
Introduction to Bayesian Methods - 6

Edoardo Milotti
Università di Trieste and INFN-Sezione di Trieste



Prior distributions
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The choice of prior distribution is an important aspect of Bayesian inference

• prior distributions are one of the main targets of frequentists: how much do posteriors differ when we 
choose different priors?

• there are two main “objective” methods for the choice of priors (MaxEnt and Jeffreys')
• here we discuss

1. The quest for "objective" priors
2. Review of the Cramer-Rao bound and related concepts
3. Information-theoretic concepts in statistics (ctd.)
4. Jeffreys' method
5. Reference priors
6. The Maximum Entropy Method



Information theoretic concepts in statistics – additivity of entropy

If symbols are emitted simultaneously and independently by two sources, the joint probability distribution is

and therefore, the joint entropy is  

p(j, k) = p1(j)p2(k)
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Information theoretic concepts in statistics – the uniform distribution has maximal entropy 

This is an easy result that follows using one Lagrange multiplier to keep probability normalization into account

all probabilities have the same 
valuepj = exp(� ln 2� 1) = 1/N
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Information theoretic concepts in statistics  – differential entropy

The Shannon entropy cannot be extended to continuous distribution in a straightforward way. Consider a discretized 
version of the probability distribution: 

<latexit sha1_base64="Z0Ai0nDCfKrYjRYRyEMxRmUYeT8="></latexit>

Pk =

∫ (k+1)!

k!
p(x)dx = p(x→

k)! , where x→
k → (k!, (k + 1)!)

differential entropy
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Information theoretic concepts in statistics  – relative entropy

Considering two sets of symbols (same number of symbols), we can consider the relative information carried by each 
symbol in one set with respect to the corresponding one in the other set

Then, the average difference of the information carried by the pk’s with respect to the reference set (the relative entropy) 
is 

This extends without problems to continuous distributions
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Information theoretic concepts in statistics  – the Kullback-Leibler divergence

The Kullback-Leibler (KL) divergence is a simple redefinition of the relative entropy

• Natural logs instead of logs base 2

• Change of sign

• NOT symmetrical with respect to the p,g exchange

• Has several interesting properties
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p(x) ln
p(x)

g(x)
dx
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Information theoretic concepts in statistics  – Jensen's inequality

Consider a convex function, then 

which can be written as 

Now, we conjecture the extension

and prove the inequality by induction. 

56 1. INTRODUCTION

Figure 1.31 A convex function f(x) is one for which ev-
ery chord (shown in blue) lies on or above
the function (shown in red).

xa bxλ

chord

xλ

f(x)

and the corresponding value of the function is f (λa + (1 − λ)b). Convexity then
implies

f(λa + (1 − λ)b) ! λf(a) + (1 − λ)f(b). (1.114)

This is equivalent to the requirement that the second derivative of the function be
everywhere positive. Examples of convex functions are x ln x (for x > 0) and x2. AExercise 1.36
function is called strictly convex if the equality is satisfied only for λ = 0 and λ = 1.
If a function has the opposite property, namely that every chord lies on or below the
function, it is called concave, with a corresponding definition for strictly concave. If
a function f(x) is convex, then −f(x) will be concave.

Using the technique of proof by induction, we can show from (1.114) that aExercise 1.38
convex function f(x) satisfies

f

⎛
M⎜

i=1

λixi

⎝
!

M⎜

i=1

λif(xi) (1.115)

where λi " 0 and
⎞

i λi = 1, for any set of points {xi}. The result (1.115) is
known as Jensen’s inequality. If we interpret the λi as the probability distribution
over a discrete variable x taking the values {xi}, then (1.115) can be written

f (E[x]) ! E[f(x)] (1.116)

where E[·] denotes the expectation. For continuous variables, Jensen’s inequality
takes the form

f

⎟⎠
xp(x) dx

)
!

⎠
f(x)p(x) dx. (1.117)

We can apply Jensen’s inequality in the form (1.117) to the Kullback-Leibler
divergence (1.113) to give

KL(p‖q) = −
⎠

p(x) ln
{

q(x)
p(x)

}
dx " − ln

⎠
q(x) dx = 0 (1.118)

A convex function f(x) is one for which 
every chord (shown in blue) lies on or 
above the function (shown in red)
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f [at1 + bt2] → f(a)t1 + f(b)t2 with t1 + t2 = 1
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f(a+ (b→ a)t) ↑ f(a) + [f(b)→ f(a)]t

