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Connection with frequentist statistics:

Consider the following identity involving the (joint and conditional) distributions of parameters and data

 

Prior mean

FINAL RESULT: 
Posterior mean, averaged 
over the distribution of data

2

Marginalization over the 
distribution of data Splitting the joint pdf
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Connection with frequentist statistics - 2:

A similar identity holds when we consider the variance

<latexit sha1_base64="PGCU34keIyIq/ZvBTOFvAuo/Fi4="></latexit>

varω(ω) =

∫
ω2 p(ω)dω → (Eω[ω])

2

=

∫ [∫
ω2 p(ω|D)dω

]
p(D)dD → (Eω[ω])

2

= ED[Eω[ω
2|D]]→ (Eω[ω])

2

= ED[Eω[ω
2|D]]→ ED[(Eω[ω|D])2] + ED[(Eω[ω|D])2]→ (ED[Eω[ω|D]])2

= ED[varω(ω|D)] + varD(Eω[ω|D])

Prior 
variance

posterior variance, 
averaged over the 
distribution of data

variance over data of 
the posterior mean

<latexit sha1_base64="f/HegPNwCifnwaNqUOFjJ9lb+G0=">AAACTHicdVBJSwMxFM7UvW5Vj16CRdBLmRGpHsUFPCpYFTpDeZO+tsHMQvJGKGN/oBcP3vwVXjwoIphpe3B9EPLxLeTlC1MlDbnuk1OamJyanpmdK88vLC4tV1ZWL02SaYENkahEX4dgUMkYGyRJ4XWqEaJQ4VV4c1ToV7eojUziC+qnGETQjWVHCiBLtSrCj4B6OspvQQ9aPvWQYGt0bXO/i7w8NIRhfmLlAgpQ+fGgyf8P3n3xbfOAtypVt+YOh/8G3hhU2XjOWpVHv52ILMKYhAJjmp6bUpCDJikUDsp+ZjAFcQNdbFoYQ4QmyIdlDPimZdq8k2h7YuJD9msih8iYfhRaZ7Gm+akV5F9aM6POfpDLOM0IYzF6qJMpTgkvmuVtqVGQ6lsAQku7Kxc90CDI9l+2JXg/v/wbXO7UvHqtfr5bPTgc1zHL1tkG22Ie22MH7JSdsQYT7J49s1f25jw4L8678zGylpxxZo19m9L0J4mZtVk=</latexit>

varω(ω) → ED[varω(ω|D)]

the prior variance is greater or 
equal than the (mean) posterior 
variance !!! 
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The Bernstein-Von Mises theorem

• The theorem that grants convergence under very weak hypotheses is the Bernstein-Von Mises theorem. 
The theorem states that a posterior distribution converges in the limit of infinite data to a multivariate 
normal distribution centered at the maximum likelihood estimator with covariance matrix given by the 
normalized Fisher matrix. 

• Convergence can only be defined with respect to a frequentist approach (this requires repeated, 
independent tests of the experimental procedure).   

• In the case of nonparametric statistics and for certain probability spaces, the Bernstein-von Mises theorem 
usually fails.
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Predictive power of the posterior distribution in the problem of coin tosses
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<latexit sha1_base64="rUvKll/42r4nUFtw4uIB5+ppmg4="></latexit>

p(x = 1|D) =

∫ 1

0
p(x = 1, ω|D)dω =

∫ 1

0
p(x = 1|ω,D) p(ω|D)dω =

=

∫ 1

0
ω p(ω|D)dω = E[ω|D]

=
n+m

N +m+ l

5

updated at every step; recall that

n: number of observed heads
N: total number of coin tosses
m: parameter specifying the initial prior
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Generalization to more than two discrete values: 
the 1-of-K coding scheme and the Dirichlet pdf

Coin tosses and Bernoulli variates

• Bernoulli variates: 

• 1-of-2 coding scheme for Bernoulli variates:

