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Figure 1. The gravitational lens geometry. The light ray propagates from the

source S to the observer O and is deflected through as angle â so that the

image appears at I. The angular separations of the source and image from the

optic axis are denoted by b and v respectively. Dd, Ds and Dds are

respectively the angular diameter distances from the observer to the lens,

the observer to the source and the source to the lens.
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)$*(,6-"!')"*'H0*('(:,'/$1*<'"1.'"')01.-&.'&#"!+4&*'

*033$5&'(,'.&(&-!$1&'()&'&!+$-$5"4'.$*(-$/0($,1'(,'/&((&-'

()"1'>IJE'

()&-&'$*'"'/$66&-'+-,/4&!')&-&F'()&'"-60!&1(*')";&'@"#$

.$33&-&1(';"40&*<'"1.':&'!0*('&*($!"(&'@K@"7>L'

+"-"!&(&-*'EEE'3,-'$1*("15&<':$()'C'M'BI'()&-&'"-&'!,-&'

()"1'@'/$44$,1'+"-"!&(&-*N

P y( )

P x y( )
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Q4H+D-"+H%+&%*@D%+(9%+9@6%+D45E7%G#(B+4C+7%-&"#"6R+

H%+-''@5%+(9%+D4"*#(#4"-7+#"*%E%"*%"D%+4C+(9%+,"-.:

#"3?'%@"$'.3"#%('"&#3#1

C4&+#"'(-"D%F+H#(9+S@'(+(H4+-((&#I@(%'

H#(9+54&%+(9-"+;+-((&#I@(%'

P x
1
, x

2
y( ) = P x

1
x
2
, y( )P x

2
y( ) = P x

1
y( )P x

2
y( )

.*-)%(%*-,'$%-)#7#-)#-.#$,//507(%*-

P x y( ) ≈ P xk y( )
k=1

N

∏

!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 2;





'#%/&0/1/%$)&"(.2%/*/&(134*.

.C+-"B+4C+(9%++ , $-&#-I7%'+9-'+5 *#CC%&%"(+$-7@%'F+%+#C+(9%&%+-&%+6

D7-''%'F+(9%"+H%+5@'(+%'(#5-(%+#"+-77++6=51V>+C&%%+E-&-5%(%&'+H#(9+

(9%+/-#$%+M-B%'+K7-''#C#%&+=(9#'+#"D7@*%'+"4&5-7#3-(#4">+=D45E-&%+

(9#'+H#(9+(9%+6=5#1V>+E-&-5%(%&'+"%%*%*+IB+-+D45E7%(%+D7-''#C#%&>
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7#1*(14#4.&(134*.&$1"&"(.2%/*/&2)$../.&8 *9/&:$4..($1&2$./

9%&%+H%+5@'(+%'(#5-(%+;+6 E-&-5%(%&'+W+(9%+'9-E%+4C+(9%+

*#'(&#I@(#4"+;=<>+=(9#'+-**'+@E+(4+-"4(9%&+61V+E-&-5%(%&'>

P xn yk( ) =
1

2πσ nk

2
exp −

xn − µnk( )
2

2σ nk

2
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?-@''#-"+'E%D#-7+D-'%+H#(9+D7-''1#"*%E%"*%"(+$-&#-"D%+-"*+M447%-"+

D7-''#C#D-(#4"+=(H4+D7-''%'+4"7B>:

P y = 0 x( ) =
P x y = 0( )P y = 0( )

P x y = 0( )P y = 0( ) + P x y = 1( )P y = 1( )

P x
n
y = 0( ) =

1

2πσ
n

2
exp −

x
n
− µ

n0( )
2

2σ
n

2













P x
n
y = 1( ) =

1

2πσ
n

2
exp −

x
n
− µ

n1( )
2

2σ
n

2
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P y = 0 x( ) =
P x y = 0( )P y = 0( )

P x y = 0( )P y = 0( ) + P x y = 1( )P y = 1( )

=
1

1+
P x y = 1( )P y = 1( )
P x y = 0( )P y = 0( )

