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P C X( ) = P X C( )
P X( ) P C( )

Bayesian classification

       data X, classes C
this likelihood is defined by 
training data

Ck = argmax
Ck

P X Ck( )
P X( ) P Ck( ) = argmax

Ck
P X Ck( )P Ck( )

we can use the prior learning to assign a class to new data

the prior is also defined by 
training data
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Consider a vector of N attributes given as Boolean variables 
x = {xi} and classify the data vectors with a single Boolean variable. 

The learning procedure must yield: 

  it is easy to obtain it as an empirical distribution from
  a histogram of training class data: y is Boolean, the 
  histogram has just two bins, and a hundred examples 
  suffice to determine the empirical distribution to better 
  than 10%. 

  there is a bigger problem here: the arguments have 2N+1 
  different values, and we must estimate 2(2N-1) 
  parameters ... for instance, with N = 30 there are more 
  than 2 billion parameters!

P y( )

P x y( )
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How can we reduce the huge complexity of learning? 

     we assume the conditional independence of the xn’s:
     naive Bayesian learning
 
for instance, with just two attributes

with more than 2 attributes

P x1, x2 y( ) = P x1 x2 , y( )P x2 y( ) = P x1 y( )P x2 y( )
conditional independence assumption

P x y( ) ≈ P xk y( )
k=1

N

∏
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P yk x( ) = P x yk( )
P x( ) P yk( ) = P x yk( )

P x yj( )P yj( )
j
∑

P yk( )

≈
P xn yk( )

n=1

N

∏

P yj( ) P xn yj( )
n=1

N

∏
j
∑

P yk( )

Therefore:

and we assign the class according to MAP

y = argmax
yk

P xn yk( )
n=1

N

∏

P yj( ) P xn yj( )
n=1

N

∏
j
∑

P yk( )
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More general discrete inputs

If any of the N x variables has J different values, e if there are K classes, then we must 

estimate in all NK(J-1) free parameters with the Naive Bayes Classifier (this includes 

normalization) (compare this with the K(JN-1) parameters needed by a complete classifier)
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Continuous inputs and discrete classes – the Gaussian case

here we must estimate 2NK parameters + the shape of the distribution P(y) (this adds up 

to another K-1 parameters)

P xn yk( ) = 1
2πσ nk

2
exp −

xn − µnk( )2
2σ nk

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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Gaussian special case with class-independent variance and Boolean 
classification (two classes only):

P y = 0 x( ) = P x y = 0( )P y = 0( )
P x y = 0( )P y = 0( ) + P x y = 1( )P y = 1( )

P xn y = 0( ) = 1
2πσ n

2
exp −

xn − µn0( )2
2σ n

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

P xn y = 1( ) = 1
2πσ n

2
exp −

xn − µn1( )2
2σ n

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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P y = 0 x( ) = P x y = 0( )P y = 0( )
P x y = 0( )P y = 0( ) + P x y = 1( )P y = 1( )

=
1

1+
P x y = 1( )P y = 1( )
P x y = 0( )P y = 0( )

=
1

1+ P y = 1( )
P y = 0( ) exp −

xn − µn1( )2
2σ n

2 +
xn − µn0( )2
2σ n

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥n=1

N

∏

=
1

1+ exp ln P y = 1( )
P y = 0( )

⎛
⎝⎜

⎞
⎠⎟
+

µn1 − µn0( )xn
σ n
2 + µn0

2 − µn1
2

2σ n
2

⎡

⎣
⎢

⎤

⎦
⎥

n=1

N

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
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w0 = ln
P y = 1( )
P y = 0( )

⎛
⎝⎜

⎞
⎠⎟
+

µn0
2 − µn1

2

2σ n
2

⎡

⎣
⎢

⎤

⎦
⎥

n=1

N

∑

wn =
µn1 − µn0( )

σ n
2

P y = 0 x( ) = 1

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

P y = 1 x( ) = 1− P y = 0 x( ) =
exp w0 + wnxn

n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

logistic shape
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Finally, an input vector belongs to class y = 0 if 

P y = 0 x( )
P y = 1 x( ) > 1

exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟
< 1

P y = 0 x( ) = 1

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

P y = 1 x( ) =
exp w0 + wnxn

n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

w0 + wnxn
n=1

N

∑ < 0
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Bayesian thinking and the human brain