• The Binomial variate as a sum of Bernoulli variates: 

<latexit sha1_base64="ebhwLqpu/p+1FmnPddlRo7JjG20=">AAACH3icbZDLTgIxFIY7eEO8oS7dNBITTAiZMQZdEt24Ewm3hEHSKQUaOhfbMwqZ8CZufBU3LjTGuONtLDALBf+kyZ/vnJPT8zuB4ApMc2IkVlbX1jeSm6mt7Z3dvfT+QU35oaSsSn3hy4ZDFBPcY1XgIFgjkIy4jmB1Z3A9rdcfmVTc9yowCljLJT2PdzkloFE7XRhi+yEkHWyXea8PREr/KSZZK2ee3lewDWwIEb4t4zHOmjlrytrpjJk3Z8LLxopNBsUqtdPfdsenocs8oIIo1bTMAFoRkcCpYOOUHSoWEDogPdbU1iMuU61odt8Yn2jSwV1f6ucBntHfExFxlRq5ju50CfTVYm0K/6s1Q+hetiLuBSEwj84XdUOBwcfTsHCHS0ZBjLQhVHL9V0z7RBIKOtKUDsFaPHnZ1M7yViFfuDvPFK/iOJLoCB2jLLLQBSqiG1RCVUTRM3pF7+jDeDHejE/ja96aMOKZQ/RHxuQHFWqf1w==</latexit>

x → (1, 0)T OR (0, 1)T

<latexit sha1_base64="z1aSA2DZprNkD77iouMmWUhCUuo="></latexit>

xBin =
N∑

k=1

xk → P (xBin) =
N !

m!l!
xm(1↑ x)l

# of 1s
# of 0s

<latexit sha1_base64="JyD1HlyJDJ9bqRSgKm3Y71BVECA=">AAACHXicbVDLSgNBEJyNr7i+Vj16GQxKvIRdCdGLEBTBYwTzgGwIs5NJMmT2wUxvMCz5ES/+ihcPinjwIv6Ns0kOJrGgoajqprvLiwRXYNs/RmZldW19I7tpbm3v7O5Z+wc1FcaSsioNRSgbHlFM8IBVgYNgjUgy4nuC1b3BTerXh0wqHgYPMIpYyye9gHc5JaCltlV0fQJ9z0tux/nHM3x6hV3oMyDYdc2JJf1kSOS82bZydsGeAC8TZ0ZyaIZK2/pyOyGNfRYAFUSppmNH0EqIBE4FG5turFhE6ID0WFPTgPhMtZLJd2N8opUO7oZSVwB4ov6dSIiv1Mj3dGd6sFr0UvE/rxlD97KV8CCKgQV0uqgbCwwhTqPCHS4ZBTHShFDJ9a2Y9okkFHSgpg7BWXx5mdTOC06pULov5srXsziy6Agdozxy0AUqoztUQVVE0RN6QW/o3Xg2Xo0P43PamjFmM4doDsb3L9U9oIk=</latexit>

E(x) = ω

var(x) = ω

<latexit sha1_base64="2VuPPJJkNkRzHHlTW8arxErD+Iw="></latexit>

x →
{

P (x = 1) = ω
P (x = 0) = 1↑ ω

6

there are 2 cases that can take place, 
and they are mutually exclusive

lists of possible outcomes
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What is 1-of-K coding used for? 

This kind of coding is used in Machine Learning (ML) to convert categorical information into numerical data.