=
1

1+
P y = 1( )
P y = 0( )

exp −
x
n
− µ

n1( )
2

2σ
n

2
+

x
n
− µ

n0( )
2

2σ
n

2











n=1

N

∏

=
1

1+ exp ln
P y = 1( )
P y = 0( )







+

µ
n1 − µ

n0( )xn
σ

n

2
+
µ
n0

2 − µ
n1

2

2σ
n

2











n=1

N

∑












!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 27



w
0
= ln

P y = 1( )
P y = 0( )







+

µ
n0

2 − µ
n1

2

2σ
n

2











n=1

N

∑

w
n
=

µ
n1
− µ

n0( )
σ

n

2

P y = 0 x( ) =
1

1+ exp w0 + w
n
x
n

n=1

N

∑





P y = 1 x( ) = 1− P y = 0 x( ) =
exp w0 + w

n
x
n

n=1

N

∑





1+ exp w0 + w
n
x
n

n=1

N

∑





'*&%/(%.$/",7#
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0#"-77B+-"+#"E@(+$%D(4&+I%74"6'+(4+D7-''+B+N+X+#C+

P y = 0 x( )
P y = 1 x( )

> 1

exp w0 + w
n
x
n

n=1

N

∑




< 1

P y = 0 x( ) =
1

1+ exp w0 + w
n
x
n

n=1

N

∑





P y = 1 x( ) =
exp w0 + w

n
x
n

n=1

N

∑





1+ exp w0 + w
n
x
n

n=1

N

∑





w
0
+ w

n
x
n

n=1

N

∑ < 0
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!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 2:

.-/&%,&)(0$/0$%%&-'(1*-/&,(0$/0$%%&-'2

!"#$*))/$+,(%*

A%("$("#$#=7*-#-(%,'$#=7,-/%*-$(",($A#$X5/($<*5-)$M("#$'*&%/(%.$#=7+#//%*-$<*+$,T$&%:#/$$$

Y*+$,$&%:#-$/#($*<$6 .',//$)#(#+0%-,(%*-/$A"#+#$("#$<+,.(%*-$*<$,//%&-0#-(/$(*$.',//$>$

%/$$$$$$$$$$$$<*+$,$7,+,0#(#+$:#.(*+$*<$$$$$$$$$$$$$$$$$$$$$$$$$$("%/$'*&$*))/$+,(%*$2#.*0#/$$

P (y = 1|x)

P (y = 0|x)
=

p

1− p

ln
p

1− p
= w0 +

N
∑

n=1

wnxn

{x(k)
n }k=1,Kp(k)

ln
p(k)

1− p(k)
= w0 +

N
∑

n=1

wnx
(k)
n
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!"#$#=7+#//%*-

%/$("#$2,/%/$<*+$,$&#-#+,'%Z#)$'%-#,+$+#&+#//%*-F$(*$)#(#+0%-#$("#$7 7,+,0#(#+/C$

!"%/$.,-$2#$)*-#$A%("$("#$'#,/($/[5,+#/$0#("*)F$A"#+#$*-#$0%-%Z#/$

!"%/$'*&%($+#&+#//%*-$%/$*<(#-$5/#)$%-$.',//%<%.,(%*-$7+*2'#0/C$$

ln
p(k)

1− p(k)
= w0 +

N
∑

n=1

wnx
(k)
n

S =
K
∑

k=1

[

ln
p(k)

1− p(k)
−

(

w0 +
N
∑

n=1

wnx
(k)
n

)]2
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34$(5&66%(%"78*$0
M<+*0$;,/#'',$,-)$\#*+&#F$89,%)'.'.&*-54*0'::#*#)$,%41*90C6(,(C$]^$M>QQKT$>^E$T

O&(P*'*("-(':$()'"1'&#"!+4&<'"1.'5,1*$.&-'()&'3,44,:$16'H,$1('.$*(-$/0($,1F'

Q&'*&&'()"(

C&#(':&'*&('0+'"'*$!+4&'R"-8,;'5)"$1'+-,5&.0-&'EEE'

f(x, y) ∝

(

n

x

)

yx+α−1(1− y)n−x+β−1, x = 0, . . . , n 0 ≤ y ≤ 1

f(x|y) ∼ Binomial(n, y)

f(y|x) ∼ Beta(x+ α, n− x+ β)
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Q&'6&1&-"(&'"'ST$//*'*&=0&15&S',3'-"1.,!';"-$"/4&*