↓ f [a(1→ t) + bt] ↑ f(a)(1→ t) + f(b)t

<latexit sha1_base64="TZESw3IbeuW/VFj1kAe92sUTZwU="></latexit>

f

(
n∑

k=1

xktk

)
→

n∑

k=1

f(xk)tk with
n∑

k=1

tk = 1



Edoardo Milotti - Bayesian Methods - Spring 2026

Information theoretic concepts in statistics  – Jensen's inequality – 2

If

then isolate the (n+1)-th parameter

and rearrange the l.h.s. of the inequality
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k=1

f(xk)tk



Edoardo Milotti - Bayesian Methods - Spring 2026

Information theoretic concepts in statistics  – the Kullback-Leibler divergence - 2

Jensen’s inequality can be restated in a simple way if the t’s are mapped into probabilities

Equivalently 

Now we can apply the inequality to the KL divergence (the -log function is convex) and find 
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f(xk)pk ↑ f [E(x)] → E[f(x)]
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(∫
xp(x)dx

)
→

∫
f(x)p(x)dx
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DKL(p||g) = →
∫

p(x) ln
g(x)

p(x)
dx ↑ → ln

(∫
g(x)dx

)
= 0
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Information theoretic concepts in statistics  – The KL divergence is a quasi-metric (however a 
local version of the KL divergence is the Fisher information, which is a true metric)

The KL divergence can be used to measure the “distance” between two distributions. 

Example: the KL divergence

for the distributions  

p(x) =
1p
2⇡�2

exp

✓
� x2

2�2

◆

q(x) =
1p
2⇡�2

exp

✓
� (x� µ)2

2�2

◆
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p(x) ln

p(x)

q(x)
dx
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µ2

2ω2
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Now consider a family of parametric distributions and evaluate the KL divergence between 
two close elements of the family

Since

we find, using the first Bartlett identity,

i.e., locally the KL divergence is just the Fisher information

ln p(x, ✓ + ✏) ⇡ ln p(x, ✓) +
@ ln p(x, ✓)

@✓
✏+

1

2

@2 ln p(x, ✓)

@✓2
✏2
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DKL [p(x, ω)||p(x, ω + ε)] = →E
(
ϑ ln p(x, ω)

ϑω
ε+

1

2

ϑ2 ln p(x, ω)

ϑω2
ε2
)

= →1

2
E
[
ϑ2 ln p(x, ω)

ϑω2

]
ε2 =

1

2
I(ω)ε2
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p(x, ω + ε)
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= E [ln p(x, ω)→ ln p(x, ω + ε)]
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Information theoretic concepts in statistics  –  The KL divergence can be transformed into a 
true distance between pdf's

• Jeffreys' distance

• Jensen-Shannon distance
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DJ(p||q) =
1

2
DKL(p||q) +

1

2
DKL(q||p)

DJS(p||q) =
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2
DKL

(
p||p+ q

2
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+

1

2
DKL

(
q||p+ q

2
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Information theoretic concepts in statistics  –  Using the KL divergence

Suppose that data is being generated from an unknown distribution p(x) that we wish to model. We can try to 
approximate this distribution using some parametric distribution q(x|θ), governed by a set of adjustable parameters θ, for 
example, a multivariate Gaussian. 

One way to determine θ is to minimize the Kullback-Leibler divergence between p(x) and q(x|θ) with respect to θ. We 
cannot do this directly because we don’t know p(x). Suppose, however, that we have observed a finite set of training 
points xn, for n = 1, . . . , N, drawn from p(x) (an empirical distribution). Then the expectation with respect to p(x) can be 
approximated by a finite sum over these points

From this equation we see that we can obtain an approximate distribution by minimizing the KL divergence, i.e., by 
maximizing the likelihood.

parameter-
independent termlikelihood
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DKL(p||q) = Ep

[
ln

p(x)

q(x|ω)

]
→ 1

N

N∑

n=1

[↑ ln q(xn|ω) + ln p(xn)]
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Information theoretic concepts in statistics  – Mutual information

We can use the KL divergence to measure the degree of statistical dependence between pairs of variates, by measuring 
the distance between p(x,y) and p(x)p(y)

This quantity is called the mutual information. 

We also find, 
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I(x,y) = DKL[p(x,y)||p(x)p(y)] =
∫

p(x,y) ln
p(x,y)

p(x)p(y)
dxdy
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I(x,y) = →
∫

p(x,y) ln
p(x)p(y)

p(x,y)
dxdy

= →
∫

p(x|y)p(y) ln p(x)p(y)

p(x|y)p(y)dxdy

= →
∫

p(x|y)p(y) [ln p(x)→ ln p(x|y)] dxdy

= →
∫

p(x) ln p(x)dx+

∫
p(x,y) ln p(x|y)dxdy

= H[x]→H[x|y]
= H[y]→H[y|x]

conditional 
entropy

we can view the mutual information as the reduction in the uncertainty 
about x by virtue of being told the value of y (or vice versa).

differential 
entropy
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Jeffreys' priors



Jeffreys' priors – the KL divergence is invariant with respect to generic random variable 
transformations. 

