'6"*)*&4-1&,/$&)%"4-1*&#"(,1"7),"-%8

!"',$',$10$#1,4$*#,/G-$-"1-$(&GG&8,$/,'05$&0#$Y15*105#$2/G-')G'#*$-&$F##)$)*&.1.'G'-4$

0&*21G'X1-'&0$'0-&$1%%&/0-

'((#/&29'9*(*,*%.#-';%#,-%#.'3%#

;'(1%

S + λ

N
∑

k=1

pk = −

N
∑

k=1

pk log2 pk + λ

N
∑

k=1

pk

= −

1

ln 2

N
∑

k=1

pk ln pk + λ
N
∑

k=1

pk

∂

∂pj
(S + λ

N
∑

k=1

pk) = −

1

ln 2
(ln pj + 1) + λ = 0

pj = exp(λ ln 2− 1) = 1/N

!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 5;



CDE8# F) G17#43 H(IJJK(IIL"% 8#.5,D:B4D .=4 04.=,D ,@
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)-+0.%,%"$(1% 20.(")(0*% -/ +#3(+4+ %"'.-0567
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'"(# )*+ ,*+

&'"(# ,*+ -*+

"#$% &"#$%

'"(# . )*/

&'"(# )*/ )*/

"#$% &"#$%

'"(# )*/ .

&'"(# . ,*/

3#*.#""/'%(&#3******************* 1%6&101*3/2%(&7/*.#""/'%(&#3***********1%6&101*!#-&(&7/*.#""/'%(&#3
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/)&1(10#020$%

$'2)&/."3/)&/&)20&'(#"2&"45(''&'6%"$'2)&/.7

8&'%2)(0'2%"39"8&'%2)(0'2%:";"<'='&>'%7

pbl p
bl

p
bl

p
bl

S = pbl ln
1

pbl
+ p

bl
ln
1

p
bl

+ p
bl
ln
1

p
bl

+ p
bl
ln
1

p
bl

pbl + pbl + pbl + pbl = 1

pbl + pbl = 1 3

pbl + pbl = 1 3
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SV = pbl ln
1

pbl
+ p

bl
ln
1

p
bl

+ p
bl
ln
1

p
bl

+ p
bl
ln
1

p
bl








+λ
1
pbl + pbl + pbl + pbl −1( )+ λ2 pbl + pbl −1 3( )+ λ3 pbl + pbl −1 3( )

∂SV
∂pbl

= − ln pbl −1+ λ1 + λ2 + λ3 = 0

∂SV
∂p

bl

= − ln p
bl
−1+ λ

1
+ λ

3
= 0

∂SV
∂p

bl

= − ln p
bl
−1+ λ

1
+ λ

2
= 0

∂SV
∂p

bl

= − ln p
bl
−1+ λ

1
= 0

pbl = exp −1+ λ1 + λ2 + λ3( )

p
bl
= exp −1+ λ1 + λ3( )

p
bl
= exp −1+ λ1 + λ2( )

p
bl
= exp −1+ λ1( )
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