:)&-&'()&'$1$($"4';"40&'$*'*+&5$3$&.'"1.'()&',()&-*'"-&'5,!+0(&.':$()'()&'-04&

KT$//*'*"!+4$16LE'

.+*'/,+"$+*&0#&*1'"*)#"2+*+('320*!4*&0+*1%(#)*" $#)3+,*0#$+*#*1%5+6*6%,&"%/3&%'(*

&0#&*7'""+,8'(6,*&'*&0+*9#"2%(#)*861*'1*&0+*# $#"%#&+:
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2',.1$V$\%22/$/,07'%-&

A"%(#$V$("#*+#(%.,'$#=7#.(,(%*-
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294@7*+H%+%GE%D(+(9#'+&%'@7(R+

;*-/%)#+$("#$<*''*A%-&$#=7#.(,(%*-$:,'5#$

("#+#<*+#$A#$.,-$#/(%0,(#$/M9T$A%("$("#$/50

,-)$<%-,''3$("#$\%22/$/,07'%-&$7+*:%)#/$+#7+#/#-(,(%:#$/,07'#/$(",($.*++#/7*-)$(*$("%/$0,+&%-,'$)%/(+%25(%*-C$M<*+$,$2#((#+$

7+**<F$."#.1$("#$7,7#+$23$;,/#'',N\#*+&#T$

Ey[f(x|y)] =

∫
Y

f(x|y)f(y)dy =

∫
Y

f(x, y)dy = f(x)
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Y4%'+?#II'+'-5E7#"6+D4"$%&6%R

_#$.*-/%)#+$("#$<*''*A%-&$.,/#R$(A*$)%/.+#(#$+,-)*0$:,+%,2'#/$A%("$0,+&%-,''3$I#+-*5''%$)%/(+%25(%*-/$,-)$A%("$,$X*%-($

7+*2,2%'%(3$)%/(+%25(%*-$)#/.+%2#)$23$("%/$0,(+%=



!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 47

0,+&%-,'$

)%/(+%25(%*-

(+,-/%(%*-$

7+*2,2%'%(%#/
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6%-.#$A#$,+#$*-'3$%-(#+#/(#)$%-$("#$`$/#[5#-.#

("#$(+,-/%(%*-$0,(+%=$<*+$("#$`$/#[5#-.#$%/

Y+*0$("#$("#*+3$*<$W,+1*:$.",%-/F$A#$1-*A$(",($%(#+,(%-&$("%/$7+*)5.#/$,$<%=#)$7+*2,2%'%(3$)%/(+%25(%*-F$%C#CF$*5+$

0,+&%-,'$)%/(+%25(%*-$<*+$`C$$
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24F+H9-(Z'+(9%+@'%+4C+-77+(9#'R

;*-/%)#+$("#$.,/#$A"#+#$A#$A,-($(*$.*075(#$("#$0,+&%-,'$7)<$

%-$,$/%(5,(%*-$A"#+#$("#$05'(%)%0#-/%*-,'$%-(#&+,'$.,-$2#$",+)$(*$.*075(#C$

U)&'T$//*'*"!+4&-'5,!+4&(&4D'/D+"**&*'()&'5"4504"($,1',3'()&'!04($.$!&1*$,1"4'$1(&6-"4'"1.'"33,-.*'"1'&"*D'

+"()'(,'!"-6$1"4$%"($,1E'

U)&'+-,5&.0-&'5"1'/&'&"*$4D'&#(&1.&.'(,'!04($.$!&1*$,1"4'.$*(-$/0($,1*<'3,-'&#"!+4&':$()'(:,'10$*"15&'

;"-$"/4&*':&'+-,.05&'()&'*&=0&15&

/D'!&"1*',3'()&'5,1.$($,1"4'V2W*'



!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 4:

