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Eingenvalue equation for 
the covariance matrix

80 2. PROBABILITY DISTRIBUTIONS

functional dependence of the Gaussian on x is through the quadratic form

!2 = (x − µ)TΣ−1(x − µ) (2.44)

which appears in the exponent. The quantity ! is called the Mahalanobis distance
from µ to x and reduces to the Euclidean distance when Σ is the identity matrix. The
Gaussian distribution will be constant on surfaces in x-space for which this quadratic
form is constant.

First of all, we note that the matrix Σ can be taken to be symmetric, without
loss of generality, because any antisymmetric component would disappear from the
exponent. Now consider the eigenvector equation for the covariance matrixExercise 2.17

Σui = λiui (2.45)

where i = 1, . . . , D. Because Σ is a real, symmetric matrix its eigenvalues will be
real, and its eigenvectors can be chosen to form an orthonormal set, so thatExercise 2.18

uT
i uj = Iij (2.46)

where Iij is the i, j element of the identity matrix and satisfies

Iij =
⎛

1, if i = j
0, otherwise. (2.47)

The covariance matrix Σ can be expressed as an expansion in terms of its eigenvec-
tors in the formExercise 2.19

Σ =
D⎜

i=1

λiuiuT
i (2.48)

and similarly the inverse covariance matrix Σ−1 can be expressed as

Σ−1 =
D⎜

i=1

1
λi

uiuT
i . (2.49)

Substituting (2.49) into (2.44), the quadratic form becomes

!2 =
D⎜

i=1

y2
i

λi
(2.50)

where we have defined
yi = uT

i (x − µ). (2.51)

We can interpret {yi} as a new coordinate system defined by the orthonormal vectors
ui that are shifted and rotated with respect to the original xi coordinates. Forming
the vector y = (y1, . . . , yD)T, we have

y = U(x − µ) (2.52)

Mahalanobis distance

Diagonal form of the 
precision matrix

Mahalanobis distance in the 
rotated/translated 
reference system 

Rotated/translated 
coordinates

pdf in the rotated/translated system

<latexit sha1_base64="W5tcxjiqtI0O398YKW6Ap2e5eIY="></latexit>

p(y) =
D∏

j=1

1

(2ωε)1/2
exp

(
→

y2j
2εj
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84 2. PROBABILITY DISTRIBUTIONS

Figure 2.8 Contours of constant
probability density for a Gaussian
distribution in two dimensions in
which the covariance matrix is (a) of
general form, (b) diagonal, in which
the elliptical contours are aligned
with the coordinate axes, and (c)
proportional to the identity matrix, in
which the contours are concentric
circles.
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therefore grows quadratically with D, and the computational task of manipulating
and inverting large matrices can become prohibitive. One way to address this prob-
lem is to use restricted forms of the covariance matrix. If we consider covariance
matrices that are diagonal, so that Σ = diag(σ2

i ), we then have a total of 2D inde-
pendent parameters in the density model. The corresponding contours of constant
density are given by axis-aligned ellipsoids. We could further restrict the covariance
matrix to be proportional to the identity matrix, Σ = σ2I, known as an isotropic co-
variance, giving D + 1 independent parameters in the model and spherical surfaces
of constant density. The three possibilities of general, diagonal, and isotropic covari-
ance matrices are illustrated in Figure 2.8. Unfortunately, whereas such approaches
limit the number of degrees of freedom in the distribution and make inversion of the
covariance matrix a much faster operation, they also greatly restrict the form of the
probability density and limit its ability to capture interesting correlations in the data.

A further limitation of the Gaussian distribution is that it is intrinsically uni-
modal (i.e., has a single maximum) and so is unable to provide a good approximation
to multimodal distributions. Thus the Gaussian distribution can be both too flexible,
in the sense of having too many parameters, while also being too limited in the range
of distributions that it can adequately represent. We will see later that the introduc-
tion of latent variables, also called hidden variables or unobserved variables, allows
both of these problems to be addressed. In particular, a rich family of multimodal
distributions is obtained by introducing discrete latent variables leading to mixtures
of Gaussians, as discussed in Section 2.3.9. Similarly, the introduction of continuous
latent variables, as described in Chapter 12, leads to models in which the number of
free parameters can be controlled independently of the dimensionality D of the data
space while still allowing the model to capture the dominant correlations in the data
set. Indeed, these two approaches can be combined and further extended to derive
a very rich set of hierarchical models that can be adapted to a broad range of prac-
tical applications. For instance, the Gaussian version of the Markov random field,Section 8.3
which is widely used as a probabilistic model of images, is a Gaussian distribution
over the joint space of pixel intensities but rendered tractable through the imposition
of considerable structure reflecting the spatial organization of the pixels. Similarly,
the linear dynamical system, used to model time series data for applications suchSection 13.3
as tracking, is also a joint Gaussian distribution over a potentially large number of
observed and latent variables and again is tractable due to the structure imposed on
the distribution. A powerful framework for expressing the form and properties of

