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Our next important topic: Bayesian estimates often require complex numerical integrals. 
How do we confront this problem? 

          enter the Monte Carlo methods!

1. acceptance-rejection sampling
2. importance sampling
3. statistical bootstrap
4. Bayesian methods in a sampling-resampling perspective
5. Introduction to Markov chains and to Random Walks (RW)

6. Detailed balance and Boltzmann's H-theorem
7. The Gibbs sampler
8. More on Gibbs sampling
9. Simulated annealing and the Traveling Salesman Problem (TSP)
10. The Metropolis algorithm

11. Image restoration and Markov Random Fields (MRF) 
12. The Metropolis-Hastings algorithm and Markov Chain Monte Carlo (MCMC)
13. The efficiency of MCMC methods
14. Affine-invariant MCMC algorithms (emcee)
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7. The Gibbs sampler
(adapted from Casella and George, 
Explaining the Gibbs sampler Am.Stat. 46 (1992) 167 )
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Let's start with an example, and consider the following joint distribution: 

We see that

It is also easy to see that the properly normalized distribution is (verify this!)

                   using

                 marginal distribution

<latexit sha1_base64="IPp5sp8i190tWm+xTDvSzpauGrY="></latexit>
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f(x|y) ⇠ Binomial(n, y)

f(y|x) ⇠ Beta(x+ ↵, n� x+ �)
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How do we recover a marginal pdf when we cannot carry out explicit calculations??? 

We generate a "Gibbs sequence" of random variables

where the initial values are specified and the others are computed with the rule

(Gibbs sampling). 

We observe that for large enough k, the final X values have a fixed distribution 
that corresponds to the marginal pdf of the x variate.
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black = Gibbs sampling
white = theoretical expectation
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Should we expect this result? 

Consider the following expectation value 

therefore we can estimate f(x) with the sum

where the y's are generated according to their marginal distribution; finally the Gibbs sampling provides representative 
samples that correspond to the marginal distribution of the x's. (for a mathematically accurate proof, check the paper by 
Casella&George) 
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A simple view of the convergence of Gibbs sampling in the bivariate case.

We consider the following case: two discrete random variables with marginally Bernoulli distributions and with a joint 
probability distribution described by the following matrix
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marginal 
distribution

transition 
probabilities

from the usual formula for 
conditional probabilities

<latexit sha1_base64="6T+dOfp5Gxlkn1jUVoG9qBiNMUE="></latexit>

fy|x(y|x) =
f(x, y)

fx(x)
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Since we are only interested in the X sequence

the transition matrix for the X sequence is

This defines the transition probabilities for a single Markov chain in X-space and from the theory of Markov chains we 
know that iterating this produces a fixed probability distribution, i.e., our marginal distribution for X.  
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What about the continuous case? Consider the bivariate case

this is a continuous 
transition kernel



Let's consider the integral equation, how would it look like in a discrete setting? (in a computer, for instance)

or also in vector-matrix notation

this corresponds to recasting the continuous problem to a discrete problem and we obtain again the eigenvalue 
problem that must be solved to find the asymptotic distribution in Markov processes.
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Question: how do we determine the number of steps needed to reach the 
stationary state? 

14
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Question: how do we determine the number of steps needed to reach the 
stationary state? 

Consider the diagonalized representation of the N-step transition kernel (eigenvalues on the diagonal), such that all 
N-step transition probabilities are positive in the non-diagonalized version of the kernel (all states can be reached)

and the corresponding representation of the initial state vector in terms of eigenvectors

Then, we see that the repeated action of the N-step transition kernel preserves the stationary state, while it 
gradually reduces the amplitude of the other states by a factor 

after nN steps.

<latexit sha1_base64="b3ym0vtcASgRR5qOxm6gQ9fe0A4="></latexit>
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ω = ω→ω→ + ω2ω2 + ω3ω3 + . . .
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Question: how do we determine the number of steps needed to reach the 
stationary state? 

In the case of the Land of Oz wheather model, we find the following diagonalized 2-step transition kernel

<latexit sha1_base64="IMc7+3tWBMer4z3OoZv6i7qbK0Y="></latexit>
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

16



Edoardo Milotti - Bayesian Methods - Spring 2026

8. Another view of Gibbs sampling

Consider again the sequence that generates a "Gibbs sequence" of random variables

where one initial value is specified and the others are computed with the rule

17
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Example: bivariate Gaussian distribution 

• Bivariate Gaussian likelihood

where the known covariance matrix is 

• Posterior pdf from Bayes theorem with improper priors, with a single datapoint (y1,y2)

<latexit sha1_base64="TeziA1cbXK9wKm0jDxOeCiqkw5Q="></latexit>
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• Expanding, we find 

• Then, from the Gaussian structure of the posterior, we find the conditional PDFs 

<latexit sha1_base64="nHteu4pd90Im1lKRlZGIRd8KQwM="></latexit>
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20 initial steps in a Gibbs sampler run: 

• orange cross: starting pair
• green dot: position after 20 steps
• red cross: bivariate mean
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marginal distributions (second half of the simulation values in a run with 10000 generated pairs)
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posterior distribution (second half of the simulation values in a run with 10000 generated pairs)

Exercise: 

extend this treatment to more than one 
pair of measured y values and write a 
computer program to implement it
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So, what's the use of all this?

Consider the case where we want to compute the marginal pdf 

in a situation where the multidimensional integral can be hard to compute. 

The Gibbs sampler completely bypasses the calculation of the multidimensional integral and affords an 
easy path to marginalization. 

