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The (multivariate) Gaussian distribution:
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(a) (b) (c)

Contours of constant probability density for a Gaussian distribution in two dimensions in which the
covariance matrix is (a) of general form, (b) diagonal, in which the elliptical contours are aligned with
the coordinate axes, and (c) proportional to the identity matrix, in which the contours are concentric
circles.
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Conditional Gaussian distribution/Marginalization

An important property of the multivariate Gaussian distribution is that if two sets of variables are jointly Gaussian, then

the conditional distribution of one set conditioned on the other is again Gaussian. Similarly, the marginal distribution of
either set is also Gaussian.

Here, we assume that the a set contains p variables and the b set contains g variables, so that the partitioned matrix
contains one p x p matrix and one p x g matrix in the first row, and one g x p matrix and a q x g matrix in the second row.

p(x) = N(x|p, )

Xa K, ) Zaa 23a,b
Xp Ly, 2iba b

Sometimes it is more convenient to work with

1 Aaa, Aab the precision matrix. This is the partitioned
A = > A — form of the precision matrix.
Aba Abb Note that in general the off-diagonal terms are

not square matrices.
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Conditional Gaussian distribution/Marginalization — "Completing the square"

Now consider the following

Quadratictermin a

after fixing the b part Linear termsin a
1 _ after fixing the b part
P(Xalxp) — — 5(x —p)' 7 (x — p)
1 1
= =5 (Xa = t4a)" Maa(Xa — )= 5 (Xa = o) Aan(x0 — 11y
1 T 1 T
— (%0 — ) T Apa(Xa — ) — = (x5 — )T A (x5 —
2( b Nb> b ( H ) 2( b Mb) bb( b 'ub) Constant termin a
after fixing the b part
and
1 Txy—1 1 Tvy—1 Ty—1
p(x) — —§(X—u) YT (x— ) =X YT'x+x" X pu+ const
\ ) | J
| |
Quadratic term Linear term
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Conditional Gaussian distribution/Marginalization — "Completing the square" — 2

plxalxs) — — 5 (x— )T (x )
= _%(Xa — o) Naa(Xa — Hg) — %(Xa — )" Aap (X — 1)
— %(Xb — )" Apa (X0 — ) — %(Xb — )" Aup (X0 — 1)
— _%ngaaxa + %! [Aaatty — Nap(Xp — p3)] + const (*)

1 _ 1
p(Xa) — _i(xa - ua|b)TEa|é(Xa — Kapp) = 5 Xa gy pXa T XTza|b““a|b + const

Then, by comparing the expressions we find

Y = Naa Y = ANaa

a|b

Z;ﬁll’a\b — Aaau’a R Aab(Xb R I“l’b)

a|b

Halp = Hg — ActalAab(Xb o u’b)
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Conditional Gaussian distribution/Marginalization — "Completing the square" — 3

General result on partitioned matrices (see also https://en.wikipedia.org/wiki/Schur complement)

(2 3) -(ateibntor o ttn)

.t

(Eaa Zab) - L (Aaa Aab)
Yia Tup Ave  App
_ ( (Eaa - Eabz&)lzba)—l _(Eaa — Zabz&lzba)_lzabz&l
—(Zpp — ZpaXgn Lab) ~ TpaXa, (Xtp — LoaX gy Zap)

» Za,|b = Yga — Zabz&,lzba
Happ = Mo + Sab Xy, (X — 1)
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https://en.wikipedia.org/wiki/Schur_complement

Conditional Gaussian distribution/Marginalization — Marginalization with respect to x,

p(Xa) = /p(Xa, Xb) de Marginalized distribution

We use the previous results and pick terms quadratic and linear in x,, (see *)

1 1 _ _ 1 _
— §X;’FAbeb +x, m = — B (xp—Agy, M) " Ay (xp— Ay, m) + §mTAbb1m

where

m — Abb“b — Apq (Xa - /*l'a,)