Contours of constant probability density for a Gaussian distribution in two dimensions in which the 
covariance matrix is (a) of general form, (b) diagonal, in which the elliptical contours are aligned with 
the coordinate axes, and (c) proportional to the identity matrix, in which the contours are concentric 
circles.
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Conditional Gaussian distribution/Marginalization

An important property of the multivariate Gaussian distribution is that if two sets of variables are jointly Gaussian, then 
the conditional distribution of one set conditioned on the other is again Gaussian. Similarly, the marginal distribution of
either set is also Gaussian. 
Here, we assume that the a set contains p variables and the b set contains q variables, so that the partitioned matrix 
contains one p x p matrix and one p x q matrix in the first row, and one q x p matrix and a q x q matrix in the second row.

Sometimes it is more convenient to work with 
the precision matrix. This is the partitioned 
form of the precision matrix. 
Note that in general the off-diagonal terms are 
not square matrices.



Conditional Gaussian distribution/Marginalization – "Completing the square"

Now consider the following

and
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Quadratic term Linear term

Quadratic term in a 
after fixing the b part Linear terms in a 

after fixing the b part

Constant term in a 
after fixing the b part

<latexit sha1_base64="kuo4nF4DeFTcttvbcOzJkosGlck="></latexit>

p(x) →↑ →1

2
(x→ µ)T!→1(x→ µ) = →1

2
xT!→1x+ xT!→1µ+ const

<latexit sha1_base64="HoVbXv+tS3lsFCdXy+35qlB06gA="></latexit>

p(xa|xb) →↑ → 1

2
(x→ µ)T!→1(x→ µ)

= →1

2
(xa → µa)

T”aa(xa → µa)→
1

2
(xa → µa)

T”ab(xb → µb)

→ 1

2
(xb → µb)

T”ba(xa → µa)→
1

2
(xb → µb)

T”bb(xb → µb)
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Then, by comparing the expressions we find 
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<latexit sha1_base64="19xEagV3XZJkSu04ZH6Wx/Zt8dc="></latexit>

!→1
a|b = ”aa

!→1
a|bµa|b = ”aaµa → ”ab(xb → µb)

<latexit sha1_base64="Uq4XC6wSMQWXU4EmO7GTv7mLPTQ="></latexit>

!→1
a|b = ”aa

µa|b = µa → ”→1
aa”ab(xb → µb)

<latexit sha1_base64="YNXFJpQ5LmWKc+WtndymwY9Q29c="></latexit>

p(xa|xb) →↑ → 1

2
(x→ µ)T!→1(x→ µ)

= →1

2
(xa → µa)

T”aa(xa → µa)→
1

2
(xa → µa)

T”ab(xb → µb)

→ 1

2
(xb → µb)

T”ba(xa → µa)→
1

2
(xb → µb)

T”bb(xb → µb)

= →1

2
xT
a”aaxa + xT

a [”aaµa → ”ab(xb → µb)] + const (*)
<latexit sha1_base64="MFgWtBHy6VGvaPgkYCqMVni0PEU="></latexit>

p(xa) →↑ →1

2
(xa → µa|b)

T!→1
a|b(xa → µa|b) = →1

2
xT
a!

→1
a|bxa + xT

a!
→1
a|bµa|b + const
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Conditional Gaussian distribution/Marginalization – "Completing the square" – 3

General result on partitioned matrices (see also https://en.wikipedia.org/wiki/Schur_complement)

<latexit sha1_base64="fO6VP04py0cpdc28d5P9ih7IDJQ="></latexit>(
A B
C D

)→1

=

(
(A→BD→1C)→1 →(A→BD→1C)→1BD→1

→(D → CA→1B)→1CA→1 (D → CA→1B)→1

)

<latexit sha1_base64="KBb9xG/UwAEblYzu0QJZT2iBCLI="></latexit>(
!aa !ab

!ba !bb

)→1

=

(
”aa ”ab

”ba ”bb

)

=

(
(!aa → !ab!