This conversion is utilized in clustering method like K-means.
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The case of multiple values

• 1-of-K coding scheme:

• Constraint: 

• Probability of each scalar component:

• Probability of a given vector:  

<latexit sha1_base64="tuwcwdAMkWwoh+v8xEBhDvY2sCk=">AAACLXicbVBLSwMxGMzWV62vVY9egkWoUMquSPUiFPUgeKnQh9DWJZtm29Bsdkmy0rL0D3nxr4jgoSJe/Rtm2z3U1g9ChplvSGbckFGpLGtiZFZW19Y3spu5re2d3T1z/6Ahg0hgUscBC8SjiyRhlJO6ooqRx1AQ5LuMNN3BTaI3n4mQNOA1NQpJx0c9Tj2KkdKUY962faT6rhcPx/AKFoaOXYTtbqBkEQ6dwRy+P32qJRtWcUbZ6W1p3jHzVsmaDlwGdgryIJ2qY75rM458whVmSMqWbYWqEyOhKGZknGtHkoQID1CPtDTkyCeyE0/TjuGJZrrQC4Q+XMEpO++IkS/lyHf1ZpJNLmoJ+Z/WipR32YkpDyNFOJ495EUMqgAm1cEuFQQrNtIAYUH1XyHuI4Gw0gXndAn2YuRl0Dgr2eVS+eE8X7lO68iCI3AMCsAGF6AC7kAV1AEGL+ANTMCn8Wp8GF/G92w1Y6SeQ/BnjJ9f2RGk0Q==</latexit>

x = (x1, . . . , xk, . . . , xK)T = (0, . . . , 1, . . . , 0)T

<latexit sha1_base64="gMGZ7YI5y+HzCfpvqzIbBn22B3A=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi1U2h6EZwU8E+oI1hMp20Q2YmYWYihlB/xY0LRdz6Ie78G6ePhbYeuHA4517uvSdIGFXacb6twsrq2vpGcbO0tb2zu2fvH7RVnEpMWjhmsewGSBFGBWlpqhnpJpIgHjDSCaKrid95IFLRWNzpLCEeR0NBQ4qRNpJvl/sq5X4e1d3x/Q189CNYd3274lSdKeAyceekAuZo+vZXfxDjlBOhMUNK9Vwn0V6OpKaYkXGpnyqSIByhIekZKhAnysunx4/hsVEGMIylKaHhVP09kSOuVMYD08mRHqlFbyL+5/VSHV54ORVJqonAs0VhyqCO4SQJOKCSYM0yQxCW1NwK8QhJhLXJq2RCcBdfXibt06pbq9ZuzyqNy3kcRXAIjsAJcME5aIBr0AQtgEEGnsEreLOerBfr3fqYtRas+UwZ/IH1+QNXgZPu</latexit>

K∑

k=1

xk = 1

<latexit sha1_base64="jhUuBMBL09vXgNLE4kkz+dEEGH4=">AAACHXicbVDLSgMxFM3UV62vqks3wSLUTZmRUgUpFN0IbirYB3TqkEnTNkzmYXJHLEN/xI2/4saFIi7ciH9j+kC09UDgcM653NzjRoIrMM0vI7WwuLS8kl7NrK1vbG5lt3fqKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7je+chv3DGpeBhcwyBibZ/0At7llICWnGyxmr93vLJ1iMvYhj4D4nin2L6NSQfbKvadRJvDm8sfU+csJ5szC+YYeJ5YU5JDU1Sd7IfdCWnsswCoIEq1LDOCdkIkcCrYMGPHikWEeqTHWpoGxGeqnYyvG+IDrXRwN5T6BYDH6u+JhPhKDXxXJ30CfTXrjcT/vFYM3ZN2woMoBhbQyaJuLDCEeFQV7nDJKIiBJoRKrv+KaZ9IQkEXmtElWLMnz5P6UcEqFUpXxVzlbFpHGu2hfZRHFjpGFXSBqqiGKHpAT+gFvRqPxrPxZrxPoiljOrOL/sD4/Aa6tp/e</latexit>

P (xk = 1) = ωk;
K∑

k=1

ωk = 1

<latexit sha1_base64="p//zWDyskmd2SlBEsymCtiDjeA8="></latexit>

P (x|ω) =
K∏

k=1

ωxk
k

8
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The case of multiple values – 2

• Dataset of N independent observations:

• Constraint: 

