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P (AB) = P (A|B)P (B) = P (B|A)P (A)

Conditional probabilities and Bayes’ Theorem

P (A|B) =
P (B|A)P (A)

P (B)

Joint probability and 
conditional probabilities

Bayes’ theorem
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P (AB) = P (A|B)P (B) = P (B|A)P (A)

Conditional probabilities and Bayes’ Theorem

P (A|B) =
P (B|A)P (A)

P (B)

P (H|D) =
P (D|H)

P (D)
P (H)

Joint probability and 
conditional probabilities

Bayes’ theorem: a purely 
logical statement

Bayes’ theorem again: 
now as an inferential 
statement
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P (H|D) =
P (D|H)

P (D)
P (H)

Likelihood

Evidence

Prior 
distribution

Posterior 
distribution
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P A | B( ) = P B | A( )·P A( )
P(B)

P Ak | B( ) = P B | Ak( )·P Ak( )
P(B)

k = 1, ... , N

if the events Ak are mutually exclusive, and they fill 
the probability space

A1 A2 A3

A4
A5 A6

A7 A8
A9

B

P B | A3( )·P A3( )
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P (B) = P (B → !) = P

(
B →

N⋃

n=1

An

)

= P

(
N⋃

n=1

(B →An)

)
=

N∑

n=1

P (BAn)

=
N∑

n=1

P (B|An) P (An)



P A | B( ) = P B | A( )·P A( )
P(B)

P(B) = P B | Ak( )·P Ak( )
k=1

N

∑
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P (Ak|B) =
P (B|Ak)PN

j=1 P (B|Aj)P (Aj)
P (Ak)
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P (Hk|D) =
P (D|Hk)P

j P (D|Hj)P (Hj)
P (Hk)

MAP estimates

Likelihood

Evidence

Prior 
distribution

Posterior 
distribution
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A problem of male twins (Efron, 2003)

Pregnant with twins: 
fraternal or identical? 

Fraternal: 2/3 of all cases

Identical: 1/3 of all cases
What is the probability of 
identical twins IF both boys 
in sonogram? 
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P (Identical|Both boys) =
P (Both boys|Identical)

P (Both boys)
P (Identical)

Answer provided by Bayes theorem
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P (Identical) = 1/3

P (Fraternal) = 2/3

P (Both boys|Identical) = 1/2

P (Both boys|Fraternal) = 1/4

P (Both boys) = P (Both boys|Identical)P (Identical)

+ P (Both boys|Fraternal)P (Fraternal)

= (1/2)(1/3) + (1/4)(2/3) = 1/3

P (Identical|Both boys) =
P (Both boys|Identical)

P (Both boys)
P (Identical)

=
(1/2)

(1/3)
(1/3) = 1/2

Prior probabilities

Conditional probabilities from 
simple counting argument
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A simple application to medical tests (HIV testing)

what is the probability P(infected|positive) ?

A common answer is 98.5% ... and it is wrong!

Let’s use Bayes’ theorem ... 
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Brief Article

The Author

May 6, 2022

P (infected|positive) = P (positive|infected)⇥ P (infected)
P (positive|infected)⇥ P (infected) + P (positive|not infected)⇥ P (not infected)

=


P (positive|infected)

P (positive|infected)⇥ P (infected) + P (positive|not infected)⇥ P (not infected)

�
⇥ P (infected)

1

<latexit sha1_base64="gbwVlmILlI0KyhtMninQ+K89Wz0="></latexit>

P (positive|infected) = 1; P (positive|not infected) = 0.015
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P (Hk|D) =
P (D|Hk)∑N

n=1 P (D|Hn) P (Hn)
P (Hk)



The estimate depends on the size of the infected population 

i.e., on the probabilities

P(infected)    P(not infected)

The posterior estimate strongly depends on prior probability
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Brief Article

The Author

May 6, 2022

P (infected|positive) = P (positive|infected)⇥ P (infected)
P (positive|infected)⇥ P (infected) + P (positive|not infected)⇥ P (not infected)

=


P (positive|infected)

P (positive|infected)⇥ P (infected) + P (positive|not infected)⇥ P (not infected)

�
⇥ P (infected)

P (infected|positive) =


P (positive|infected)
P (positive|infected)⇥ P (infected) + P (positive|not infected)⇥ P (not infected)

�
⇥ P (infected)