→1
bb !ba)→1 →(!aa → !ab!

→1
bb !ba)→1!ab!

→1
bb

→(!bb → !ba!→1
aa!ab)→1!ba!→1

aa (!bb → !ba!→1
aa!ab)→1

)

<latexit sha1_base64="g+efIzzgt/ohVG5Bbu3UL8PQ83g="></latexit>

!a|b = !aa → !ab!
→1
bb !ba

µa|b = µa + !ab!
→1
bb (xb → µb)

https://en.wikipedia.org/wiki/Schur_complement
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Conditional Gaussian distribution/Marginalization – Marginalization with respect to xb

We use the previous results and pick terms quadratic and linear in xb (see *) 

where

Then, integrating we obtain a standard normalization factor (which does not depend on xa) times a normal distribution 
with exponent

88 2. PROBABILITY DISTRIBUTIONS

2.3.2 Marginal Gaussian distributions
We have seen that if a joint distribution p(xa,xb) is Gaussian, then the condi-

tional distribution p(xa|xb) will again be Gaussian. Now we turn to a discussion of
the marginal distribution given by

p(xa) =
⎛

p(xa,xb) dxb (2.83)

which, as we shall see, is also Gaussian. Once again, our strategy for evaluating this
distribution efficiently will be to focus on the quadratic form in the exponent of the
joint distribution and thereby to identify the mean and covariance of the marginal
distribution p(xa).

The quadratic form for the joint distribution can be expressed, using the par-
titioned precision matrix, in the form (2.70). Because our goal is to integrate out
xb, this is most easily achieved by first considering the terms involving xb and then
completing the square in order to facilitate integration. Picking out just those terms
that involve xb, we have

−1
2
xT

b Λbbxb+xT
b m = −1

2
(xb−Λ−1

bb m)TΛbb(xb−Λ−1
bb m)+

1
2
mTΛ−1

bb m (2.84)

where we have defined

m = Λbbµb − Λba(xa − µa). (2.85)

We see that the dependence on xb has been cast into the standard quadratic form of a
Gaussian distribution corresponding to the first term on the right-hand side of (2.84),
plus a term that does not depend on xb (but that does depend on xa). Thus, when
we take the exponential of this quadratic form, we see that the integration over xb

required by (2.83) will take the form
⎛

exp
⎜
−1

2
(xb − Λ−1

bb m)TΛbb(xb − Λ−1
bb m)

⎝
dxb. (2.86)

This integration is easily performed by noting that it is the integral over an unnor-
malized Gaussian, and so the result will be the reciprocal of the normalization co-
efficient. We know from the form of the normalized Gaussian given by (2.43), that
this coefficient is independent of the mean and depends only on the determinant of
the covariance matrix. Thus, by completing the square with respect to xb, we can
integrate out xb and the only term remaining from the contributions on the left-hand
side of (2.84) that depends on xa is the last term on the right-hand side of (2.84) in
which m is given by (2.85). Combining this term with the remaining terms from

Marginalized distribution
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2.3. The Gaussian Distribution 89

(2.70) that depend on xa, we obtain

1
2

[Λbbµb − Λba(xa − µa)]T Λ−1
bb [Λbbµb − Λba(xa − µa)]

−1
2
xT

a Λaaxa + xT
a (Λaaµa + Λabµb) + const

= −1
2
xT

a (Λaa − ΛabΛ−1
bb Λba)xa

+xT
a (Λaa − ΛabΛ−1

bb Λba)−1µa + const (2.87)

where ‘const’ denotes quantities independent of xa. Again, by comparison with
(2.71), we see that the covariance of the marginal distribution of p(xa) is given by

Σa = (Λaa − ΛabΛ−1
bb Λba)−1. (2.88)

Similarly, the mean is given by

Σa(Λaa − ΛabΛ−1
bb Λba)µa = µa (2.89)

where we have used (2.88). The covariance in (2.88) is expressed in terms of the
partitioned precision matrix given by (2.69). We can rewrite this in terms of the
corresponding partitioning of the covariance matrix given by (2.67), as we did for
the conditional distribution. These partitioned matrices are related by