• Probability of each scalar component:

• Probability of a given vector:  

<latexit sha1_base64="MjRKwVTJBkJLNVIbZhunzCS1oMY=">AAACIHicbVDLSgMxFM34rPU16tJNsAgVSpkRad0IRTeCmwp9QVuHTJppQzOZIclIyzCf4sZfceNCEd3p15hpu7CtBwLnnntvknPckFGpLOvbWFldW9/YzGxlt3d29/bNg8OGDCKBSR0HLBAtF0nCKCd1RRUjrVAQ5LuMNN3hTdpvPhIhacBrahySro/6nHoUI6Ulxyx3fKQGrhePEofDK5gfOTG3kwLs9AIlCzAth/PlXXL2UHPMnFW0JoDLxJ6RHJih6phf+goc+YQrzJCUbdsKVTdGQlHMSJLtRJKECA9Rn7Q15cgnshtPDCbwVCs96AVCH67gRP27ESNfyrHv6snUjlzspeJ/vXakvMtuTHkYKcLx9CEvYlAFME0L9qggWLGxJggLqv8K8QAJhJXONKtDsBctL5PGedEuFUv3F7nK9SyODDgGJyAPbFAGFXALqqAOMHgCL+ANvBvPxqvxYXxOR1eM2c4RmIPx8wsyuKJh</latexit>

xn = (xn1, . . . , xnk, . . . , xnK)T

9

<latexit sha1_base64="KW4dqN5oz47SfuQP9IbLd6kUnKo=">AAACKXicbVDLSgMxFM3UV62vUZdugkWomzIjUt0IRRFcVrAP6JSSSTNtaOZBckcs4/yOG3/FjYKibv0RM20X2vZAyOGce7n3HjcSXIFlfRm5peWV1bX8emFjc2t7x9zda6gwlpTVaShC2XKJYoIHrA4cBGtFkhHfFazpDq8yv3nPpOJhcAejiHV80g+4xykBLXXNquMTGLhucp2WJtRLHtJHxw1FT418/SUODBiQ9Bhf4AVy1yxaZWsMPE/sKSmiKWpd883phTT2WQBUEKXathVBJyESOBUsLTixYhGhQ9JnbU0D4jPVScaXpvhIKz3shVK/APBY/duREF9l++nK7Bg162XiIq8dg3feSXgQxcACOhnkxQJDiLPYcI9LRkGMNCFUcr0rpgMiCQUdbkGHYM+ePE8aJ2W7Uq7cnharl9M48ugAHaISstEZqqIbVEN1RNETekHv6MN4Nl6NT+N7Upozpj376B+Mn1+vBqi/</latexit>

E(x|ω) = ω

<latexit sha1_base64="f/yDAN8p39gl2FerS8XDq0zhQLo=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIVDeFohvBTQX7gDaGyXTSDp2ZhJmJWGIW/oobF4q49Tfc+TdO2yy09cCFwzn3cu89Qcyo0o7zbS0sLi2vrBbWiusbm1vb9s5uU0WJxKSBIxbJdoAUYVSQhqaakXYsCeIBI61geDn2W/dEKhqJWz2KicdRX9CQYqSN5Nv7XZVwPx1W3ezuGj74qRhmsOr6dskpOxPAeeLmpARy1H37q9uLcMKJ0JghpTquE2svRVJTzEhW7CaKxAgPUZ90DBWIE+Wlk/szeGSUHgwjaUpoOFF/T6SIKzXigenkSA/UrDcW//M6iQ7PvZSKONFE4OmiMGFQR3AcBuxRSbBmI0MQltTcCvEASYS1iaxoQnBnX54nzZOyWylXbk5LtYs8jgI4AIfgGLjgDNTAFaiDBsDgETyDV/BmPVkv1rv1MW1dsPKZPfAH1ucP/R+Vcg==</latexit>