Bayes in the Brain—On Bayesian
Modelling in Neuroscience

Matteo Colombo and Peggy Seriès

ABSTRACT

According to a growing trend in theoretical neuroscience, the human perceptual system is

akin to a Bayesian machine. The aim of this article is to clearly articulate the claims that

perception can be considered Bayesian inference and that the brain can be considered

a Bayesian machine, some of the epistemological challenges to these claims; and some of

the implications of these claims. We address two questions: (i) How are Bayesian models

used in theoretical neuroscience? (ii) From the use of Bayesian models in theoretical

neuroscience, have we learned or can we hope to learn that perception is Bayesian infer-

ence or that the brain is a Bayesian machine? From actual practice in theoretical neuro-

science, we argue for three claims. First, currently Bayesian models do not provide

mechanistic explanations; instead they are useful devices for predicting and systematizing

observational statements about people’s performances in a variety of perceptual tasks.

That is, currently we should have an instrumentalist attitude towards Bayesian models in

neuroscience. Second, the inference typically drawn from Bayesian behavioural perform-

ance in a variety of perceptual tasks to underlying Bayesian mechanisms should be

understood within the three-level framework laid out by David Marr ([1982]). Third,

we can hope to learn that perception is Bayesian inference or that the brain is a Bayesian

machine to the extent that Bayesian models will prove successful in yielding secure and

informative predictions of both subjects’ perceptual performance and features of the

underlying neural mechanisms.

1 Introduction

2 Theoretical Neuroscientists meet Bayes

3 Is Perception Bayesian Inference?

4 How Should we Understand the Inference from Bayesian Observers to

Bayesian Brains?

5 How Could we Discover that Brains are Bayesian?

6 Conclusion

Brit. J. Phil. Sci. 63 (2012), 697–723
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Review

How Do Expectations Shape Perception?
Floris P. de Lange,1,3,* Micha Heilbron,1,3 and Peter Kok2,3

Perception and perceptual decision-making are strongly facilitated by prior
knowledge about the probabilistic structure of the world. While the computa-
tional benefits of using prior expectation in perception are clear, there are
myriad ways in which this computation can be realized. We review here recent
advances in our understanding of the neural sources and targets of expecta-
tions in perception. Furthermore, we discuss Bayesian theories of perception
that prescribe how an agent should integrate prior knowledge and sensory
information, and investigate how current and future empirical data can inform
and constrain computational frameworks that implement such probabilistic
integration in perception.

Expectation in Perception
Humans, like many other species, are ‘anticipatory systems’ [1]. They construct predictive
models of themselves and their environment, allowing them to quickly and robustly make sense
of incoming data. In line with this notion, the brain has been described as a ‘prediction machine’
[2] that attempts to match incoming sensory inputs with top-down expectations. Although the
concept of the predictive brain is not new, dating back at least to Helmholtz [3], the neural
implementation of such a predictive architecture has remained somewhat elusive. The past
decade has witnessed renewed interest in how neural circuits may capitalize on prior expec-
tations to facilitate neural computations [4] in various domains, ranging from perception and
action to high-level reasoning and language. In this article we review the general principles that
emerge from recent empirical work on how expectations modify the neural computations that
underlie sensory processing and perception. We discuss how expectations change percep-
tion, the neural sources and targets of expectation, and we examine how these empirical data
inform and constrain theoretical computational models of perception, such as predictive coding
[5]. Finally, we highlight recent advances from computational psychiatry [6,7] that show how
neurodevelopmental disorders such as schizophrenia and autism may be understood as
resulting from aberrant weighting of expectations [8,9]. We hope that this Review will stimulate
more research into what we believe is a central computation of the brain: the prediction of
incoming input.

Perceptual Consequences of Expectation
We live in a highly predictable world, in which most objects remain stable and things change
only slowly over time. This allows us to build internal models that can predict upcoming input on
the basis of past and present input. Such expectations may prepare sensory cortex for
processing, thereby increasing perceptual sensitivity for expected stimulus features. However,
what are the consequences of expectation for perception?

There are several ways in which expectation can influence perception, as demonstrated by
various concrete examples of such influences (Box 1). When sensory input is weak, noisy, or
ambiguous, expectation can bias perception: changing not only how well but even what is
perceived. For instance, the direction in which a cloud of dots is seen to be moving can be

Highlights
Expectations play a strong role in
determining the way we perceive the
world.