1
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Example: AIDS testing
(data from https://en.wikipedia.org/wiki/List_of_countries_by_HIV/AIDS_adult_prevalence_rate, accessed May 7th 2022)

The large number of false positives and the small probability of finding a sick person 
mean that the probability of being infected if positive is not actually very high. 
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Brief Article

The Author

May 6, 2022

P (infected|positive) = P (positive|infected)⇥ P (infected)
P (positive|infected)⇥ P (infected) + P (positive|not infected)⇥ P (not infected)

=


P (positive|infected)

P (positive|infected)⇥ P (infected) + P (positive|not infected)⇥ P (not infected)

�
⇥ P (infected)

P (infected|positive) =


P (positive|infected)
P (positive|infected)⇥ P (infected) + P (positive|not infected)⇥ P (not infected)

�
⇥ P (infected)

1

<latexit sha1_base64="7YUqxFpcMFddlz5725QifY+Pr74="></latexit>

PItaly(infected|positive) =
1

1⇥ 0.003 + 0.015⇥ 0.997
⇥ 0.003 ⇡ 16.7%

PSouth Africa(infected|positive) =
1

1⇥ 0.173 + 0.015⇥ 0.827
⇥ 0.173 ⇡ 93.3%
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Repeating measurements changes the reference population. 

We incorporate a new positive result in a repeated measurement by using the 
previous posterior as the new prior: 

The first test changes the reference population, and the second test, if positive, 
gives a significant result.
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PItaly(infected|positive, positive) =
1

1⇥ 0.167 + 0.015⇥ 0.833
⇥ 0.167 ⇡ 93.0%

PSouth Africa(infected|positive, positive) =
1

1⇥ 0.933 + 0.015⇥ 0.067
⇥ 0.933 ⇡ 99.9%
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Comparing hypotheses

P Hk |D, I( )
P Hn |D, I( ) =

P D |Hk , I( )
P D |Hn , I( )

⎛

⎝⎜
⎞

⎠⎟
·
P Hk | I( )
P Hn | I( )

⎛

⎝⎜
⎞

⎠⎟

P Hk | D, I( ) = P D | Hk , I( )
P D | I( ) ·P Hk | I( )

Bayes’ factor
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Odds ratio
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When prior probabilities are the same (equally probable hypotheses), the posterior 
probability ratio depends only on the Bayes’ factor: 
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Bayes’ factor

Odds ratio

<latexit sha1_base64="N2HjUCW9VX+54agcXMRQQy67f5Y="></latexit>

P (Hk|D, I)

P (Hn|D, I)
=

P (D|Hk, I)

P (D|Hn, I)
⇥ P (Hk|I)

P (Hn|I)
=

P (D|Hk, I)

P (D|Hn, I)

Bayes’ factor

Uniform priors
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From discrete sets of hypothesis to the continuum. 
The Bayes’ theorem in the context of parameter estimation.
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<latexit sha1_base64="SlufsGKt2TvKaqGNpVNvJfqgqqg="></latexit>

p (✓|D, I) =
P (D|✓, I)R

⇥ P
�
D|✓0, I

�
p
�
✓0|I

�
d✓0 ⇥ p (✓|I)
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P (Hk|D, I) =
P (D|Hk, I)

P (D|I) P (Hk, I) =
P (D|Hk, I)∑N

n=1 P (D|Hn, IU) P (Hn, I)
P (Hk, I)



P (H|D) =
P (D|H)

P (D)
P (H)

Likelihood

Evidence

Prior distribution
Posterior distribution

P (Hk|D) =
P (D|Hk)P

j P (D|Hj)P (Hj)
P (Hk)

MAP estimates
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p(✓|D, I) =
P (D|✓, I)R

⇥ P (D|✓0, I)p(✓0|I)d✓
p(✓|I)
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Consider the following sequence of coin tosses

H, T, T, T, H, H, T, T, H, H, T, H, H, H, H, T, H, H, H, T

(12 heads, 8 tails)

Is this an unbiased coin? 

What about the following one? 

H, T, H, H, H, T, H, H, T, H, H, H, H, H, T, T, H, T, T, H

(13 heads, 7 tails)

20
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Consider the following sequence of coin tosses

H, T, T, T, H, H, T, T, H, H, T, H, H, H, H, T, H, H, H, T

(12 heads, 8 tails)

Is this an unbiased coin? 