K∑

k=1

xnk = 1

<latexit sha1_base64="ePR6eR84+RepuPvxKzzi+xpYL7I=">AAACIHicbVDLSsNAFJ34rPVVdelmsAi6KYlIFaQguhHcVLBaaGKYTKZ2yGQSZ27EEvopbvwVNy4U0Z1+jdMHotYDA4dzzuXOPUEquAbb/rAmJqemZ2YLc8X5hcWl5dLK6oVOMkVZgyYiUc2AaCa4ZA3gIFgzVYzEgWCXQXTc9y9vmdI8kefQTZkXk2vJ25wSMJJf2qtv3fm5jHo1ZxvXsAsdBsSPDrB7k5EQuzqL/TyqOb2r02/T5By/VLYr9gB4nDgjUkYj1P3SuxsmNIuZBCqI1i3HTsHLiQJOBesV3UyzlNCIXLOWoZLETHv54MAe3jRKiNuJMk8CHqg/J3ISa92NA5OMCXT0X68v/ue1MmjvezmXaQZM0uGidiYwJLjfFg65YhRE1xBCFTd/xbRDFKFgOi2aEpy/J4+Ti52KU61Uz3bLh0ejOgpoHW2gLeSgPXSITlAdNRBF9+gRPaMX68F6sl6tt2F0whrNrKFfsD6/AJIboWI=</latexit>

P (xnk = 1) = ωk;
K∑

k=1

ωk = 1

<latexit sha1_base64="AIlWo4jq8/glBjgOdWf010Kf52g="></latexit>

P (xn|ω) =
K∏

k=1

ωxnk
k
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The case of multiple values – 3

Likelihood for a dataset of size N

where

which is the number of observations of the k-th element, all of them i.i.d.

To maximize the log-likelihood we must use a Lagrange multiplier

<latexit sha1_base64="5DcJuZTzVHCvrcMdkMPMi+4DsPg=">AAAB+nicbVDLSgNBEOyNrxhfiR69DAbBU9gViV6EoBePEcwDkmWZncwmQ2Zml5lZNaz5FC8eFPHql3jzb5w8DppY0FBUddPdFSacaeO6305uZXVtfSO/Wdja3tndK5b2mzpOFaENEvNYtUOsKWeSNgwznLYTRbEIOW2Fw+uJ37qnSrNY3plRQn2B+5JFjGBjpaBYEsHwsqtTEUj0GGRyOA6KZbfiToGWiTcnZZijHhS/ur2YpIJKQzjWuuO5ifEzrAwjnI4L3VTTBJMh7tOOpRILqv1sevoYHVulh6JY2ZIGTdXfExkWWo9EaDsFNgO96E3E/7xOaqILP2MySQ2VZLYoSjkyMZrkgHpMUWL4yBJMFLO3IjLAChNj0yrYELzFl5dJ87TiVSvV27Ny7WoeRx4O4QhOwINzqMEN1KEBBB7gGV7hzXlyXpx352PWmnPmMwfwB87nD2H7lBo=</latexit>

mk =
∑

n

xnk

<latexit sha1_base64="SeyErRYRRnHir5UJHb1gswl4IKA="></latexit>

p(D|ω) =
N∏

n=1

K∏

k=1

ωxnk
k =

K∏

k=1

ω
∑

n xnk

k =
K∏

k=1

ωmk
k

<latexit sha1_base64="vKsqEcw6bujNQVskElMv2nXu3Lk="></latexit>

ω

ωεj

[
K∑

k=1

mk ln εk → ϑ

(
∑

k

εk → 1

)]
=

mj

εj
→ ϑ = 0 ↑ εj =

mj

ϑ

10
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The case of multiple values – 4