Then, integrating we obtain a standard normalization factor (which does not depend on x,) times a normal distribution
with exponent

1 - | |
— A — A X . — A—l A A X — a-dependent exponent after integrating
2 [ boHy ba( “ 'ua)] bb [ boHb ba( @ 'ua)] over the b part (the constant in the b part)
LeTA T(A A - c and I
_§Xa aaXa T X, ( aally Tt ab/JJb) + const previous quadratic and linear terms
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Conditional Gaussian distribution/Marginalization — Marginalization with respect to x, — 2

Expanding and simplifying we find

1 _ 1 _
5 [Apppty, — Ava(Xa — )] Ay [Avobty, — Apa(Xa — )] — §XZ(Aaa — Nap Ay Apa)Xq + const

1
— _ixg(A“a — Aap A Apa) %o + X (Aga — AapAy;  Apa) pr, + const

and by comparison with

1 1
p(x) — _Q(X — )Y (x—p) = —§XTE_1X + xSy + const

we find (the mean is unchanged by the marginalization integral)
Y= A AgpALA
a — {raa T {xabidpyp L{iba
Ho = Mg
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Fitting data — the frequentist way

Table 1.1: A mistery dataset.

X

Yy

0

0.002
0.002
0.006
0.014
0.020
0.021
0.031
0.033
0.035
0.039

3.009
2.811
6.958
14.938
18.505
22.443
28.772
30.641
34.363
34.632

1.040
1.310
1.107
0.842
1.079
1.317
0.928
0.923
1.172
1.172
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Higher polynomial orders

y(x,c) = Z cpa®

k=0,n

order n polynomial function
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Higher polynomial orders

order M polynomial function (M+1 coefficients)

error function (or cost function, or loss function)
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Higher polynomial orders

k=0,n
N
1 — [yi —y(z;,c)]?
S(X7Y7C)_§Z 0_2
1=1 v

order n polynomial function

error function (or cost function, or loss function)

error function minimization;
n+1 linear equations solved with standard linear
algebra methods
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35 4 —— Poly fit (deg=3) +
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How do we select the "best” model? How do we avoid overfitting ???

The RMS error function ERMS — \/S(X, Y, C*)
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How do we select the "best” model? How do we avoid overfitting ???

The RMS error function ERMS — \/S(X, Y, C*)

RMS Error vs Polynomial Degree

RMS Error

T T T T

0 2 4 6 8
Polynomial Degree
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The "predictive" aspects of model fitting

We can cast the model fitting procedure in the context of modern Machine Learning

* the data we used to find the model coefficients are the "training data" (DONE)

* to validate the model, we use a "test set" of new data and the same RMS error

40 A .
training data +

35 4 ¢ testdata

30 - h
25 - ¢

20 T
15 4

10 A +

o{ ¢

0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040
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The "predictive" aspects of model fitting

We can cast the model fitting procedure in the context of modern Machine Learning

* the data we used to find the model coefficients are the "training data" (DONE)

* to validate the model, we use a "test set" of new data and the same RMS error

RMS Error

RMS Error vs Polynomial Degree
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The "predictive" aspects of model fitting
We can cast the model fitting procedure in the context of modern Machine Learning

In this test, the polynomial n = 3 is the one that best generalizes (interpolates) the training data

RMS Error vs Polynomial Degree
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The "predictive" aspects of model fitting (extrapolation)

We can cast the model fitting procedure in the context of modern Machine Learning

* the data we used to find the model coefficients are the "training data" (DONE)

* to validate the model, we use a "test set" of new data and the same RMS error

training data b
501 § testdata X b
v
40 A e
y ¥
b
30 + ’ ‘
| b
20 - b
' . ‘
¥
10 - b
. b
o4 ¢

0.00 0.01 0.02 0.03 0.04 0.05 0.06



The "predictive" aspects of model fitting (extrapolation)

We can cast the model fitting procedure in the context of modern Machine Learning

In this test, the polynomial n = 3 is again the best one at generalizing (extrapolating) the training data, but ...