From the definition of KL divergence, and from the transformation formula for pdf's we find

In this case, our random variables are the parameter estimates, therefore the KL divergence is invariant with 
respect to parameter (random variable transformations), therefore the associated Fisher Information from 
the local expansion of the KL divergence is also invariant with respect to parameter transformations. 
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✓
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=
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✓
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qx(x)

◆
dx

Edoardo Milotti - Bayesian Methods - Spring 2026



From the equation that relates KL divergence and Fisher Information, we find a corresponding pdf as follows. 
Equation 

means that the KL divergence depends quadratically on small changes of the expansion parameter and that 
the KL divergence remains constant if the term on the r.h.s. remains constant. 

Dimensionally, the Fisher information is quadratic with respect to a pdf, therefore we take its square root to 
define a pdf, i.e.,

This must be normalized to obtain a pdf that is invariant with respect to parameter transformations.

f(✓) ⇠
p
I(✓)
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Example: a simple Gaussian Likelihood for n datapoints, with known variance

This points to a uniform prior for µ. In general, this uniform prior is an improper prior.

lnL(D|µ) ⇠
X

n

✓
� ln� � (xn � µ)2

2�2

◆
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fixed sigma
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Example: a simple Gaussian Likelihood for n datapoints, with known mean

This power-law pdf is another improper prior.
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L(D|µ) =
Y

n
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2⇡�2

exp

✓
� (xn � µ)2

2�2

◆
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Example: Poisson distribution

This power-law pdf is yet another improper prior.
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L(D|a) =
Y

n

akn

kn!
e�a

<latexit sha1_base64="7NnjPf2H9WMkHPkYztxz6xfZxPo="></latexit>

I(a) = E
[
→ω2 lnL(D|a)

ωa2

]
↑ 1

a
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Example: binomial distribution
<latexit sha1_base64="AiYna47PcSwfwGaJ6bC91lN0H2A="></latexit>

L(D|✓) =
✓
N

n

◆
✓n(1� ✓)N�n

<latexit sha1_base64="kFmQLCjXnm+hi6f5w3GCDJz1K5c="></latexit>

lnL(D|✓) ⇠ n ln ✓ + (N � n) ln(1� ✓)

<latexit sha1_base64="MPuVTZ320GZX2jznk4r04vBDTa8="></latexit>

E
[
→ω2 lnL(D|ε)

ωε2

]
↑ Nε

ε2
+

N →Nε

(1→ ε)2

=
N

ε
+

N

1→ ε

=
N

ε(1→ ε)
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<latexit sha1_base64="i9g4+rIh/3Mao7S2w8Qux4Q6RBQ=">AAACJ3icbZDLSsNAFIYnXmu9VV26GSxCu7AkItVl0Y3uKtgLNKVMppN26GQSZk6EEvIMPocP4FYfwZ3o0pWv4bTNwrYeGPj5/3M4Zz4vElyDbX9ZK6tr6xubua389s7u3n7h4LCpw1hR1qChCFXbI5oJLlkDOAjWjhQjgSdYyxvdTPLWI1Oah/IBxhHrBmQguc8pAWP1CuW7kgtDBqSMXc0D7PqK0MRJk5lbcs6yOO0VinbFnhZeFk4miiireq/w4/ZDGgdMAhVE645jR9BNiAJOBUvzbqxZROiIDFjHSEkCprvJ9EspPjVOH/uhMk8Cnrp/JxISaD0OPNMZEBjqxWxi/pd1YvCvugmXUQxM0tkiPxYYQjzhg/tcMQpibAShiptbMR0SAwUMxbktHh9wCTrNGzLOIodl0TyvONVK9f6iWLvOGOXQMTpBJeSgS1RDt6iOGoiiJ/SCXtGb9Wy9Wx/W56x1xcpmjtBcWd+/xuCl0g==</latexit>

I(✓) ⇠ 1

✓(1� ✓)