From the normalization condition 

<latexit sha1_base64="fpYYVBTGt0Dl7bVtWKL2I+bVUNA="></latexit>

1 =
K∑

j=1

ωj =
K∑

j=1

mj

ε
=

N

ε
→ ε = N

<latexit sha1_base64="9ha9QKWqpMSBwGNKY1CkA9ufm7w=">AAACB3icbVDLSsNAFJ3UV62vqktBBovgqiQi1Y1QdONKKtgHNCFMppNm2smDmRuhhOzc+CtuXCji1l9w5984fSy09cCFwzn3cu89XiK4AtP8NgpLyyura8X10sbm1vZOeXevpeJUUtaksYhlxyOKCR6xJnAQrJNIRkJPsLY3vB777QcmFY+jexglzAlJP+I+pwS05JYP7YBAZkPAgOTuAF9i25eEZqE7yLPb3C1XzKo5AV4k1oxU0AwNt/xl92KahiwCKohSXctMwMmIBE4Fy0t2qlhC6JD0WVfTiIRMOdnkjxwfa6WH/VjqigBP1N8TGQmVGoWe7gwJBGreG4v/ed0U/Asn41GSAovodJGfCgwxHoeCe1wyCmKkCaGS61sxDYjOAXR0JR2CNf/yImmdVq1atXZ3VqlfzeIoogN0hE6Qhc5RHd2gBmoiih7RM3pFb8aT8WK8Gx/T1oIxm9lHf2B8/gBG15mX</latexit>

ω̂j =
mj

N

We do not need ALL the data to 
determine the parameters, we only need 

the mj's, which are thus an example of 
sufficient statistic 

11
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The case of multiple values – 5

Except for the normalization, the likelihood

is proportional to the multinomial distribution of the quantities mj's

and the corresponding conjugate distribution is the Dirichlet distribution (a generalization of the Beta distribution)

Thus, a prior Dirichlet distribution is conjugate to the posterior and we can use it just as the Beta distribution of the 
previous example. 

<latexit sha1_base64="PblGnStTrpT/dv1VwEybChNUyS8="></latexit>

p(D|ω) =
K∏

k=1

ωmk
k

<latexit sha1_base64="RKGiglW7BVs5mqvSY/Q/uqGr9gc="></latexit>

Mult(m1, . . . ,mK |ω) = N !
∏K

k=1 mk!

K∏

k=1

ωmk
k

12

<latexit sha1_base64="gYdI8PMgBJm+I2ALY5w2ZZWPp2Y="></latexit>

Dir(ω|m) =
!(m0 + 1)

∏K
k=1 !(mk + 1)

K∏

k=1

ωmk
k with m0 =

∑

k

mk
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Dirichlet prior

<latexit sha1_base64="eVtKId3Q6LvDoMNm4jpOIvQ7fEI=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgadkViV6EoBePEcwDkjX0TmaTIbMPZmaVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7/ERwpR3n2yqsrK6tbxQ3S1vbO7t75f2DpopTSVmDxiKWbR8VEzxiDc21YO1EMgx9wVr+6Gbqtx6ZVDyO7vU4YV6Ig4gHnKI20kMXRTLE3ohcEcd2e+WKYzszkGXi5qQCOeq98le3H9M0ZJGmApXquE6ivQyl5lSwSambKpYgHeGAdQyNMGTKy2ZXT8iJUfokiKWpSJOZ+nsiw1CpceibzhD1UC16U/E/r5Pq4NLLeJSkmkV0vihIBdExmUZA+lwyqsXYEKSSm1sJHaJEqk1QJROCu/jyMmme2W7Vrt6dV2rXeRxFOIJjOAUXLqAGt1CHBlCQ8Ayv8GY9WS/Wu/Uxby1Y+cwh/IH1+QOZ/JFJ</latexit>