Prior expectations can originate from
multiple sources of information, and
correspondingly have different neural
sources, depending on where in the
brain the relevant prior knowledge is
stored.

Recent findings from both human neu-
roimaging and animal electrophysiol-
ogy have revealed that prior
expectations can modulate sensory
processing at both early and late
stages, and both before and after sti-
mulus onset. The response modula-
tion can take the form of either
dampening the sensory representation
or enhancing it via a process of
sharpening.

Theoretical computational frameworks
of neural sensory processing aim to
explain how the probabilistic integra-
tion of prior expectations and sensory
inputs results in perception.

1Donders Institute for Brain,
Cognition, and Behaviour, Radboud
University, Kapittelweg 29, 6525 EN
Nijmegen, The Netherlands
2Department of Psychology, Yale
University, 2 Hillhouse Avenue, New
Haven, CT 06520, USA
3All authors contributed equally

*Correspondence:
floris.delange@donders.ru.nl
(F.P. de Lange).
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Neurons

An extremely quick intro to neural networks



Forests of simulated neurons

The synapses of simulated pyramidal cells are 
indistiguishable from their real counterparts 
when they are built with the assumption that 
their morphology minimizes both conduction 
times within cells and the total cytoplasm mass.

(from Cuntz et al., 
10.1371/journal.pcbi.1000877).
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The synapses of simulated pyramidal cells are 
indistiguishable from their real counterparts 
when they are built with the assumption that 
their morphology minimizes both conduction 
times within cells and the total cytoplasm mass.

(from Cuntz et al., 
10.1371/journal.pcbi.1000877).
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Towards an understanding of the inner human brain mechanisms



Synthetic neurons
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Logical functions
(the notation follows "Language II", as defined by Rudolf Carnap)



Logical functions
(the notation follows "Language II", as defined by Rudolf Carnap)



Perceptron
(a simple perceptron with just two inputs)
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w2

S

input
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x2

output
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w1x1 + w2x2 → b

activation function + 
threshold
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Perceptron
(a simple perceptron with just two inputs)
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If 

true ⟶ 0
false ⟶ 1

then we find input combinations 
corresponding to well-defined logical 
functions.

Perceptron
(a simple perceptron with just two inputs)
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logical AND
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x1 x2 x1 → x2

0 0 0
0 1 0
1 0 0
1 1 1

Perceptron
(a simple perceptron with just two inputs)
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x1 → x2

Perceptron
(a simple perceptron with just two inputs)
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logical XOR

No simple perceptron corresponds to this 
logical function!
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x1 x2 x1 XOR x2
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Perceptron
(a simple perceptron with just two inputs)
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exclusive or (XOR)

Can be synthesized with a pair of 
perceptrons

Two-neuron neural network
This simple network reproduces the XOR function
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Two-neuron neural network
This simple network reproduces the XOR function
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x1 x2 y1 = x1 → x̄2 y2 = x̄1 → x2 y1 ↑ y2
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The neural network has a layer that produces a 
simpler representation in a transformed space 
where class separation can be performed with a 
single additional neuron. 

Two-neuron neural network
This simple network reproduces the XOR function
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This simple network reproduces the XOR function



n-input neural network
larger and better performing
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The dual nature of neural networks

A neural network is defined by:

a) its physical structure (the number of neurons in each layer; the connections between neurons)

b) the set of weights wi

A neural network does not perform as expected without defining the proper set of weights:

c) the weights are learned from a set of examples

d) the network can be used after the learning step



Prior distributions

Edoardo Milotti - Bayesian Methods - Spring 2026

The choice of prior distribution is an important aspect of Bayesian inference

• prior distributions are one of the main targets of frequentists: how much do posteriors differ when we 
choose different priors?

• there are two main “objective” methods for the choice of priors (MaxEnt and Jeffreys')
• here we discuss

1. The quest for "objective" priors
2. Review of the Cramer-Rao bound and related concepts
3. Information-theoretic concepts in statistics
4. Jeffreys' method
5. Reference priors
6. The Maximum Entropy Method



Random variable transformations and prior distributions

• In general, if the first pdf is uniform, the other one is not. This means that choosing a uniform 
distribution as the "least informative" distribution is not enough, unless we specify which variate should 
be uniformly distributed.

• How can we "objectively" choose a prior distribution???