⎛
Λaa Λab

Λba Λbb

⎜−1

=
⎛

Σaa Σab

Σba Σbb

⎜
(2.90)

Making use of (2.76), we then have
⎝
Λaa − ΛabΛ−1

bb Λba

⎞−1 = Σaa. (2.91)

Thus we obtain the intuitively satisfying result that the marginal distribution p(xa)
has mean and covariance given by

E[xa] = µa (2.92)
cov[xa] = Σaa. (2.93)

We see that for a marginal distribution, the mean and covariance are most simply ex-
pressed in terms of the partitioned covariance matrix, in contrast to the conditional
distribution for which the partitioned precision matrix gives rise to simpler expres-
sions.

Our results for the marginal and conditional distributions of a partitioned Gaus-
sian are summarized below.

Partitioned Gaussians

Given a joint Gaussian distribution N (x|µ,Σ) with Λ ≡ Σ−1 and

x =
⎛

xa

xb

⎜
, µ =

⎛
µa
µb

⎜
(2.94)

a-dependent exponent after integrating 
over the b part (the constant in the b part)

previous quadratic and linear terms
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<latexit sha1_base64="I5dxksjmU7QKvWpU+mTIZNn00rg="></latexit>

1

2
[!bbµb → !ba(xa → µa)]

T!→1
bb [!bbµb → !ba(xa → µa)]→

1

2
xT
a (!aa → !ab!

→1
bb !ba)xa + const

= →1

2
xT
a (!aa → !ab!

→1
bb !ba)xa + xT

a (!aa → !ab!
→1
bb !ba)µa + const

Conditional Gaussian distribution/Marginalization – Marginalization with respect to xb – 2

Expanding and simplifying we find

and by comparison with 

we find (the mean is unchanged by the marginalization integral)

<latexit sha1_base64="kuo4nF4DeFTcttvbcOzJkosGlck="></latexit>

p(x) →↑ →1

2
(x→ µ)T!→1(x→ µ) = →1

2
xT!→1x+ xT!→1µ+ const

<latexit sha1_base64="LbnfbQTtefNaB/8TiTyYIqABIVU="></latexit>

!→1
a = ”aa → ”ab”

→1
bb ”ba

µa = µa



Chapter 1

Fitting data

In this chapter we introduce some of the basic themes of the course starting from meth-
ods for fitting data, which (hopefully) are already well–known to the students of this
course.

Consider the following simple problem: we receive a set of data from a friend who asks
us to analyze them. The data are listed in table 1.1, which shows that for each value
of the independent variable x we have a measured value of the dependent variable y
and a corresponding uncertainty σ. The same data are also shown in graphical form in

Table 1.1: A mistery dataset.
x y σ

0.002 3.009 1.040
0.002 2.811 1.310
0.006 6.958 1.107
0.014 14.938 0.842
0.020 18.505 1.079
0.021 22.443 1.317
0.031 28.772 0.928
0.033 30.641 0.923
0.035 34.363 1.172
0.039 34.632 1.172

figure 1.1. There is a clear correlation between the x and y data, apparently a linear one.
But can we be really sure that y is a linear function of x? Couldn’t we fit a higher–order
polynomial like the order–n polynomial

y(x, c) = ∑
k=0,n

ckxk (1.1)

to these data?

1

Fitting data – the frequentist way

11
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Higher polynomial orders

<latexit sha1_base64="EP+vzeJa1rIbbs0ncppRbOX9c4A="></latexit>

y(x, c) =
∑

k=0,n

ckx
k order n polynomial function

14



Higher polynomial orders

order M polynomial function (M+1 coefficients)

error function (or cost function, or loss function)

<latexit sha1_base64="dcLAMhOeylNpbDRnqwkRrC0CX84="></latexit>

S(x,y, c) =
1

2

N∑

i=1

[yi → y(xi, c)]2

ω2
i

15



Higher polynomial orders

<latexit sha1_base64="EP+vzeJa1rIbbs0ncppRbOX9c4A="></latexit>

y(x, c) =
∑

k=0,n

ckx
k order n polynomial function

error function (or cost function, or loss function)

error function minimization; 
n+1 linear equations solved with standard linear 
algebra methods

<latexit sha1_base64="dcLAMhOeylNpbDRnqwkRrC0CX84="></latexit>

S(x,y, c) =
1

2

N∑

i=1

[yi → y(xi, c)]2

ω2
i

<latexit sha1_base64="k2dMz7tH8bcv9nhDsZDhQscrbjQ="></latexit>

ωS

ωcω
= →

N∑

i=1

xω [yi → y(xi, c)]

ε2
i

= 0
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overfitting!!!
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How do we select the "best" model? How do we avoid overfitting ??? 