RMS Error

RMS Error vs Polynomial Degree

10! ]

10° -

lowest RMS error

o

0 2 4 6 8
Polynomial Degree
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An interesting feature of polynomial fits

Table 1.2: Coetficients of polynomial fits.

degree o C1 Co C3 Cq C5 Ce Cy Cg C9
0 20
1 1.72 880
2 0.876 1.03e+03 -3.68e+03
3 0.684 1.09e+03 -8.16e+03 7.61e+04
4 -0.0337 1.45e+03 -4.58e+04 1.45e+06 -1.63e+07
5 2.61 -247 2.34e+05 -1.67e+07 4.82e+08 -4.88e+09
6 -0.362 2.04e+03 -2.83e+05 3.3e+07 -1.81e+09 4.53e+10 -4.18e+11
7 25.3 -1.99e+04 5.6e+06 -6.75e+08 4.21e+10 -1.41e+12 2.42e+13 -1.66e+14
8 13.2 -8.59e+03 2.01e+06 -1.22e+08 -4.9e+09 8.96e+11 -4.09e+13 8.13e+14 -6.06e+15
9 -7.83 1.67e+04 -9.21e+06 2.3e+09 -2.91e+11 2.06e+13 -8.53e+14 2.06e+16 -2.68e+17 1.46e+18

Higher order fits have larger and larger coefficients. Can we select

coefficients?

"simpler" models putting a penalty on larger
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An interesting feature of polynomial fits

Table 1.2: Coetficients of polynomial fits.

degree o C1 Co C3 Cq C5 Ce Cy Cg C9
0 20
1 1.72 880
2 0.876 1.03e+03 -3.68e+03
3 0.684 1.09e+03 -8.16e+03 7.61e+04
4 -0.0337 1.45e+03 -4.58e+04 1.45e+06 -1.63e+07
5 2.61 -247 2.34e+05 -1.67e+07 4.82e+08 -4.88e+09
6 -0.362 2.04e+03 -2.83e+05 3.3e+07 -1.81e+09 4.53e+10 -4.18e+11
7 25.3 -1.99e+04 5.6e+06 -6.75e+08 4.21e+10 -1.41e+12 2.42e+13 -1.66e+14
8 13.2 -8.59e+03 2.01e+06 -1.22e+08 -4.9e+09 8.96e+11 -4.09e+13 8.13e+14 -6.06e+15
9 -7.83 1.67e+04 -9.21e+06 2.3e+09 -2.91e+11 2.06e+13 -8.53e+14 2.06e+16 -2.68e+17 1.46e+18

Higher order fits have larger and larger coefficients. Can we select "simpler" models putting a penalty on larger

coefficients?

Sr(x,y,c

l\DIr—k

y(zs,c))

N

1=1

o?

/ regularization term
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RMS Error

RMS Error vs Polynomial Degree
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Adding physical information
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Adding physical information
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The underlying physical model

We used simulated data for the characteristic curve of a 1 kQ2 resistor,
taking into account its temperature coefficient and its size.

Specifications:

Case Style Ceramic
Diameter 3.2 mm
Dimensions 3.2 (dia.) x 9 mm
Lead Diameter 0.65 mm
Length 9 mm
Maximum Operating Temperature +155°C
Maximum Temperature Coefficient +350 ppm/°C
Minimum Operating Temperature -55°C
Minimum Temperature Coefficient -500 ppm/°C
Power Rating 1TW
Resistance 1 kQ
Technology Carbon Film

Temperature Coefficient
Termination Style

-500 to +350 ppm/°C
Axial

Tolerance 5%
Lead Length 26 mm
Maximum Operating Voltage 400 V
Maximum Overload Voltage 800 V
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The underlying physical model

Here, we used simulated data for the characteristic curve of a 1 kQ2
resistor, taking into account its temperature coefficient and its size.