;54*&4.41'(*,<1,"#4*"/*)*$"=4%*#4%4(-'".*#-)-'#-'(*'#*-"*#4-*<,*)*-4.#'".*:4-744.*-54*

,14='(-'24.4##*"/*)*$"=4%*>/"1*'.#-).(4*'.='()-4=*:?*-54*.<$:41*"/*/144*,)1)$4-41#@*

).=*'-#*):'%'-?*-"*/'-*":#412)-'".)%*=)-)A*B241#'$,%'#-'(*$"=4%#*"//41'.&*)*,""1*/'-*

#5"<%=*"/*("<1#4*:4*-51"7.*"<-C*:<-*#"*#5"<%=*$"14*("$,%49*$"=4%#*-5)-*"//41*,""1*

,14='(-'24*,"741A*

;5414*)14*-7"*$)'.*-?,4#*"/*$"=4%*#4%4(-'".*#-)-'#-'(*-5)-*5)24*:44.*<#4=*'.*-54*

%'-41)-<14*#"*/)1A*D./"1$)-'".*(1'-41')*%""E*)-*-54*:4#-F/'--'.&*,)1)$4-41*2)%<4#*).=*

)--)(5*)*,4.)%-?*/"1*-54*.<$:41*"/*,)1)$4-41#G*-54?*)14*4##4.-')%%?*)*-4(5.'()%*

/"1$<%)-'".*"/*H(5'F#I<)14=*,41*=4&144#*"/*/144="$J*)1&<$4.-#A*K?*(".-1)#-C*-54*

K)?4#').*42'=4.(4*),,%'4#*-54*#)$4*-?,4*"/*%'E4%'5""=*).)%?#'#*/)$'%')1*/1"$*

,)1)$4-41*4#-'$)-'".C*:<-*)-*-54*%424%*"/*$"=4%#*1)-541*-5).*,)1)$4-41#A*D-*

=4,4.=#*".*&""=.4##*"/*/'-*)(1"##*-54*4.-'14*$"=4%*,)1)$4-41*#,)(4A

MJ%))'#$N$,'CF$KHH^T

9-:$*(%$*$),&-'
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!"#$"%&'()*+,#-$*(&.+$-%+$*(&/!'.01&

;5'#*7)#*=41'24=*:?*L'1"-<&< +E)'E4*'.*MNOPC*).=*-)E4#*-54*/"1$*

75414*E*'#*-54*.<$:41*"/*,)1)$4-41#*'.*-54*$"=4%A*;54*#<:#(1',-*H$)9J*'.='()-4#*-5)-*".4*

#5"<%=*/'.=*-54*,)1)$4-41*2)%<4#*?'4%='.&*-54*5'&54#-*,"##':%4*%'E4%'5""=*7'-5'.*-54*$"=4%A*

!"#$%$&'()*%+&,-%.'+$%.$%.%/#)*%(0%12''.-%0.'+(,34%#)#+#.5567%.$%8.,.-&+&,$%.,&%.**&*7%+"&%

0#+%+(%*.+.%#-8,(9&$%,.8#*56%:)+#5%.%,&.$().;5&%0#+%#$%.'"#&9&*7%;:+%0:,+"&,%8.,.-&+&,$%

+"&)%.**%5#++5&%.)*%+"&%8&).5+6%+&,-%</%+./&$%(9&,= ;54*&4.41'(*#5),4*"/*-54*+D!*)#*)*

/<.(-'".*"/*.<$:41*"/*,)1)$4-41#*'#*)*1),'=*/)%%C*)*$'.'$<$C*).=*-54.*)*1'#4A*;54*,14/4114=*

$"=4%*#'-#*)-*-54*$'.'$<$A

!"&%>?@%A.$%*&,#9&*%0,(-%#)0(,-.+#()B+"&(,&+#'%'()$#*&,.+#()$7%$8&'#0#'.556%.)%

.88,(C#-.+&%-#)#-#D.+#()%(0%+"&%E:55;.'/FG&#;5&, #)0(,-.+#()%&)+,(86%A"#'"%-&.$:,&$%

+"&%*#$+.)'&%;&+A&&)%+A(%8,(;.;#5#+6%*#$+,#;:+#()$=

MJ%))'#$N$,'CF$KHH^T

AIC = −2 lnLmax + 2k
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2#3%4$#(&'()*+,#-$*(&.+$-%+$*(&/2'.01