The RMS error function
<latexit sha1_base64="4A8v08RQJg2+SJ51sXTEAslmYuI="></latexit>

ERMS =
√

S(x,y, c→)
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How do we select the "best" model? How do we avoid overfitting ??? 

The RMS error function
<latexit sha1_base64="4A8v08RQJg2+SJ51sXTEAslmYuI="></latexit>
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√

S(x,y, c→)
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The "predictive" aspects of model fitting

We can cast the model fitting procedure in the context of modern Machine Learning

• the data we used to find the model coefficients are the "training data" (DONE)

• to validate the model, we use a "test set" of new data and the same RMS error

29
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lowest RMS error
n = 3
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The "predictive" aspects of model fitting

We can cast the model fitting procedure in the context of modern Machine Learning

In this test, the polynomial n = 3 is the one that best generalizes (interpolates) the training data

lowest RMS error
n = 3
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The "predictive" aspects of model fitting (extrapolation)

We can cast the model fitting procedure in the context of modern Machine Learning

• the data we used to find the model coefficients are the "training data" (DONE)

• to validate the model, we use a "test set" of new data and the same RMS error

32



The "predictive" aspects of model fitting (extrapolation)

We can cast the model fitting procedure in the context of modern Machine Learning

In this test, the polynomial n = 3 is again the best one at generalizing (extrapolating) the training data, but ... 

lowest RMS error
n = 3

33



An interesting feature of polynomial fits

Higher order fits have larger and larger coefficients. Can we select "simpler" models putting a penalty on larger 
coefficients? 
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Table 1.2: Coefficients of polynomial fits.
degree c0 c1 c2 c3 c4 c5 c6 c7 c8 c9

0 20
1 1.72 880
2 0.876 1.03e+03 -3.68e+03
3 0.684 1.09e+03 -8.16e+03 7.61e+04
4 -0.0337 1.45e+03 -4.58e+04 1.45e+06 -1.63e+07
5 2.61 -247 2.34e+05 -1.67e+07 4.82e+08 -4.88e+09
6 -0.362 2.04e+03 -2.83e+05 3.3e+07 -1.81e+09 4.53e+10 -4.18e+11
7 25.3 -1.99e+04 5.6e+06 -6.75e+08 4.21e+10 -1.41e+12 2.42e+13 -1.66e+14
8 13.2 -8.59e+03 2.01e+06 -1.22e+08 -4.9e+09 8.96e+11 -4.09e+13 8.13e+14 -6.06e+15
9 -7.83 1.67e+04 -9.21e+06 2.3e+09 -2.91e+11 2.06e+13 -8.53e+14 2.06e+16 -2.68e+17 1.46e+18

1.0.2 Model selection

The problem with these data is that we do not have any prior information about them.
What do they represent? Do they have anything to do with a real physical model? In
the absence of any prior information, we can only guess, and we start with a simple linear
fit (see the panels in the first row of figure (1.3)).

As we go to higher and higher orders we see that the fitting lines are closer and closer
to the data points, until the order 9 polynomial (with 10 coefficients) exactly matches all
the 10 data points, a case of overfitting. In general, overfitting is bad, because we need
many coefficients, i.e., a complex model, and the model itself has very little predictive
power.