ωk = 0.1
<latexit sha1_base64="WtkV4wxtZtHAZsw+ERfjcDuHPT0=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBfsBTSiT7aZdukmW3Y1QSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF0rBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjrNFGVNmopUdULUTPCENQ03gnWkYhiHgrXD0d3Mbz8xpXmaPJqxZEGMg4RHnKKxku+jkEPsjcgN8Xrlilt15yCrxMtJBXI0euUvv5/SLGaJoQK17nquNMEEleFUsGnJzzSTSEc4YF1LE4yZDibzm6fkzCp9EqXKVmLIXP09McFY63Ec2s4YzVAvezPxP6+bmeg6mPBEZoYldLEoygQxKZkFQPpcMWrE2BKkittbCR2iQmpsTCUbgrf88ippXVS9WrX2cFmp3+ZxFOEETuEcPLiCOtxDA5pAQcIzvMKbkzkvzrvzsWgtOPnMMfyB8/kDuZ+Q1w==</latexit>

ωk = 1
<latexit sha1_base64="exLYyPSqFXrWLjeMn4PfgtyobRQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHCOYByRJ6J5NkyOzsOjMbCEu+w4sHRbz6Md78GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8augoUZTVaSQi1QpQM8ElqxtuBGvFimEYCNYMRnczvzlmSvNIPppJzPwQB5L3OUVjJb+DIh5id0RuiOd2iyW37M5BVomXkRJkqHWLX51eRJOQSUMFat323Nj4KSrDqWDTQifRLEY6wgFrWyoxZNpP50dPyZlVeqQfKVvSkLn6eyLFUOtJGNjOEM1QL3sz8T+vnZj+tZ9yGSeGSbpY1E8EMRGZJUB6XDFqxMQSpIrbWwkdokJqbE4FG4K3/PIqaVyUvUq58nBZqt5mceThBE7hHDy4gircQw3qQOEJnuEV3pyx8+K8Ox+L1pyTzRzDHzifPytCkRE=</latexit>

ωk = 10
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The (multivariate) Gaussian distribution: 

14

D-dimensional Gaussian distribution

Variance
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Square root of the determinant 
of the covariance matrix



Example of Bayesian estimate using objective priors: uncalibrated Gaussian measurement uncertainties

Here, we consider the case where we must find the mean value with given measurement uncertainties that are 
systematically multiplied by an unknown scale factor, under the assumption of Gaussianity.

In this example we "complete the square" with "old style" methods, to provide a comparison with the methods 
developed later.
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The likelihood has a Gaussian structure
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we must rearrange the exponent as usual ... 

therefore, the likelihood is
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)
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Now we estimate the scale factor from Bayes’ theorem

however, we need first to marginalize the likelihood with respect to the mean, 
which in this case is a nuisance parameter

we take a uniform prior for the mean (a Jeffrey's prior, see later)
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W = µmax → µmin



as usual ... 

... therefore, the marginalized likelihood is:
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for the standard deviation we 
take again a Jeffreys' prior
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we take the MAP estimate of the scale parameter from the pdf
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Eingenvalue equation for 
the covariance matrix

80 2. PROBABILITY DISTRIBUTIONS

functional dependence of the Gaussian on x is through the quadratic form

!2 = (x − µ)TΣ−1(x − µ) (2.44)

which appears in the exponent. The quantity ! is called the Mahalanobis distance
from µ to x and reduces to the Euclidean distance when Σ is the identity matrix. The
Gaussian distribution will be constant on surfaces in x-space for which this quadratic
form is constant.

First of all, we note that the matrix Σ can be taken to be symmetric, without
loss of generality, because any antisymmetric component would disappear from the
exponent. Now consider the eigenvector equation for the covariance matrixExercise 2.17

Σui = λiui (2.45)

where i = 1, . . . , D. Because Σ is a real, symmetric matrix its eigenvalues will be
real, and its eigenvectors can be chosen to form an orthonormal set, so thatExercise 2.18

uT
i uj = Iij (2.46)

where Iij is the i, j element of the identity matrix and satisfies

Iij =
⎛

1, if i = j
0, otherwise. (2.47)

The covariance matrix Σ can be expressed as an expansion in terms of its eigenvec-
tors in the formExercise 2.19