;5'#*7)#*=41'24=*:?*0'=4".*Q(57)1R*'.*MNOSC*).=*#-1".&%?*14#4$:%4#*-54*+D!A*D-*'#*&'24.*:?*

75414*T*'#*-54*.<$:41*"/*=)-),"'.-#A*Q'.(4*)*-?,'()%*=)-)#4-*7'%%*5)24*%.T U*VC*-54*KD!*

'$,"#4#*)*#-1'(-41*,4.)%-?*)&)'.#-*49-1)*,)1)$4-41#*-5).*-54*+D!A*

?+%A.$%*&,#9&*%.$%.)%.88,(C#-.+#()%+(%+"&%H.6&$#.)%&9#*&)'&C*-"*:4*='#(<##4=*.49-C*:<-*

+"&%.$$:-8+#()$%,&I:#,&*%.,&%9&,6%,&$+,#'+#9&%.)*%:)5#/&56%+(%"(5*%#)%8,.'+#'&7%,&)*&,#)J%

+"&%.88,(C#-.+#()%I:#+&%',:*&=

MJ%))'#$N$,'CF$KHH^T

BIC = −2 lnLmax + k lnN



!"#$%"#&'()#**(&+ ,$-./($0&'.*1#"/&+ '$-&2322 52

2#3%4$#(&%5$6%(7%

!"#$%&'$%$()*"+&,*-'&)"&#$)$.-*+$&/0*(0&)0$".$)*(,%&-"#$%'&,.$&-"')&1%,2'*3%$&

4*5$+&'"-$&#,),6&/*)0"2)&+$($'',.*%7&("+'*#$.*+4&1.$8$..$#&5,%2$'&"8&-"#$%&

1,.,-$)$.'9

a)#,''3F$A#$A*5')$'%1#$(*$#/(%0,(#$7*/(#+%*+$7+*2,2%'%(%#/$*-$("#$/#($*<$,''$.*07#(%-&$

0*)#'/$5/%-&$I,3#/8$("#*+#0R$

,-)$/#'#.($("#$2#/($0*)#'$5/%-&$("#$*))/$+,(%*

*+$("#$I,3#/$<,.(*+F$%<$A#$,//50#$#[5,'$7+%*+$7+*2,2%'%(%#/$<*+$("#$)%<<#+#-($0*)#'/R$

P (Mi|D, I) =
P (D|Mi, I)P (Mi|I)∑
k P (D|Mk, I)P (Mk|I)

Oi,j =
P (Mi|D, I)

P (Mi|D, I)
=

P (D|Mi, I)P (Mi|I)

P (D|Mj , I)P (Mj |I)

Bi,j =
P (D|Mi, I)

P (D|Mj , I)
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!"5/$A#$/##$(",($("#$I,3#/$<,.(*+$%/$,$+,(%*$*<$#:%)#-.#/

9/$5/5,'F$#,."$#:%)#-.#$%/$*2(,%-#)$23$0,+&%-,'%Z%-&$("#$'%1#'%"**)$A%("$+#/7#.($(*$("#$

M7*(#-(%,''3$)%<<#+#-(T$7,+,0#(#+/R

Bi,j =
P (D|Mi, I)

P (D|Mj , I)

P (D|Mi, I) =

∫
Θi

P (D|θi,Mi, I)p(θi|Mi, I)dθi
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;54*42'=4.(4*"/*)*$"=4%*'#*-5<#*-54*)241)&4*%'E4%'5""=*"/*-54*$"=4%*'.*-54*,1'"1A*