Edoardo Milotti - Bayesian Methods - Spring 2026
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Review of the Cramer-Rao bound - proof of the Bartlett identities

• pdf normalization

•  derivation of normalization formula

•   further manipulation of the previous result

             First Bartlett identity
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Review of the Cramer-Rao bound - proof of the Bartlett identities (ctd.)

• derivation of the first identity

• further manipulation of the previous result

             Second Bartlett identity
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The Cramér-Rao bound and the Fisher information

• using both identities

• expectation value of ML estimator

• derivative of the previous expression
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The Cramér-Rao bound and the Fisher information (ctd.)

• we use Schwartz's inequality for covariance

• we apply the inequality to the previous result             and find

• rearranging terms, we obtain the Cramér-Rao bound
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Definition of Fisher Information. A very concentrated pdf is very informative. Therefore, 
the smaller the variance, the greater the "information". 

Thus, from the (unbiased, consistent) Cramér-Rao bound

one is led to the Fisher Information
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Information theoretic concepts in statistics

Claude Shannon
1916–2001

After graduating from Michigan and MIT, Shannon joined the AT&T Bell 
Telephone laboratories in 1941. 

His paper ‘A Mathematical Theory of Communication’ published in the Bell 
System Technical Journal in 1948 laid the foundations for modern 
information theory. This paper introduced the word ‘bit’, and his concept that 
information could be sent as a stream of 1s and 0s paved the way for the 
communications revolution. 

It is said that von Neumann recommended to Shannon that he use the term 
entropy, not only because of its similarity to the quantity used in physics, but 
also because “nobody knows what entropy really is, so in any discussion 
you will always have an advantage”.
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Information theoretic concepts in statistics

• The amount of information can be viewed as a "degree of surprise" on learning the value of a variable x. If we 
are told that a highly improbable event has just occurred, we will have received more information than if we 
were told that some very likely event has just occurred, and if we knew that the event was certain to happen 
we would receive no information.

• Thus, information carried by an event (symbol) must be a function of its probability

• If two events (symbols) are independent the total information is the sum of the information carried by each 
of them, therefore 

• logarithms have this property, therefore we take 

• more specifically, we choose
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p(x)p(y) → h(x) + h(y)

<latexit sha1_base64="NTdwMVV2QMkCQuo3k1IVRd5K5Vo=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikzItVl0Y3LCvYBnaFk0kwbmklCkhHLUPBX3LhQxK3f4c6/MW1noa0HLhzOuZd774kko9p43rdTWFldW98obpa2tnd299z9g5YWqcKkiQUTqhMhTRjlpGmoYaQjFUFJxEg7Gt1M/fYDUZoKfm/GkoQJGnAaU4yMlXru0bDyeAYDqYQ0AgaMQ2mFnlv2qt4McJn4OSmDHI2e+xX0BU4Twg1mSOuu70kTZkgZihmZlIJUE4nwCA1I11KOEqLDbHb+BJ5apQ9joWxxA2fq74kMJVqPk8h2JsgM9aI3Ff/zuqmJr8KMcpkawvF8UZwyaD+dZgH7VBFs2NgShBW1t0I8RAphYxMr2RD8xZeXSeu86teqtbuLcv06j6MIjsEJqAAfXII6uAUN0AQYZOAZvII358l5cd6dj3lrwclnDsEfOJ8/c0SUiA==</latexit>

h(x) → ln p(x)
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h(x) = → log2 p(x)



Information theoretic concepts in statistics – 2

• definition of the Shannon entropy: average information carried by the events (symbols)

Example: 

• just two symbols, 0 and 1, same probability  

there are 2 equal 
terms average information 

conveyed by each symbol

the result is given in pseudounit 
“bits” (for natural logarithms this is 
“nats”)
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Information theoretic concepts in statistics – 2

• just two symbols, 0 and 1, probabilities ¼ and ¾ , respectively

• 8 symbols, equal probabilities

• 8 symbols, with probabilities ½, ¼, 1/8, 1/16, 1/64, 1/64, 1/64, 1/64 

Edoardo Milotti - Bayesian Methods - Spring 2026
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• consider a system where states n are occupied by Nn identical particles  
(n, n=1, ... , M).

• the number of ways to fill these states is given by 

• then Boltzmann’s entropy is 
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Information theoretic concepts in statistics – entropy in statistical mechanics
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∑
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