<latexit sha1_base64="ORAoVfHMEgS8dEk0u4JA/hBDcoM=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZjZmeXmV4hhNz8AK/6Cd7Eqz/iF/gbTpI9mMSChqKqm+6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6d+84lrI2L1gKOE+xHtKxEKRtFKjQ4OONJuseSW3RnIKvEyUoIMtW7xp9OLWRpxhUxSY9qem6A/phoFk3xS6KSGJ5QNaZ+3LVU04sYfz66dkDOr9EgYa1sKyUz9OzGmkTGjKLCdEcWBWfam4n9eO8Xw2h8LlaTIFZsvClNJMCbT10lPaM5QjiyhTAt7K2EDqilDG9DClkD0hUIzKdhkvOUcVknjouxVypX7y1L1JssoDydwCufgwRVU4Q5qUAcGj/ACr/DmPDvvzofzOW/NOdnMMSzA+foFqbuYGA==</latexit>

✓

<latexit sha1_base64="jqKw+MVulYK3X96IUlNzn9JVO0g="></latexit>√
I(ω) → ω1/2(1↑ ω)1/2

B(3/2, 3/2)
= Beta(ω|3/2, 3/2)



Harold Jeffreys 
(1891-1989)
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A lesson learned from Jeffreys’ priors

Jeffreys priors are tuned to the Likelihood, but doesn't this sound strange? 
Shouldn't the prior distribution be related to the prior information alone? 

Well ... no, the Likelihood is also constructed using 
prior information (obviously!). So, in this approach the Likelihood and the 
priors are both determined using the available prior information. 

Additional comments on Jeffreys’ priors

• In general, they are NOT conjugate priors, but are limits of conjugate 
priors

• They work well for single parameter models, but NOT for multivariate 
models
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In this case we need to consider a sufficient statistic t

Recall that a statistic t is sufficient with respect to a statistical model and its associated 
unknown parameter if "no other statistic that can be calculated from the same sample 
provides any additional information as to the value of the parameter" (Fisher, 1920)

Given the data D, a statistic t = T(D) is sufficient with respect to the parameter if it contains all the 
information needed to estimate the parameter. 

Examples: 

• the sample mean is sufficient for the mean of a normal distribution with known variance. Once the 
sample mean is known, no further information about the mean can be obtained from the sample itself.

• for an arbitrary distribution the median is not sufficient for the mean: even if the median of the sample 
is known, knowing the sample itself would provide further information about the population mean.

Reference priors
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The idea behind a reference prior is that it must be such that data affect our posterior distribution the 
most. 

We can formalize this by means of the KL divergence by requiring that the KL divergence between prior and posterior be 
maximal. 
To proceed, we utilize a posterior that depends on a sufficient statistic instead of the original data 

then, its expection value over the statistic is 

Mutual information 
between the two 
distributions

<latexit sha1_base64="WVrlS877v2aK4Uw6clDnlD08A0A="></latexit>

DKL [p(ω|t)||p(ω)] =
∫

!
p(ω|t) ln p(ω|t)

p(ω)
dω

<latexit sha1_base64="RrBRvSAFq6c9Vix8WUp6iwM+0oI="></latexit>

E [DKL]t =

∫

T
p(t)

∫

!
p(ω|t) ln p(ω|t)

p(ω)
dω dt

=

∫

T

∫

!
p(ω|t)p(t) ln p(ω|t)p(t)

p(ω)p(t)
dω dt

=

∫

T

∫

!
p(ω, t) ln

p(ω, t)

p(ω)p(t)
dω dt



A reference prior is a pdf that maximizes the mutual information

and therefore maximizes the effect of data on the posterior distribution.

• For one-dimensional parameters, reference priors and Jeffrey’s priors are equivalent, while they differ in the 
multivariate case.  

• Since the result is based on the KL divergence, which is transformation-invariant, reference priors are transformation-
invariants as well, just as the Jeffrey’s priors (and this justifies their equivalence, at least for the univariate case). 

• For more information, see, e.g., J. Bernardo, Reference Analysis, Handbook of Statistics, 25 (2005) 17
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<latexit sha1_base64="OkRymNlcrF/Wrk+n/u1a+Awe6mg="></latexit>Z

T

Z

⇥
p(✓, t) ln

p(✓, t)

p(✓)p(t)
d✓ dt

https://www.uv.es/~bernardo/RefAna.pdf
https://www.uv.es/~bernardo/RefAna.pdf
https://www.uv.es/~bernardo/RefAna.pdf


Edoardo Milotti - Bayesian Methods - Spring 2026 28

The principle of Maximum Entropy (MaxEnt)
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The principle of Maximum Entropy (MaxEnt) – the “Kangaroo problem” (Jaynes)

• Basic information: one third of all kangaroos has blue eyes, and one third is left-handed.

• Question: which fraction of kangaroos has both blue eyes and is left-handed?