Σ =
D⎜

i=1

λiuiuT
i (2.48)

and similarly the inverse covariance matrix Σ−1 can be expressed as

Σ−1 =
D⎜

i=1

1
λi

uiuT
i . (2.49)

Substituting (2.49) into (2.44), the quadratic form becomes

!2 =
D⎜

i=1

y2
i

λi
(2.50)

where we have defined
yi = uT

i (x − µ). (2.51)

We can interpret {yi} as a new coordinate system defined by the orthonormal vectors
ui that are shifted and rotated with respect to the original xi coordinates. Forming
the vector y = (y1, . . . , yD)T, we have

y = U(x − µ) (2.52)

Mahalanobis distance

Diagonal form of the 
precision matrix

Mahalanobis distance in the 
rotated/translated 
reference system 

Rotated/translated 
coordinates

pdf in the rotated/translated system
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84 2. PROBABILITY DISTRIBUTIONS

Figure 2.8 Contours of constant
probability density for a Gaussian
distribution in two dimensions in
which the covariance matrix is (a) of
general form, (b) diagonal, in which
the elliptical contours are aligned
with the coordinate axes, and (c)
proportional to the identity matrix, in
which the contours are concentric
circles.

x1

x2

(a)

x1

x2

(b)

x1

x2

(c)

therefore grows quadratically with D, and the computational task of manipulating
and inverting large matrices can become prohibitive. One way to address this prob-
lem is to use restricted forms of the covariance matrix. If we consider covariance
matrices that are diagonal, so that Σ = diag(σ2

i ), we then have a total of 2D inde-
pendent parameters in the density model. The corresponding contours of constant
density are given by axis-aligned ellipsoids. We could further restrict the covariance
matrix to be proportional to the identity matrix, Σ = σ2I, known as an isotropic co-
variance, giving D + 1 independent parameters in the model and spherical surfaces
of constant density. The three possibilities of general, diagonal, and isotropic covari-
ance matrices are illustrated in Figure 2.8. Unfortunately, whereas such approaches
limit the number of degrees of freedom in the distribution and make inversion of the
covariance matrix a much faster operation, they also greatly restrict the form of the
probability density and limit its ability to capture interesting correlations in the data.

A further limitation of the Gaussian distribution is that it is intrinsically uni-
modal (i.e., has a single maximum) and so is unable to provide a good approximation
to multimodal distributions. Thus the Gaussian distribution can be both too flexible,
in the sense of having too many parameters, while also being too limited in the range
of distributions that it can adequately represent. We will see later that the introduc-
tion of latent variables, also called hidden variables or unobserved variables, allows
both of these problems to be addressed. In particular, a rich family of multimodal
distributions is obtained by introducing discrete latent variables leading to mixtures
of Gaussians, as discussed in Section 2.3.9. Similarly, the introduction of continuous
latent variables, as described in Chapter 12, leads to models in which the number of
free parameters can be controlled independently of the dimensionality D of the data
space while still allowing the model to capture the dominant correlations in the data
set. Indeed, these two approaches can be combined and further extended to derive
a very rich set of hierarchical models that can be adapted to a broad range of prac-
tical applications. For instance, the Gaussian version of the Markov random field,Section 8.3
which is widely used as a probabilistic model of images, is a Gaussian distribution
over the joint space of pixel intensities but rendered tractable through the imposition
of considerable structure reflecting the spatial organization of the pixels. Similarly,
the linear dynamical system, used to model time series data for applications suchSection 13.3
as tracking, is also a joint Gaussian distribution over a potentially large number of
observed and latent variables and again is tractable due to the structure imposed on
the distribution. A powerful framework for expressing the form and properties of

Contours of constant probability density for a Gaussian distribution in two dimensions in which the 
covariance matrix is (a) of general form, (b) diagonal, in which the elliptical contours are aligned with 
the coordinate axes, and (c) proportional to the identity matrix, in which the contours are concentric 
circles.