electric power = total power losses

R(T) I? = (1 — f)R(T) I” + eosg A(T* — T})

where

R(T) = Ry + CT(T — T())
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The underlying physical model

Here, we used simulated data for the characteristic curve of a 1 kQ2
resistor, taking into account its temperature coefficient and its size.

electric power = total power losses

electric power power loss through leads radiative power loss

R(T) I? = (1 — f)R(T) I” + eosg A(T* — Ty)

where

R(T) = Ry + CT(T — T())
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The numerical solution

We have to solve the following nonlinear equation
F(T) = f[Ro+cr(T —Tp)| I? — eospA(T* —T5) =0

and to this end we use Newton's method which works as follows: we assume a reasonable starting value and we
approximate the distance to the true solution by taking the linear approximation

0= F(GO + 5(9) S F((go) + F/(90)59

then

50 ~ —F(6,)/F (6)

and we find a new (better) approximation of the solution

0, = 0y + 00 = 0y — F(6,)/F' (o)

We iterate this scheme until we reach a predefined convergence threshold.



Fitting data — the Bayesian way

In the following we assume that the uncertainty over data points is described by a Gaussian distribution, i.e.,

p(tlz, c, B) = N(tly(z,c), B71), 8=1/c"
\precision

and we obtain the likelihood

2
p(tlx, c, B) = HN bnly(n, C tn — y(zn, )] }

N
1;[ /27Tﬁ 1 X p{ 25—1

and finally, the log-likelihood

N
N N
lnp(tlx, ¢, f) = - n(2m) + - Inf — Z y(zn, )]’
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Fitting data — the Bayesian way - 2

We can maximize this likelihood

N
In p(t|x,c, B) = —% In(27) + glnﬁ — g Z xmc)f

with respect to the parameters, and we see that we recover the least squares method used earlier in a purely
frequentist context.

To this we can add the maximization with respect to the beta parameter, in case this is unknown. This adds one more
equation and we find

1 & ,
:NZ xmc)]

n=1

|
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Fitting data — the Bayesian way - 3

The Bayesian solution adds more than just a point estimate plus uncertainty, it yields a distribution and we apply this to
prediction

p(t|z, &, B) = N(tly(z,€), 57)

However, we are still missing a prior for the cofficients that define the polynomial.

We select a Gaussian prior for the coefficients:

p(cla) = N(c|0,a 1) = ( < )(MH)/Z exp (—%CTC)

27
so that the posterior pdf is

p(clt,x, B) o p(t|x, ¢, B)p(c|a)
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Fitting data — the Bayesian way - 4
We maximize the posterior pdf to find the MAP estimate of the coefficients.

We also note that the maximization of the posterior amounts to the minimization of the expression

N |

i { xn,c)]2} + %CTC

where we obtain in a "natural" way the previous regularizing term.
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Fitting data — the Bayesian way - 5
We are still missing one aspect of the Bayesian solution, the marginalized predictive posterior.

The marginalized predictive posterior is

marginalization integral

A
| 1

p(t|x,t) = /p(t,c|:c,t)dc = /p(t]a;,c,t)p(c]x,t)dc = ./p(t\w,c)p(c\x, t)dc

A - \
pdf of the training

predicted value values . . here we can drop the dependence on
joint pdf of the training data because it is

predicted value conveniently summarized by the coeffs.
and coeffs.

With a Gaussian likelihood and a Gaussian prior such as in the previous examples, it is possible to carry out all
calculations analytically. In other cases we must resort to numerical methods.
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The predictive distribution result-
ing from a Bayesian treatment of
polynomial curve fitting using an
M = 9 polynomial, with the fixed
parameters a = 5 x 1072 and 8 =
11.1 (corresponding to the known
noise variance), in which the red
curve denotes the mean of the
predictive distribution and the red
region corresponds to +1 stan-
dard deviation around the mean.