• Constraints: the normalization condition must be fulfilled matrixwise + the constraints expressed by the basic 
information, row by row and column by column.

left ~left

blue 1/9 2/9

~blue 2/9 4/9

left ~left

blue 0 1/3

~blue 1/3 1/3

left ~left

blue 1/3 0

~blue 0 2/3

statistical independence                 maximum negative correlation            maximum positive correlation
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The principle of Maximum Entropy (MaxEnt) – the “Kangaroo problem” (Jaynes) (ctd.)

probabilities

entropy (proportional to Shannon’s entropy)

constraints

<latexit sha1_base64="Dk6rlwJ/gcObzL0t6szdzoPHfb8=">AAACK3icbZDLSsNAFIYnXmu9RV26GSyCq5KIVJelblxWsBdoQpiZTNqhk4szE6GEvI8bX8WFLrzg1vdwmkaorT8M/HznHM6cHyecSWVZH8bK6tr6xmZlq7q9s7u3bx4cdmWcCkI7JOax6GMkKWcR7SimOO0ngqIQc9rD4+tpvfdAhWRxdKcmCXVDNIxYwAhSGnlmK/EyzHPnPkU+1N7BSGQ4nyO4QDxf6vnlnlmz6lYhuGzs0tRAqbZnvjh+TNKQRopwJOXAthLlZkgoRjjNq04qaYLIGA3pQNsIhVS6WXFrDk818WEQC/0iBQs6P5GhUMpJiHVniNRILtam8L/aIFXBlZuxKEkVjchsUZByqGI4DQ76TFCi+EQbRATTf4VkhAQiSsdb1SHYiycvm+553W7UG7cXtWarjKMCjsEJOAM2uARNcAPaoAMIeATP4A28G0/Gq/FpfM1aV4xy5gj8kfH9A1X2qjc=</latexit>pbl pb̄l pbl̄ pb̄l̄

<latexit sha1_base64="6rAzEFaGuhi9ZnPvvVNCpGrloK0="></latexit>

H = pbl ln
1

pbl
+ pb̄l ln

1

pb̄l
+ pbl̄ ln

1

pbl̄
+ pb̄l̄ ln

1

pb̄l̄

<latexit sha1_base64="1kbf9CWkTdbuMd27sFtjr199DRE=">AAACXXicbVHLSgMxFM2MVtux6qgLF26CxSIIdUaluikU3bisYB/QKSVJ0zY08yDJCGWYn3SnG3/F9GGfXgg595x7b5ITHHEmleN8GebObmZvP5uzDvKHR8f2yWlDhrEgtE5CHooWRpJyFtC6YorTViQo8jGnTTx6mejNDyokC4N3NY5ox0eDgPUZQUpTXVtF3QTz9EZvHkYiwekswdOMp6vKH1WsuJ5nLRsXtbBYge7tPVxTF2OXatcuOCVnGnAbuHNQAPOode1PrxeS2KeBIhxJ2XadSHUSJBQjnKaWF0saITJCA9rWMEA+lZ1k6k4KrzTTg/1Q6BUoOGVXOxLkSzn2sa70kRrKTW1C/qe1Y9V/6iQsiGJFAzI7qB9zqEI4sRr2mKBE8bEGiAim7wrJEAlElP4QS5vgbj55GzTuSm65VH57KFSf53ZkwQW4BNfABY+gCl5BDdQBAd8GMHKGZfyYGTNvHs1KTWPecwbWwjz/BZcmtHY=</latexit>

pbl + pb̄l + pbl̄ + pb̄l̄ = 1

pbl + pbl̄ = 1/3

pbl + pb̄l = 1/3

Underdetermined system 
of linear equations
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<latexit sha1_base64="PWOyNelJ0l9u+nYMgxdy9CgzokU="></latexit>

pbl = exp(→1 + ω1 + ω2 + ω3)

pb̄l = exp(→1 + ω1 + ω3)

pbl̄ = exp(→1 + ω1 + ω2)

pb̄l̄ = exp(→1 + ω1)

The principle of Maximum Entropy (MaxEnt) – the “Kangaroo problem” (Jaynes) (ctd.)

Maximization of constrained entropy 

<latexit sha1_base64="LQsiPkS63TY5wckCYDOyWChg7pc="></latexit>

HC =

(
pbl ln

1

pbl
+ pb̄l ln

1

pb̄l
+ pbl̄ ln

1

pbl̄
+ pb̄l̄ ln

1

pb̄l̄

)

+ ω1 (pbl + pb̄l + pbl̄ + pb̄l̄ → 1) + ω2 (pbl + pbl̄ → 1/3) + ω3 (pbl + pb̄l → 1/3)

εHC

εpbl
= → ln pbl → 1 + ω1 + ω2 + ω3 = 0

εHC

εpbl̄
= → ln pbl̄ → 1 + ω1 + ω3 = 0

εHC

εpbl̄
= → ln pbl̄ → 1 + ω1 + ω2 = 0

εHC

εpb̄l̄
= → ln pb̄l̄ → 1 + ω1 = 0
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The principle of Maximum Entropy (MaxEnt) – the “Kangaroo problem” (Jaynes) (ctd.)