W.%'E4*-54*+D!*).=*KD!C*'-*="4#*."-*/"(<#*".*-54*:4#-F/'--'.&*,)1)$4-41#*"/*-54*$"=4%C*:<-*

)#E#*H"/*)%%*-54*,)1)$4-41*2)%<4#*?"<*-5"<&5-*7414*2'):%4*:4/"14*-54*=)-)*()$4*)%".&C*

5"7*74%%*".*)241)&4*='=*-54?*/'-*-54*=)-)XJA*3'-41)%%?C*'-*'#*-54*%'E4%'5""=*"/*-54*$"=4%*

&'24.*-54*=)-)A*

;54*42'=4.(4*147)1=#*,14='(-):'%'-?*"/*$"=4%#C*,1"2'=4=*-54?*&'24*)*&""=*/'-*-"*-54*=)-)C*

).=*54.(4*&'24#*).*)9'"$)-'(*14)%'R)-'".*"/*B(()$Y#*1)R"1A*

+*$"=4%*7'-5*%'--%4*,)1)$4-41*/144="$*'#*%'E4%?*-"*/'-*=)-)*"241*$<(5*"/*'-#*,)1)$4-41*

#,)(4C*75414)#*)*$"=4%*-5)-*("<%=*$)-(5*,14--?*$<(5*).?*=)-)*-5)-*$'&5-*5)24*(1",,4=*

<,*7'%%*&'24*)*:4--41*/'-*-"*-54*)(-<)%*=)-)*:<-*".%?*'.*)*#$)%%*14&'".*"/*'-#*%)1&41*

,)1)$4-41*#,)(4C*,<%%'.&*-54*)241)&4*%'E4%'5""=*="7.A

MJ%))'#$N$,'CF$KHH^T
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K"#'"%$+.+#$+#'$L

B/*-54#4*#-)-'#-'(#C*74*7"<%=*)=2"()-4*<#'.&*Z 75414241*,"##':%4*Z -54*K)?4#').*42'=4.(4C*

75'(5*'#*)*/<%%*'$,%4$4.-)-'".*"/*K)?4#').*'./414.(4*).=*().*:4*='14(-%?*'.-41,14-4=*'.*-41$#*

"/*$"=4%*,1":):'%'-'4#A*D-*'#*("$,<-)-'".)%%?*(5)%%4.&'.&*-"*("$,<-4C*:4'.&*)*5'&5%?*,4)E4=*

$<%-'='$4.#'".)%*'.-4&1)%C*:<-*14(4.-*)%&"1'-5$*=424%",$4.-*5)#*$)=4*'-*/4)#':%4*'.*

("#$"%"&'()%*(".-49-#A*

?0%+"&%H.6&$#.)%&9#*&)'&%'.))(+%;&%'(-8:+&*7%+"&%H?@%'.)%;&%*&85(6&*%.$%.%$:;$+#+:+&= D-*'#*

$<(5*#'$,%41*-"*("$,<-4*)#*".4*.44=*".%?*/'.=*-54*,"'.-*"/*$)9'$<$*%'E4%'5""=*/"1*4)(5*

$"=4%A M(A&9&,7%#)+&,8,&+#)J%#+%'.)%;&%*#00#':5+=%?+$%-.#)%:$&0:5)&$$%#$%.$%.)%.88,(C#-.+#()%

+(%+"&%&9#*&)'&7%;:+%+"#$%"(5*$%()56%0(,%J.:$$#.)%5#/&5#"((*$%.)*%8,(9#*&*%+"&%*.+.8(#)+$%

.,&%#)*&8&)*&)+%.)*%#*&)+#'.556%*#$+,#;:+&*= ;54*%)--41*(".='-'".*5"%=#*,""1%?*/"1*-54*(<114.-*