Frequentist answer: sample average is 0.6 instead of 0.5, which is just a little less that one standard 
deviation (≈ 0.11) away from the mean for an unbiased coin

What about the following one? 

H, T, H, H, H, T, H, H, T, H, H, H, H, H, T, T, H, T, T, H

(13 heads, 7 tails)

Frequentist answer: sample average is 0.65 instead of 0.5, which is just about 1.36 standard deviations 
away from the mean for an unbiased coin and is more likely to point to a biased coin
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p(✓|n,N) =
P (n|✓, N)

R 1
0 P (n|✓0, N)p(✓0)d✓0

p(✓)

=

�N
n

�
(1� ✓)N�n✓n

R 1
0

�N
n

�
(1� ✓)0N�n✓0n p(✓0)d✓0

p(✓) =
(1� ✓)N�n✓n

R 1
0 (1� ✓)0N�n✓0n d✓0

Example of Bayesian inference: 
estimate of the (probability) parameter of the binomial distribution

uniform distribution: the 
least informative prior

the final result is a beta distribution

this is the parameter 
that we want to infer 
from data
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P (n|ω, N) =

(
N

n

)
(1→ ω)N→nωn
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beta function
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<latexit sha1_base64="knH4k0YDOPXSlwe8lKhWCYEo6z8="></latexit>

p(✓|n,N) =
(1� ✓)N�n✓n

R 1
0 (1� ✓)0N�n✓0n d✓0

=
(1� ✓)N�n✓n

B(n+ 1, N � n+ 1)

<latexit sha1_base64="Iy94/AFakJuxrH6nZdizIOYAEYg="></latexit>

B(a, b) =

∫ 1

0
ta→1(1→ t)b→1dt =

!(a)!(b)

!(a+ b)

<latexit sha1_base64="L25NSSiHNEW1vTzH/uR8EySBeUw="></latexit>

Beta(ω|a, b) = !(a+ b)

!(a)!(b)
ωa→1(1→ ω)b→1 beta pdf
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p(ω|n,N) = Beta(ω|n+ 1, N → n+ 1)



Mathematical digression: the connection between gamma and beta function
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<latexit sha1_base64="7ZpkVLjW3bJKh6Q/5+YzIciaOxk="></latexit>

!(a)!(b) =

∫ →

0
sa↑1e↑sds

∫ →

0
tb↑1e↑tdt

s = x2, t = y2 → !(a)!(b) = 4

∫ →

0
x2a↑1e↑x2

dx

∫ →

0
y2b↑1e↑y2

dy

x = r cos ω, y = r sin ω → !(a)!(b) = 4

∫ →

0
r2a+2b↑1e↑r2dr

∫ ω/2

0
cos2a↑1 ω sin2b↑1 ωdω

(t = cos2 ω, dt = ↑2 cos ω sin ωdω) = !(a+ b)

(
2

∫ ω/2

0
cos2a↑1 ω sin2b↑1 ωdω

)

= !(a+ b)

∫ 1

0
ta↑1(1↑ t)b↑1dt

= !(a+ b)B(a, b)

→ B(a, b) =
!(a)!(b)

!(a+ b)
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Plots of the beta distribution for various values of the hyperparameters a and b.

<latexit sha1_base64="ktmDAGMSwdcvCqeacbkbFRkh2Jg="></latexit>

Beta(µ|a, b) = !(a+ b)

!(a)!(b)
µa→1(1→ µ)b→1
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Main statistics of the beta distribution as a function of the a and b hyperparameters (a and b, integers)

<latexit sha1_base64="VnXkn2flBEqkByksOyDFDsoKhaA="></latexit>

Beta(µ|a, b) = (a+ b→ 1)!