Solution of the nonlinear system of equations
<latexit sha1_base64="PNdOKq3SoapNF0aiUpiJ83NQ3vM="></latexit>




pbl = pb̄l̄ exp(ω2 + ω3)

pb̄l = pb̄l̄ exp(ω3)

pbl̄ = pb̄l̄ exp(ω2)

→ pblpb̄l̄ = pb̄lpbl̄

<latexit sha1_base64="NXS+9Rma2SEZjcT7xstRQrgjmx4="></latexit>

pbl =
1

9
; pb̄l = pbl̄ =

2

9
; pb̄l̄ =

4

9

<latexit sha1_base64="2Mas9DJpXZK8vXpWaMp8n0HLAOI="></latexit>




pbl + pb̄l + pbl̄ + pb̄l̄ = 1

pbl + pb̄l =
1
3

pbl + pbl̄ =
1
3

pblpb̄l̄ = pb̄lpbl̄

→






pb̄l = pbl̄ =
1
3 ↑ pbl

pb̄l̄ =
1
3 + pbl

(
1
3 ↑ pbl

)2
= pbl +

1
3p

2
bl

1
9 ↑ 2

3pbl + p2bl = pbl +
1
3p

2
bl

this solution coincides with the least 
informative distribution given the constraints 
(statistically independent variables)
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<latexit sha1_base64="EarHYYJyNBC9aya4LXzFrOEER8k="></latexit>

H = �K

X

i

pi ln pi, with
X

i

pi = 1 and hf(x)i =
X

i

f(xi)pi

<latexit sha1_base64="AbnHVWPPAr3/LmfHCWnEAPJFAp0="></latexit>

Q = H +K(��+ 1)
X

i

pi �Kµ

X

i

f(xi)pi

<latexit sha1_base64="ZFegMPnVe7cx1QlZWRFQdx6bImw="></latexit>

@Q

@pi
= �(ln pi + 1) + (��+ 1)� µf(xi) = 0

<latexit sha1_base64="0/g7IslL6o6i9TyL0QDzlBL3TdU=">AAACHXicbVDNSsNAGNzUv1r/oh49uFiE9tCSiFQvQtGLxwq2FZoQNptNu3SzCbsbaSk9+hw+gFd9BG/iVXwCX8Ntm4NtHVgYZr7h+3b8hFGpLOvbyK2srq1v5DcLW9s7u3vm/kFLxqnApIljFosHH0nCKCdNRRUjD4kgKPIZafv9m4nffiRC0pjfq2FC3Ah1OQ0pRkpLnnmceBReQYcMklLFYToYoIoTpTAsDTxaLntm0apaU8BlYmekCDI0PPPHCWKcRoQrzJCUHdtKlDtCQlHMyLjgpJIkCPdRl3Q05Sgi0h1NPzKGp1oJYBgL/biCU/VvYoQiKYeRrycjpHpy0ZuI/3mdVIWX7ojyJFWE49miMGVQxXDSCgyoIFixoSYIC6pvhbiHBMJKdze3xaddypUcF3Qz9mIPy6R1VrVr1drdebF+nXWUB0fgBJSADS5AHdyCBmgCDJ7AC3gFb8az8W58GJ+z0ZyRZQ7BHIyvX5dSoOw=</latexit>

pi = exp(��� µf(xi))

<latexit sha1_base64="dfigCZnv2BLsfUQ3tWxmi0q9nQQ="></latexit>X

i

pi = e��
X

i

e�µf(xi) = 1 then, letting Z(µ) =
X

i

e�µf(xi) � = lnZ(µ)

<latexit sha1_base64="a/X+M1+DCtysry+qzehvKI8lzTA="></latexit>

hf(x)i = � @

@µ
lnZ(µ)

The principle of Maximum Entropy (MaxEnt)

What do we learn about Statistical Mechanics using the MaxEnt method? 
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Example of MaxEnt in action: 
unconstrained problem in image restoration

J. Skilling, Nature 309 (1984) 748
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Car movement introduces linear correlations among pixels. The model of linear corrections does not allow direct inversion to find the 
corrected image because the number of variables is larger than the number of equations. The MaxEnt methods regularizes the problem and 
finds a reasonable solution.