&%":)%*("#$"%"&'()%*=)-)#4-C*-5"<&5*'-*().*,"-4.-')%%?*:4*'$,1"24=*:?*:'..'.&*"/*-54*=)-)C*

54.(4*=4(14)#'.&*-54*T*'.*-54*,4.)%-?*-41$A

;54*+D!*5)#*:44.*7'=4%?*<#4=*"<-#'=4*)#-1",5?#'(#C*:<-*'#*"/*=4:)-):%4*<-'%'-?A*?+%".$%;&&)%

$"(A)%+(%;&%1*#-&)$#().556%#)'()$#$+&)+37%-&.)#)J%+".+%#+%#$%)(+%J:.,.)+&&*%+(%J#9&%+"&%

,#J"+%,&$:5+%&9&)%#)%+"&%5#-#+%(0%#)0#)#+&%:);#.$&*%*.+.= D-*$)?*:4*<#4/<%*/"1*(54(E'.&*-54*

1":<#-.4##*"/*(".(%<#'".#*=1)7.*<#'.&*-54*KD!A*!"&%&9#*&)'&%.)*%H?@%.,&%*#-&)$#().556%

'()$#$+&)+=

MJ%))'#$N$,'CF$KHH^T



34$(;9("*/-0&,47(
Mb#07/(#+F$J,%+)$N$P52%-F$>QEET

P | d, I( ) =
P d | , I( )

P d | I( )
·P | I( )

=
L d,( )

P d | I( )
·P | I( )∝ L d,( )

01$3,-!'.$*(-$/0($,1'

K0*0"44D'"1'$!+-,+&-'+-$,-L

4$8&4$),,.

#"+(9#'+=-EE&4G#5-(%>+'%((#"6F+(9%+TUA+%'(#5-(%+D4#"D#*%'+H#(9+

(9%+T[+%'(#5-(%<

&;$.&15&

\%D-77+(9%+5-G<+7#8%7#944*+E&#"D#E7%:
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L d,( ) = p di( )
i

∏

:)&1'."("'"-&'$1.&+&1.&1('"1.'$.&1($5"44D'.$*(-$/0(&.'K$E$E.EL':&'3$1.'()&'3,44,:$16'

4$8&4$),,.'3015($,1

"1.':&'&*($!"(&'()&'+"-"!&(&-*'/D'!"#$!$%$16'()&'4$8&4$),,.'3015($,1

,-<'&=0$;"4&1(4D<'$(*'4,6"-$()!

K$1'-&"4'4$3&<'()$*'+-,5&.0-&'$*',3(&1'5,!+4&#'"1.'"4!,*('$1;"-$"/4D'$('-&=0$-&*'"'

10!&-$5"4'*,40($,1L

ˆ = argmaxL d,( )

 

ˆ = argmax logL d,( ) 
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!"#$%&$'()*+,-".$,/$0/#1$-*$.'2,.,3#$(,4#(,"**1$5,-"$,67*.8(#-#$,69*+.'-,*6:$'61$,-$

"'/$-5*$.',6$/-#8/$-"'-$'+#$,-#+'-#1$06-,($7*6;#+)#67#<

81&$:1$(),)*"+&"8&)0$&%"4;%*<$%*0""#6&,5$.,4$#&/*)0&.$'1$()&)"&-*''*+4&#,),=

91&-,:*-*>,)*"+&"8&)0$&,5$.,4$#&%"4;%*<$%*0""#&/*)0&.$'1$()&)"&1,.,-$)$.'=

Q ,
n−1( )( ) = Ey log p x,y( ) x, n−1( )





= log p x,y( )  p y x,
n−1( )( )dy

Y

∫

n( )
= argmaxQ ,

n−1( )( )

'%1#'%"**)

0#,/5+#)$

),(,

0%//%-&

),(,

7,+,0#(#+/$MA%("$+#/7#.($(*$

A"%."$A#$A,-($(*$0,=%0%Z#$

("#$#=7+#//%*-

7+#:%*5/$7,+,0#(#+$

#/(%0,(#$M.*-/(,-($

:,'5#/T
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:;"+<('/%"#%';<'&3+'#)%A3),%"#%';<-#'#)3"(%+-*'(%

8B(7&$%"#*%C-<<D9

O$6)('/04/*'3"$4'3,44,:$16'"1'&#+,1&1($"4'.$*(-$/0($,1':$()'!&"1'3"$40-&'($!&'

!*$#/-,.'-#$-"#$.#'6$-5*$#28#+,.#6-/$'+#$8#+9*+.#1

>E'6 4$6)('/04/*'"-&'(&*(&.<'"44'3"$40-&'($!&*'0! "-&'-&5,-.&.'