(a→ 1)!(b→ 1)!
µa→1(1→ µ)b→1

<latexit sha1_base64="q2PILJ58CYtn//Yp7TJhac8VSBY="></latexit>

var(µ) = E(µ2)→ E(µ)2 =
ab

(a+ b+ 1)(a+ b)2

<latexit sha1_base64="o8Dk45+n+oDqxXCGtiWaRJdexQ4=">AAACHXicbVDLSsNAFJ3UV62vqEs3wSI0FEpSS3UjFEVwWcE+oIllMp20QycPZiZCCfkRN/6KGxeKuHAj/o2TNAttvTCcw7n3cuccJ6SEC8P4Vgorq2vrG8XN0tb2zu6eun/Q5UHEEO6ggAas70COKfFxRxBBcT9kGHoOxT1nepX2ew+YcRL4d2IWYtuDY5+4BEEhpaHasDwoJo4TXycVy4vuT/ULy2UQxbACq6aexBKcal3PwMxAT4Zq2agZWWnLxMxJGeTVHqqf1ihAkYd9gSjkfGAaobBjyARBFCclK+I4hGgKx3ggqQ89zO04c5doJ1IZaW7A5POFlqm/N2LocT7zHDmZeuGLvVT8rzeIhHtux8QPI4F9ND/kRlQTgZZGpY0Iw0jQmSQQMSL/qqEJlOEIGWhJhmAuWl4m3XrNbNaat41y6zKPowiOwDGoABOcgRa4AW3QAQg8gmfwCt6UJ+VFeVc+5qMFJd85BH9K+foBYr+e7w==</latexit>

E(µ3) =
a(a+ 1)

(a+ b+ 2)(a+ b+ 1)(a+ b)

a and b, control the values of all moments of the distribution

<latexit sha1_base64="wFpf5u2BBD1qr821rr224eL0r00="></latexit>

E(µ) =
∫ 1

0
µ Beta(µ|a, b)dµ

=

∫ 1

0

(a+ b→ 1)!

(a→ 1)!(b→ 1)!
µa(1→ µ)b→1dµ

=
(a+ b→ 1)!

(a→ 1)!(b→ 1)!
B(a+ 1, b)

=
(a+ b→ 1)!

(a→ 1)!(b→ 1)!

a!(b→ 1)!

(a+ b)!
=

a

a+ b

<latexit sha1_base64="2qiYtfVtFdQiKTTJ43mO7Ix8YO0="></latexit>

E(µ2) =

∫ 1

0
µ2 Beta(µ|a, b)dµ

=

∫ 1

0

(a+ b→ 1)!

(a→ 1)!(b→ 1)!
µa+1(1→ µ)b→1dµ

=
(a+ b→ 1)!

(a→ 1)!(b→ 1)!
B(a+ 2, b)

=
(a+ b→ 1)!

(a→ 1)!(b→ 1)!

(a+ 1)!(b→ 1)!

(a+ b+ 1)!
=

a(a+ 1)

(a+ b+ 1)(a+ b)
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skewness(µ) =
E[(µ→ E(µ))3]

ω3
=

2(b→ a)
↑
a+ b+ 1

(a+ b+ 2)
↑
ab
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posterior pdf
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p(ω|n,N) = Beta(ω|n+ 1, N → n+ 1)



From the knowledge of the posterior pdf we find

biased, asymptotically unbiased, estimator

Edoardo Milotti - Bayesian Methods - Spring 2026
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var(ω) =
(n+ 1)(N → n+ 1)

(N + 3)(N + 2)2
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E(ω) = n+ 1

N + 2

<latexit sha1_base64="pEIeLOwC7V6LyIT7onSrpYtFCBo="></latexit>




n = a→ 1

N → n = b→ 1

number of 1’s

number of 0’s

meaning of the hyperparameters
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p(ω|n,N) = Beta(ω|n+ 1, N → n+ 1)



Maximum a posteriori (MAP) estimate – MAP ≠ mean value! 

Consider the case with a uniform prior: from the posterior distribution

we easily find that the posterior pdf is maximized by the parameter value

which is the unbiased estimate of the parameter (unlike the mean value!)

✓ = n/N
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<latexit sha1_base64="WMLHmtZrqhrcOcRXZKrsSYOP85M="></latexit>

p(ω|n,N) =
(N + 1)!

n!(N → n)!
(1→ ω)N→nωn
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Credible intervals (case of initial uniform prior),  the Bayesian analog of confidence intervals.

95% symmetric interval (same 
probability content in tails, 2.5%)
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What happens if we try a different prior?