(figure from C.M. Bishop, PRIVIL)

-1t

@)
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Linear prediction (frequentist approach)

This is an important application of the linear regression formalism and is generally based on the so-called ARMA model
(or similar).

ARMA stands for AutoRegressive, Moving Average, and is defined by the following equation

p q
Sn=— ) GrSp—k+ ¥ bptin_g
k=1 =0

autoregressive term moving average term
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Linear prediction

This is an important application of the linear regression formalism and is generally based on the so-called ARMA model
(or similar).

ARMA stands for AutoRegressive, Moving Average, and is defined by the following equation
p q
Sp = — E Ak Sp—k + E oty —e
k=1 ¢=0

autoregressive term moving average term

Linear predictive coding (LPC) has important applications in many different fields such as radar tracking, speech
recognition and spectral analysis. An important application of LPC is found in the GSM standard (2G), where LPC is used
to compress speech (the LPC coefficients are sent instead of the stream of audio samples, achieving a good sound

compression).
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Linear prediction: finding the model parameters of an AR(p) model

Consider the model

p
Sp = — § Al Sn—k
k=1

and define the error function

p
S = Z Sy + Zaksn_k
k=1

n

We find the normal equations as usual

a—%—QZSn j Sn+z_:ak8n k _QZ Sn— JSn‘I‘ZakSn jSn—k

p
x 2| (Sp—jSn) + Zak<sn_jsn_k> =0
k=1

n

(Where: (Sm—jSn—k) X anjsnk>
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Linear prediction: finding the model parameters of an AR(p) model /2

We write the normal equations in matrix form and find their solution with the usual methods of linear algebra

/<3n—18n—1> <Sn—15n—2> <Sn—15n—p>\ (&1\ /<3n—18n>\

<3n—25n—1> <Sn—23n—2> S <3n—28n—p>

\ <sn_p.3n_1> <3n_p.sn_2> (sn_p.sn_p> / \a.p) \ <sn_.psn>)
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Synthetic time series data

Amplitude

10
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Synthetic time series data

Amplitude

—— Training data
— Test data

10
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Synthetic time series data

Amplitude

— Training data

— Test data
— Predicted

0 2

10
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Meaning of the AR model coefficients

Consider the sinusoidal function

y(t) = Asin (wt + @)
and take discrete steps forward in time

y(t + 2At) = Asin (wt 4+ ¢ + 2wAL)
= Asin (wt + ¢ + wAt) coswAt + A cos (wt + ¢ + wAt) sin wAt

= y(t + At) coswAt + A cos (wt + ) cos wAtsin wAt — y(t) sin? wAt

y(t + At) = Asin (wt + ¢ + wAL)
= Asin (wt + @) coswAt + A cos (wt + ) sin wAt
= y(t) coswAt + Acos (wt + ) sinwAt
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Meaning of the AR model coefficients

Consider the sinusoidal function

y(t) = Asin (wt + @)
and take discrete steps forward in time

y(t + 2At) = Asin (wt 4+ ¢ + 2wAL)
= Asin (wt + ¢ + wAt) coswAt + A cos (wt + ¢ + wAt) sin wAt

= y(t + At) coswAt + A cos (wt + ) cos wAtsin wAt — y(t) sin? wAt

y(t + At) = Asin (wt + ¢ + wAL)
= Asin (wt + @) coswAt + A cos (wt + ) sin wAt

= y(t) coswAt + Acos (wt + @) sinwAt
This is an AR(2) model !!!

» y(t + 2At) = 2coswAt y(t + At) — y(t) » Yp = 2COSWAL Yp—1 — Yn—2
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Research problem:

1. how would you modify the frequentist scheme, casting linear prediction into a
Bayesian framework?

2. which kind of data would you test your scheme on?

3. how would you validate your scheme?
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Part of the material in these slides is taken from this book.
The book is freely downloadable, see the website

https://www.microsoft.com/en-us/research/people/cmbishop/prml-book/
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