@E'. 4$6)('/04/*'"-&'(&*(&.<',14D'()&'(,("4'10!/&-'+ ,3'/04/*'3"$4&.'"('($!&'- "-&'

-&5,-.&.

V<+

;<

θ

 

L =
1

θ
exp −

u
i

θ






i=1

n

∏ =
1

θ n
exp −

u
i

i

∑
θ














=
1

θ n
exp −

n u

θ






 

L =
1

θ
exp −

v
i

θ






i=1

m

∏
0%//%-&$),(,c
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74617#8%7#944*

−n lnθ −
n u

θ
− lnθ +

v
i

θ






i=1

m

∑

1

θ n
exp −

n u

θ





·

1

θ
exp −

v
i

θ






i=1

m

∏

D45I#"%*+7#8%7#944*
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%GE%D(%*+C-#7@&%+(#5%+C4&+-+I@7I+(9-(+

#'+'(#77+I@&"#"6+-(+(#5%+( t +θ

%GE%D(%*+C-#7@&%+(#5%+C4&+-+I@7I+(9-(+

#'+"4(+I@&"#"6+-(+(#5%+(
θ −

t exp − t θ( )
1− exp − t θ( )
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C,(&',1'!&"1'3"$40-&'($!&'3,-'"'/04/'()"('$*'1,('/0-1$16'"('($!&'-

p ′t( )∝
1

θ
e
− ′t θ

0 ≤ ′t ≤ t

normalization = p ′t( )d ′t
0

t

∫ =
d ′t

θ
e
− ′t θ

0

t

∫ = 1− e−t θ

mean failure time = ′t p ′t( )d ′t
0

t

∫ =
1

1− e−t θ
′t e− ′t θ d ′t

θ
0

t

∫

=
θ

1− e−t θ
1− e−t θ − t θ( )e−t θ 

= θ −
te

−t θ

1− e−t θ
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Q = E −n lnθ −
n u

θ
+ − lnθ −

v
i

θ







i=1

m

∑









= − n +m( ) lnθ −
n u

θ
−
r

θ
θ −

t exp − t θ( )
1− exp − t θ( )







−
m − r( )
θ

θ + t( )

-$%&-6%+74617#8%7#944*

$%&'()*+'($%)()#,)-$.$&/*('$),
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Q = − n +m( )lnθ −
1

θ
n u + r θ −

t exp − t θ( )
1− exp − t θ( )







+ m − r( ) θ + t( )













(9%+5-G+4C+(9%+5%-"+7#8%7#944*+

D-"+I%+C4@"*+IB+5-G#5#3#"6+(9%+-EE&4G#5-(%+%GE&%''#4"

Q ≈ − n +m( )lnθ −
1

θ
n u + r θ k( ) −

t exp − t θ k( )( )
1− exp − t θ k( )( )












+ m − r( ) θ k( )

+ t( )














dQ

dθ
≈ − n +m( )

1

θ
+
1

θ 2
n u + r θ k( ) −

t exp − t θ k( )( )
1− exp − t θ k( )( )












+ m − r( ) θ k( )

+ t( )













= 0
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θ k+1( )
=

1

n +m
n u + r θ k( ) −

t exp − t θ k( )( )
1− exp − t θ k( )( )












+ m − r( ) θ k( )

+ t( )














dQ

dθ
≈ − n +m( )

1

θ
+
1

θ 2
n u + r θ k( ) −

t exp − t θ k( )( )
1− exp − t θ k( )( )












+ m − r( ) θ k( )

+ t( )













= 0

(9#'+C4&5@7-+'@55-&#3%'+%GE%D(-(#4"+

-"*+5-G#5#3-(#4":+(9%&%C4&%F+(9%+&%D#E%+

#'+(4+#(%&-(%+(9#'+@"(#7+D4"$%&6%"D%+<<<
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k( )

0 5 10 15 20
0.0

0.5

1.0

1.5

2.0

]G-5E7%+H#(9+5%-"+C-#7@&%+(#5%+N+;+=-<@<>F+-"*+&-"*457B+6%"%&-(%*+

*-(-+="+N+VXX^+5+N+VXX><+."+(9#'+%G-5E7%+&+N+_`<
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