J. Skilling, Nature 309 (1984) 748



Shannon's entropy (in nats)

entropy maximization when all information is missing, and normalization is the only 
constraint:
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The principle of Maximum Entropy (MaxEnt) – Objective priors

<latexit sha1_base64="00JI1Gv8DDOUbTd5xBE9zAjlIsM=">AAACNXicbVDLSgMxFM3UV62vUZdugkVwY5kRad0IRTddVrAP6Awlk2ba0CQzJBmhDPMpfocf4FY/wIU70aW/YNrOwrZeuORwzrncmxPEjCrtOO9WYW19Y3OruF3a2d3bP7APj9oqSiQmLRyxSHYDpAijgrQ01Yx0Y0kQDxjpBOO7qd55JFLRSDzoSUx8joaChhQjbai+XWvAG+iphPfHMDbtMQG9UCKcullqiMzIF8sG8/btslNxZgVXgZuDMsir2be/vUGEE06Exgwp1XOdWPspkppiRrKSlygSIzxGQ9IzUCBOlJ/OPpjBM8MMYBhJ00LDGft3IkVcqQkPjJMjPVLL2pT8T+slOrz2UyriRBOB54vChEEdwWlacEAlwZpNDEBYUnMrxCNk4tEm04UtAR1SoVVWMsm4yzmsgvZlxa1WqvdX5fptnlERnIBTcA5cUAN10ABN0AIYPIEX8ArerGfrw/q0vubWgpXPHIOFsn5+ASrpqnM=</latexit>

H =
∑

k

pk ln
1

pk
= →

∑

k

pk ln pk

<latexit sha1_base64="4j5Ja7s1aEQyENa42VBLIK6jvsA="></latexit>

ω

ωpω

[
→
∑

k

pk ln pk + ε

(
∑

k

pk → 1

)]
= →(ln pω + 1) + ε = 0

↑ pω = eε→1; ↑
∑

k

pk =
∑

k

eε→1 = Neε→1 = 1 ↑ pk = 1/N



entropy maximization when the mean µ is known

incomplete solution... 

We must satisfy two constraints now ... 
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<latexit sha1_base64="oBoVSr0HcB9al+70mcGb0V+9cK8="></latexit>

ω

ωpω

[
→
∑

k

pk ln pk + ε0

(
∑

k

pk → 1

)
+ ε1

(
∑

k

xkpk → µ

)]
= →(ln pω + 1) + ε0 + ε1xω = 0

↑ pω = eε0+ε1xω→1



<latexit sha1_base64="qTWYCN8uhjL4Pd09PZTBhISZuYo="></latexit>

pk = eω0+ω1xk→1

∑

k

pk =
∑

k

eω0+ω1xk→1 = eω0→1
∑

k

eω1xk = 1

∑

k

xkpk =
∑

k

xke
ω0+ω1xk→1 = eω0→1

∑

k

xke
ω1xk = µ

→






eω0→1
∑

k e
ω1xk = 1

eω0→1
∑

k xkeω1xk = µ

in general, this 
system does not have 
an analytical solution, 
only numerical 
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Example : the biased die
(E. T. Jaynes: Where do we stand on Maximum Entropy? In The Maximum Entropy Formalism; 
Levine, R. D. and Tribus, M., Eds.; MIT Press, Cambridge, MA, 1978)

mean value of throws for an unbiased die

mean value for a biased die

Problem: for a given mean value of the biased die, what is the probability distribution of 
each value? 
The mean value is insufficient information, and we use the maximum entropy method to 
find the most likely distribution (the least informative one).
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<latexit sha1_base64="v6awyTIyH88H6sPzheYLMhY4qR8="></latexit>

1

6
(1 + 2 + 3 + 4 + 5 + 6) =

21

6
= 3.5

<latexit sha1_base64="iwteb1Q5RpB1LIGkPgwhF+hEdsE=">AAACEHicbVDLSgMxFM34rPU11qWbYBEqwjDjo7osunFZwT6gHUomzbShmWRIMsUy9Cf8ALf6Ce7ErX/gF/gbpu0sbOuBC4dz7uVcThAzqrTrflsrq2vrG5u5rfz2zu7evn1QqCuRSExqWDAhmwFShFFOappqRpqxJCgKGGkEg7uJ3xgSqajgj3oUEz9CPU5DipE2UscuXDhXJe+sPUSSxIoywU87dtF13CngMvEyUgQZqh37p90VOIkI15ghpVqeG2s/RVJTzMg4304UiREeoB5pGcpRRJSfTn8fwxOjdGEopBmu4VT9e5GiSKlRFJjNCOm+WvQm4n9eK9HhjZ9SHieacDwLChMGtYCTImCXSoI1GxmCsKTmV4j7SCKsTV1zKQHtUa7VOG+a8RZ7WCb1c8crO+WHy2LlNusoB47AMSgBD1yDCrgHVVADGDyBF/AK3qxn6936sD5nqytWdnMI5mB9/QKExJwx</latexit>