Clearly, even when prior information is absent, we need to select criteria to choose the
model that “best fits our data” and does not overfit. To do so, we define a simple figure
of merit, the RMS error

ERMS =
√

S(x, y, c→) (1.4)
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An interesting feature of polynomial fits

Higher order fits have larger and larger coefficients. Can we select "simpler" models putting a penalty on larger 
coefficients? 
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Table 1.2: Coefficients of polynomial fits.
degree c0 c1 c2 c3 c4 c5 c6 c7 c8 c9

0 20
1 1.72 880
2 0.876 1.03e+03 -3.68e+03
3 0.684 1.09e+03 -8.16e+03 7.61e+04
4 -0.0337 1.45e+03 -4.58e+04 1.45e+06 -1.63e+07
5 2.61 -247 2.34e+05 -1.67e+07 4.82e+08 -4.88e+09
6 -0.362 2.04e+03 -2.83e+05 3.3e+07 -1.81e+09 4.53e+10 -4.18e+11
7 25.3 -1.99e+04 5.6e+06 -6.75e+08 4.21e+10 -1.41e+12 2.42e+13 -1.66e+14
8 13.2 -8.59e+03 2.01e+06 -1.22e+08 -4.9e+09 8.96e+11 -4.09e+13 8.13e+14 -6.06e+15
9 -7.83 1.67e+04 -9.21e+06 2.3e+09 -2.91e+11 2.06e+13 -8.53e+14 2.06e+16 -2.68e+17 1.46e+18

1.0.2 Model selection

The problem with these data is that we do not have any prior information about them.
What do they represent? Do they have anything to do with a real physical model? In
the absence of any prior information, we can only guess, and we start with a simple linear
fit (see the panels in the first row of figure (1.3)).

As we go to higher and higher orders we see that the fitting lines are closer and closer
to the data points, until the order 9 polynomial (with 10 coefficients) exactly matches all
the 10 data points, a case of overfitting. In general, overfitting is bad, because we need
many coefficients, i.e., a complex model, and the model itself has very little predictive
power.

Clearly, even when prior information is absent, we need to select criteria to choose the
model that “best fits our data” and does not overfit. To do so, we define a simple figure
of merit, the RMS error

ERMS =
√

S(x, y, c→) (1.4)
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Adding physical information
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Adding physical information
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The underlying physical model

We used simulated data for the characteristic curve of a 1 kW resistor, 
taking into account its temperature coefficient and its size.  

      

ENGLISH 
 

RS, Professionally Approved Products, gives  you professional quality parts  across all products categories. Our range  has been  testified by      
engineers as giving  comparable quality to that of the leading brands without paying a premium price. 

Datasheet 
RS Pro RS Series Axial Carbon Resistor 1kΩ ±5% 1W -500 
→ +350ppm/°C 
RS Stock No: 707-8669 

                       

 
 

 

RS Pro axial carbon resistor with ±5% tolerance, provides 1 kΩ resistance and is power rated at 1 W. The 
temperature coefficient of resistance is in the range -500 to +350 ppm/°C. Carbon film axial leaded resistor offers 
excellent long-term stability. It features standard solder-plated copper leads. Applications include automotive, 
telecommunication and medical equipment. A comprehensive range of high stability carbon film resistors are 
qualified and tested to the requirements of IEC 115 and IEC 115-2. The ruggedized welded cap and lead method of 
manufacture provides a considerable strength and resistance to damage. The coating materials and the colour 
bands are epoxy resin and are highly resistant to solvents, abrasion and chipping. Improvements in materials and 
processing have allowed the rated power to be improved. Excellent stability against changes in load conditions or 
moisture levels, with a low noise level and high reliability make these carbon film resistors suitable for a wide 
range of applications. Rated at 70°C in free air mounted horizontally. 
  

Features and Benefits 
•   Available in resistances from 1 Ω to 9.1 mΩ 
•   Resistor body: 2.3 mm diameter, 6.3 mm length 
•   Long-term stability 
•   Solder plated copper leads 
 
 
 
 
 

Product Details 

      

ENGLISH 
 

RS, Professionally Approved Products, gives  you professional quality parts  across all products categories. Our range  has been  testified by      
engineers as giving  comparable quality to that of the leading brands without paying a premium price. 