Let’s try with a linear prior
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<latexit sha1_base64="DCwVSVVuGfa0gDhJ72kYbXbxAdo="></latexit>

p(✓|n,N) =
P (n|✓, N)

R 1
0 P (n|✓0, N)p(✓0)d✓0

p(✓)

=

�N
n

�
(1� ✓)N�n✓n

R 1
0

�N
n

�
(1� ✓)0N�n✓0n 2✓0d✓0

2✓ =
(1� ✓)N�n✓n+1

R 1
0 (1� ✓)0N�n✓0n+1 d✓0

<latexit sha1_base64="raHQZD5qYKlOlP3QOJu93cb3Tl0=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8Ei1E1JilQ3QtGNywr2Am0ok+mkHTqZhJkTpcQ+ihsXirj1Sdz5Nk7bLLT1h4GP/5zDOfP7seAaHOfbyq2tb2xu5bcLO7t7+wd28bClo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x/fzOrtB6Y0j+Q9TGLmhWQoecApAWP17WJc7sGIATm7qi6gb5ecijMXXgU3gxLK1OjbX71BRJOQSaCCaN11nRi8lCjgVLBpoZdoFhM6JkPWNShJyLSXzk+f4lPjDHAQKfMk4Ln7eyIlodaT0DedIYGRXq7NzP9q3QSCSy/lMk6ASbpYFCQCQ4RnOeABV4yCmBggVHFzK6YjoggFk1bBhOAuf3kVWtWKW6vU7s5L9essjjw6RieojFx0geroFjVQE1H0iJ7RK3qznqwX6936WLTmrGzmCP2R9fkDYa+TdA==</latexit>

p(ω) = 2ω

a beta distribution … again … 
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Properties of the new posterior

<latexit sha1_base64="bmA2lvN5E8fGb9O5N8I5uO0k+xQ="></latexit>




n = a→ 2

N → n = b→ 1

<latexit sha1_base64="7pK4DBwi0KiFOBLpNb8vSvrEiM8=">AAACDXicbVBNS8NAEN34WetX1aOXxSooQkmqVC9CUQRPUsFaoSlls93YpZtN2J0IJeQPePGvePGgiFfv3vw3btoctPpg4PHeDDPzvEhwDbb9ZU1Nz8zOzRcWiotLyyurpbX1Gx3GirImDUWobj2imeCSNYGDYLeRYiTwBGt5g7PMb90zpXkor2EYsU5A7iT3OSVgpG5p2w0I9D0vOU93XegzIHv4BLu+IjSR+9U0udw/SLulsl2xR8B/iZOTMsrR6JY+3V5I44BJoIJo3XbsCDoJUcCpYGnRjTWLCB2QO9Y2VJKA6U4y+ibFO0bpYT9UpiTgkfpzIiGB1sPAM53Z7XrSy8T/vHYM/nEn4TKKgUk6XuTHAkOIs2hwjytGQQwNIVRxcyumfWKSABNg0YTgTL78l9xUK06tUrs6LNdP8zgKaBNtoV3koCNURxeogZqIogf0hF7Qq/VoPVtv1vu4dcrKZzbQL1gf39BbmsQ=</latexit>

E(ω) = n+ 2

N + 3

<latexit sha1_base64="c9dZLwKei+dv5JEflBOl63o6tuc="></latexit>

var(ω) =
(n+ 2)(N → n+ 1)

(N + 4)(N + 3)2

effective number of 1’s

effective number of 0’s
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<latexit sha1_base64="qijoiNdMoXDMYt3YIl9nF+IPuDw=">AAACGnicbVBNS8NAEN3U7/oV9ehlsQhKa0mKqBeh1IsnUbC20JSy2W7bpZtN2J0IJfZ3ePGvePGgiDfx4r9xU4to64OBx3szzMzzI8E1OM6nlZmZnZtfWFzKLq+srq3bG5s3OowVZVUailDVfaKZ4JJVgYNg9UgxEviC1fz+WerXbpnSPJTXMIhYMyBdyTucEjBSy3ajPQ96DMidLFzsY3yKsRcQ6KkgqRh1+OPmS4WLA5l391t2zik6I+Bp4o5JDo1x2bLfvXZI44BJoIJo3XCdCJoJUcCpYMOsF2sWEdonXdYwVJKA6WYyem2Id43Sxp1QmZKAR+rviYQEWg8C33SmZ+tJLxX/8xoxdE6aCZdRDEzS70WdWGAIcZoTbnPFKIiBIYQqbm7FtEcUoWDSzJoQ3MmXp8lNqegeFY+uDnPlyjiORbSNdtAectExKqNzdImqiKJ79Iie0Yv1YD1Zr9bbd2vGGs9soT+wPr4AsKueyA==</latexit>

p(ω|n,N) = Beta(ω|n+ 2, N → n+ 1)



Blue: start with uniform prior

Red: start with linear prior

Taking few coin throws, the posterior from the linear prior is considerably 
biased. The bias disappears when the number of coin throws is large.