3.5(1 + ω)



<latexit sha1_base64="a1QS9xxUDHMKvIDOZDlq2o5zL+4="></latexit>

ω

ωpω

[
→

6∑

k=1

pk ln pk + ε0

(
6∑

k=1

pk → 1

)
+ ε1

(
6∑

k=1

kpk → 7

2
(1 + ϑ)

)]
= →(ln pω + 1) + ε0 + ε1k = 0

↑ pω = eε0+ε1k→1

↑






eε0→1
∑6

k=1 e
ε1k = 1

eε0→1
∑6

k=1 k eε1k = 7
2 (1 + ϑ)

entropy maximization with the biased die:

we still have to satisfy the constraints ... 
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… we have to resort to numerical methods



with a biased die we obtain skewed distributions. 

These are examples of UNINFORMATIVE PRIORS

numerical solution
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1 2 3 4 5 60.00

0.05

0.10

0.15

0.20

0.25

0.30
Example: mean = 4

n

pn



Entropy maximization with additional conditions (partial knowledge of moments of the prior distribution)

function (functional) that must be maximized

equivalent to the minimization of

This means that here we minimize the KL divergence with respect to the reference pdf m(x) subject to the 
constraint(s).
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Entropy with continuous probability distributions
(we use the relative entropy, i.e., the Kullback-Leibler divergence instead of entropy)

<latexit sha1_base64="ALvQxdawQExUlRihzg3JBvewLjE="></latexit>

→xk↑ =
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variation
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p(x) is determined by the choice of m(x) and by the constraints, in this case the moments 
of the distribution.

The Lagrange multipliers are determined by the equations 
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1. no moment is known, normalization is the only constraint, and p(x) is defined on the 
interval (a,b)

we take a reference distribution which is uniform on (a,b), i.e., 
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2. first two moments are known, and p(x) is defined on (a,b), so that

from which we obtain

In general, this system can only be solved numerically
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special case:
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another special case:           (improper uniform distribution)
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3. both mean and variance are known, and the interval is the whole real axis

starting from these expressions, show that in this case 

i.e., the entropic prior is a Gaussian pdf
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a b s t r a c t

PyMaxEnt is a software that implements the principle of maximum entropy to reconstruct functional
distributions given a finite number of known moments. The software supports both continuous and
discrete reconstructions, and is very easy to use through a single function call. In this article, we set out
to verify and validate the software against several tests ranging from the reconstruction of discrete
probability distributions for biased dice all the way to multimodal Gaussian and beta distributions.
Written in Python, PyMaxEnt provides a robust and easy-to-use implementation for the community.

© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

Code metadata

Current code version v1.0
Permanent link to code/repository used for this code version https://github.com/ElsevierSoftwareX/SOFTX_2019_241
Code Ocean compute capsule NA
Legal Code License MIT License
Code versioning system used git
Software code languages, tools, and services used Python 3.x
Compilation requirements, operating environments & dependencies Standard Python 3 installation with numpy and scipy
If available Link to developer documentation/manual http://github.com/saadgroup/pymaxent/
Support email for questions tony.saad@chemeng.utah.edu

1. Motivation and significance

Data analysis from experimental and numerical observations
often requires post-processing to reconstruct primitive physical
quantities [1]. For example, neutron flux distributions in nuclear
reactors are not readily obtainable but have to be reconstructed
from neutron moments measured numerically or experimen-
tally [2,3]. This reconstruction of primitive quantities is usually
hampered by noisy results and insufficient information render-
ing the reconstruction problem under-determined [1]. A classic
example of this situation is the inverse-moment problem [4,5]
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stated as follows: Given a finite number of known moments –

e.g. averaged properties – for a given observation, find a unique

distribution that is responsible for generating these moments. For in-
stance, in the simulation of particulate systems, one often solves
for the average size and higher order moments of a particle
density distribution [6]. Given these moments, the goal is then
to reconstruct the unknown particle density distribution.

The inverse-moment problem is, by definition, under-
determined since there is an infinite number of real-valued func-
tions that could produce the desired moments. To obtain a unique
distribution, one needs a set of constraints to close the system of
equations. One such set of constraints is obtained by invoking the
principle of maximum entropy [5,7].
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