 
 
 

 
 
 
Specifications: 
Case Style Ceramic 
Diameter 3.2 mm 
Dimensions 3.2 (dia.) x 9 mm 
Lead Diameter 0.65 mm 
Length 9 mm 
Maximum Operating Temperature +155°C 
Maximum Temperature Coefficient +350 ppm/°C 
Minimum Operating Temperature -55°C 
Minimum Temperature Coefficient -500 ppm/°C 
Power Rating 1 W 
Resistance 1 kΩ 
Technology Carbon Film 
Temperature Coefficient -500 to +350 ppm/°C 
Termination Style Axial 
Tolerance ±5% 
Lead Length 26 mm 
Maximum Operating Voltage 400 V 
Maximum Overload Voltage 800 V 
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The underlying physical model

Here, we used simulated data for the characteristic curve of a 1 kW 
resistor, taking into account its temperature coefficient and its size.  

where

electric power = total power losses
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The underlying physical model

Here, we used simulated data for the characteristic curve of a 1 kW 
resistor, taking into account its temperature coefficient and its size.  

where

electric power = total power losses
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The numerical solution

We have to solve the following nonlinear equation

and to this end we use Newton's method which works as follows: we assume a reasonable starting value and we 
approximate the distance to the true solution by taking the linear approximation

then

and we find a new (better) approximation of the solution 

We iterate this scheme until we reach a predefined convergence threshold.

<latexit sha1_base64="xyIUHU/uqLL+Yk67Ec4Dm4914jk="></latexit>
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ω1 = ω0 + εω = ω0 → F (ω0)/F
→(ω0)
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Fitting data – the Bayesian way

In the following we assume that the uncertainty over data points is described by a Gaussian distribution, i.e.,

and we obtain the likelihood 

and finally, the log-likelihood

44
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Fitting data – the Bayesian way - 2

We can maximize this likelihood

with respect to the parameters, and we see that we recover the least squares method used earlier in a purely 
frequentist context. 

To this we can add the maximization with respect to the beta parameter, in case this is unknown. This adds one more 
equation and we find
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Fitting data – the Bayesian way - 3

The Bayesian solution adds more than just a point estimate plus uncertainty, it yields a distribution and we apply this to 
prediction

However, we are still missing a prior for the cofficients that define the polynomial. 

We select a Gaussian prior for the coefficients: 

so that the posterior pdf is 
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Fitting data – the Bayesian way - 4

We maximize the posterior pdf to find the MAP estimate of the coefficients. 

We also note that the maximization of the posterior amounts to the minimization of the expression

where we obtain in a "natural" way the previous regularizing term. 
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Fitting data – the Bayesian way - 5

We are still missing one aspect of the Bayesian solution, the marginalized predictive posterior. 

The marginalized predictive posterior is 

With a Gaussian likelihood and a Gaussian prior such as in the previous examples, it is possible to carry out all 
calculations analytically. In other cases we must resort to numerical methods.
 

pdf of the 
predicted value 

training 
values joint pdf of 

predicted value 
and coeffs.

marginalization integral

here we can drop the dependence on 
the training data because it is 
conveniently  summarized by the coeffs.
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(figure from C.M. Bishop, PRML)

https://www.microsoft.com/en-us/research/people/cmbishop/prml-book/
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Linear prediction (frequentist approach)

This is an important application of the linear regression formalism and is generally based on the so-called ARMA model 
(or similar).

ARMA stands for AutoRegressive, Moving Average, and is defined by the following equation
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Linear prediction

This is an important application of the linear regression formalism and is generally based on the so-called ARMA model 
(or similar).

ARMA stands for AutoRegressive, Moving Average, and is defined by the following equation

Linear predictive coding (LPC) has important applications in many different fields such as radar tracking, speech 
recognition and spectral analysis. An important application of LPC is found in the GSM standard (2G), where LPC is used 
to compress speech (the LPC coefficients are sent instead of the stream of audio samples, achieving a good sound 
compression). 
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Linear prediction: finding the model parameters of an AR(p) model

Consider the model 

and define the error function

We find the normal equations as usual
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Linear prediction: finding the model parameters of an AR(p) model  / 2

We write the normal equations in matrix form and find their solution with the usual methods of linear algebra
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Meaning of the AR model coefficients

Consider the sinusoidal function

and take discrete steps forward in time
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Meaning of the AR model coefficients

Consider the sinusoidal function

and take discrete steps forward in time
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This is an AR(2) model !!!
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Research problem: 

1. how would you modify the frequentist scheme, casting linear prediction into a 
Bayesian framework? 

2. which kind of data would you test your scheme on? 

3. how would you validate your scheme? 

 



Edoardo Milotti - Bayesian Methods - Spring 2026 60

Part of the material in these slides is taken from this book.

The book is freely downloadable, see the website

https://www.microsoft.com/en-us/research/people/cmbishop/prml-book/ 
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