✓
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Now we try with a very non-uniform prior

We take

θ
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<latexit sha1_base64="dE676L+x9IEoTp/2tfbJRsNBjoY="></latexit>

p(✓|n,N) =
P (n|✓, N)

R 1
0 P (n|✓0, N)p(✓0)d✓0

p(✓)

=

�N
n

�
(1� ✓)N�n✓n

R 1
0

�N
n

�
(1� ✓)0N�n✓0n (k + 1)✓0kd✓0

(k + 1)✓k =
(1� ✓)N�n✓n+k

R 1
0 (1� ✓)0N�n✓0n+k d✓0

<latexit sha1_base64="pRE2GtEMlGN+7iFCrwoGsnVvdQ4=">AAACEXicbVDLSgMxFM34rPVVdekmWIQWocyIVEGEohuXFewDOrVkMuk0TOZhckcoQ3/Bjb/ixoUibt25829M21lo64ELJ+fcS+49Tiy4AtP8NhYWl5ZXVnNr+fWNza3tws5uU0WJpKxBIxHJtkMUEzxkDeAgWDuWjASOYC3Hvxr7rQcmFY/CWxjGrBsQL+R9TgloqVcoxSUbBgxIGV/gkn9klfH0feefY/s+IS72bc/DVq9QNCvmBHieWBkpogz1XuHLdiOaBCwEKohSHcuMoZsSCZwKNsrbiWIxoT7xWEfTkARMddPJRSN8qBUX9yOpKwQ8UX9PpCRQahg4ujMgMFCz3lj8z+sk0D/rpjyME2AhnX7UTwSGCI/jwS6XjIIYakKo5HpXTAdEEgo6xLwOwZo9eZ40jytWtVK9OSnWLrM4cmgfHaASstApqqFrVEcNRNEjekav6M14Ml6Md+Nj2rpgZDN76A+Mzx9J15rR</latexit>

p(ω) = (k + 1)ωk; k → 1

a beta distribution … yet again … 
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Blue: start with uniform prior

Red: start with power-law prior (k=10)

In this case, initial bias due to the prior is very large.

✓
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More generally, we can take a Beta prior 
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<latexit sha1_base64="skGzsO7GJjhc9vq2ymiVRgNN4io="></latexit>

p(ω) = Beta(ω|m, l) → ωm→1(1↑ ω)l→1
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<latexit sha1_base64="oqbntTOm78zv45/7zGYS8kxInFo=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqyCFohePFewHtLFsNpt26W4SdzdKCf0fXjwo4tX/4s1/47bNQVsfDDzem2FmnhdzprRtf1u5peWV1bX8emFjc2t7p7i711RRIgltkIhHsu1hRTkLaUMzzWk7lhQLj9OWN7ye+K1HKhWLwjs9iqkrcD9kASNYG+leVE8vUfchwT7i1bNesWSX7SnQInEyUoIM9V7xq+tHJBE01IRjpTqOHWs3xVIzwum40E0UjTEZ4j7tGBpiQZWbTq8eoyOj+CiIpKlQo6n6eyLFQqmR8EynwHqg5r2J+J/XSXRw4aYsjBNNQzJbFCQc6QhNIkA+k5RoPjIEE8nMrYgMsMREm6AKJgRn/uVF0jwpO5Vy5fa0VLvK4sjDARzCMThwDjW4gTo0gICEZ3iFN+vJerHerY9Za87KZvbhD6zPH545kU8=</latexit>

m = 4; l = 5

effective number of 1’s

effective number of 0’s

<latexit sha1_base64="SC2MjsqrENOo51Gs7P/Ar0c7aSM=">AAACJnicbVBNS8NAEN3U7/hV9ehlsQiCWBIR9SKIXjyJgv2AppTNdtIu3WzC7kQoob/Gi3/FiwdFxJs/xW3NQasPBh7vzczuvDCVwqDnfTilmdm5+YXFJXd5ZXVtvbyxWTdJpjnUeCIT3QyZASkU1FCghGaqgcWhhEY4uBz7jXvQRiTqDocptGPWUyISnKGVOuWzQEKEQe4GIfSEypnWbDjK9chV+zENAndc1wdqX7oBqG7hu4EWvT5WO+WKV/UmoH+JX5AKKXDTKb8E3YRnMSjkkhnT8r0U23YrCi7B7s0MpIwPWA9alioWg2nnkzNHdNcqXRol2pZCOlF/TuQsNmYYh7YzZtg3095Y/M9rZRidtnOh0gxB8e+HokxSTOg4M9oVGjjKoSWMa2H/SnmfacbRJuvaEPzpk/+S+mHVP64e3x5Vzi+KOBbJNtkhe8QnJ+ScXJEbUiOcPJAn8kJenUfn2Xlz3r9bS04xs0V+wfn8ApUcpJw=</latexit>




n+m

N → n+ l
and 

<latexit sha1_base64="9mvaDwRYO04pB1E41R+wKlVReFA=">AAACGXicbVBNS8NAEN34WetX1KOXYBGEQklE1IsgfoAnqWCt0ISy2W7s0t1N2J0IJeZvePGvePGgiEc9+W/cxB60+mDg8d4MM/PChDMNrvtpTUxOTc/MVuaq8wuLS8v2yuqVjlNFaIvEPFbXIdaUM0lbwIDT60RRLEJO2+HguPDbt1RpFstLGCY0EPhGsogRDEbq2q4vMPTDMDvNOz70KeC7UiGYZyd5cOBHCpNM1kWenddFneddu+Y23BLOX+KNSA2N0Oza734vJqmgEgjHWnc8N4EgwwoY4TSv+qmmCSYDfEM7hkosqA6y8rPc2TRKz4liZUqCU6o/JzIstB6K0HQWV+txrxD/8zopRPtBxmSSApXke1GUcgdip4jJ6TFFCfChIZgoZm51SB+bLMCEWTUheOMv/yVX2w1vt7F7sVM7PBrFUUHraANtIQ/toUN0hpqohQi6R4/oGb1YD9aT9Wq9fbdOWKOZNfQL1scXt9+hXQ==</latexit>

E[ω|D] =
n+m

N +m+ l

37

<latexit sha1_base64="5889Y5om9f4PBY7fVX0VOa9/bf0=">AAACGnicbVDLSgNBEJyNrxhfUY9eBoNgUMOuSPQihHjxFCKYByQhzE4mZsjM7DLTK4Q13+HFX/HiQRFv4sW/cfJA1FjQUFR1093lh4IbcN1PJzE3v7C4lFxOrayurW+kN7eqJog0ZRUaiEDXfWKY4IpVgINg9VAzIn3Ban7/YuTXbpk2PFDXMAhZS5IbxbucErBSO+2F+03oMSB36rCUxfgc46Yk0NMyLlp1+O0eyMPSkToQ2XY64+bcMfAs8aYkg6Yot9PvzU5AI8kUUEGMaXhuCK2YaOBUsGGqGRkWEtonN6xhqSKSmVY8fm2I96zSwd1A21KAx+rPiZhIYwbSt52js81fbyT+5zUi6J61Yq7CCJiik0XdSGAI8Cgn3OGaURADSwjV3N6KaY9oQsGmmbIheH9fniXV45yXz+WvTjKF4jSOJNpBu2gfeegUFdAlKqMKougePaJn9OI8OE/Oq/M2aU0405lt9AvOxxdlap8+</latexit>

p(ω|n,N) = Beta(ω|n+m,N → n+ l)



Lessons learned: 

1. The prior information is not neutral, a careful choice of the prior distribution is a necessity. 

Question: how do we choose a prior? 

2. If we want to keep all possibilities alive, we must heed the Cromwell’s rule: “Prior probabilities 0 and 1 
should be avoided” (Lindley, 1991)

The reference is to Oliver Cromwell’s phrase: 
I beseech you, in the bowels of Christ, think it possible that you may be mistaken. 

3. Convergence as the dataset size grows seems to be granted, however it may be very slow with a bad 
choice of prior distribution

Question: is convergence really granted???
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Lessons learned - 2: 

1. While keeping the same functional form, the Binomial distribution for data leads to a Beta distribution 
for the parameter

2. Thanks to the functional shape of the likelihood, a Beta prior leads to a Beta posterior. Whenever a 
posterior has the same functional form as the prior, we call them conjugate. 

3. Thanks to conjugacy, in this case we see that we can feed whole chunks of data to an existing posterior 
and still find that the sequential learning property of Bayes theorem is satisfied.

4. As the number of observations grows, the posterior is increasingly peaked  →  connection with 
frequentist statistics
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