Indeed, the procedure can be easily extended to multidimensional distributions, for example with two 
nuisance variables we produce the sequence

by means of the conditional PDFs 
23
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Final exercise: 

how would you implement Gibbs sampling with a multivariate empirical distribution? 



To introduce the method, we consider the Traveling Salesman Problem (TSP), where we want to find the 
shortest closed path that connects N cities. 

The problem was first stated by the Viennese mathematician Karl Menger in 1930 and is one of the most 
studied problems in combinatorial optimization.
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For many up-to-date links, see
http://www.math.uwaterloo.ca/tsp/index.html 

See also the history page
http://www.math.uwaterloo.ca/tsp/history/index.html 

9. The Traveling Salesman Problem and Simulated Annealing

25
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12 “cities” randomly distributed in the  (0,1) square: the path corresponds to a random permutation of the sequence of 
cities.

(path length L=1.93834)
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Paths are enumerated by permutations of “city names”, e.g., {9, 2, 7, 8, 1, 12, 4, 5, 3, 10, 11, 6} (start at 9, 

step to 2, and so on until you reach 6 and then return to 9).

The total number of configurations (undirected paths) is

The problem belongs to the class of NP-complete problems (Non-Polynomial complexity, a class of 

particularly hard problems)

In such cases there is only one known exact solution: the full enumeration of all paths.
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Approximate solution of the TSP with the Simulated Annealing algorithm

        path length                    energy of the system

exploration of the configuration space with the Metropolis algorithm (51909 citations to date, April 10, 2024) 
(Metropolis, Rosenbluth Rosenbluth ,Teller and Teller, 1953)

Edoardo Milotti - Bayesian Methods - Spring 2026 29



Edoardo Milotti - Bayesian Methods - Spring 2026

10. The Metropolis algorithm and its application to the TSP

30



Additional details

• the algorithm needs a slow cooling (it is common to choose an exponential cooling 
schedule)

• if cooling is not gradual, the system can get stuck into a local minimum

• simple exchanges of pairs of cities are the individual moves in the SA solution of the 
TSP

• the individual steps from one configuration to the next can be described by a Markov 
chain
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<latexit sha1_base64="taaKSiGo5gx8oZRE2o86TyxE5W0="></latexit>




p = 1 !E < 0

p = exp

(
→!E

kT

)
!E ↑ 0

1. We generate a new configuration C' from the present configuration C
2. We compute the energy of the new configuration, E'
3. We compute the energy difference DE = E' – E
4. The new configuration is accepted with probability p
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Decrease of total path length in a realization of the SA solution of a 50-cities problem

Edoardo Milotti - Bayesian Methods - Spring 2026 33



Here we note that the transition probability can be written as follows

Moreover, it is easy to show that the algorithm preserves detailed balance 

where P(C) is the stationary probability of configuration C. Indeed, at equilibrium we find that, if 
E’ > E,

Boltzmann’s distribution is 
the equilibrium distribution
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<latexit sha1_base64="OZtiFIUmHad9xNsORXL9RI/RQfU="></latexit>

T (C → C →) = min

[
1, exp

(
↑ (E→ ↑ E)

kT

)]

<latexit sha1_base64="A6qGHViOjU5eAXjpqkxA8wlw6Cc="></latexit>

T (C → C →)P (C) = T (C → → C)P (C →)

<latexit sha1_base64="K/W76KCmotNN7q7VGp2Gh21Wr5s="></latexit>

P (C) exp

(
→ (E→ → E)

kT

)
= P (C →)

P (C →)

P (C)
= exp

(
→ (E→ → E)

kT

)
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11. Image restoration and Markov Random Fields (MRF)

The optimization problem. 

When dealing with signals, we usually assume that data are corrupted by noise

An image can be viewed as a vector, for instance unfolding the sequence of pixels
as shown on the right, we obtain the equivalent of a long signal vector.

If there are n pixels on each side, there are in all n2 pixels, and if there are L gray 
levels, then the number of possible configurations that define an image is 

<latexit sha1_base64="j3+unnNUCXbPgIHZMRLgLGdc/38=">AAACBXicbVDLSsNAFL2pr1pfVZduBosgCCURqW6EohuXFexD2lAmk0k7dDIJMxO1hK79ALf6Ce7Erd/hF/gbTtssbOuBC4dz7uXee7yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvYaKEklonUQ8ki0PK8qZoHXNNKetWFIcepw2vcH12G8+UKlYJO70MKZuiHuCBYxgbaR7H12iJ3SCHrvFkl22J0CLxMlICTLUusWfjh+RJKRCE46Vajt2rN0US80Ip6NCJ1E0xmSAe7RtqMAhVW46OXiEjozioyCSpoRGE/XvRIpDpYahZzpDrPtq3huL/3ntRAcXbspEnGgqyHRRkHCkIzT+HvlMUqL50BBMJDO3ItLHEhNtMprZ4rEeE1qNCiYZZz6HRdI4LTuVcuX2rFS9yjLKwwEcwjE4cA5VuIEa1IFACC/wCm/Ws/VufVif09aclc3swwysr1/DnZf/</latexit>

d = x+ w

data vector signal vector
(vector) noise process

<latexit sha1_base64="uCr+yZP2hS3YwMbGewuDRjupEdA=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBcPIhHMQ5JNmJ1MkiGzs8vMrBCWPfsBXvUTvIlXv8Mv8DecJHswiQUNRVU33V1eyJnStv1tZVZW19Y3spu5re2d3b38/kFdBZEktEYCHsimhxXlTNCaZprTZigp9j1OG97oeuI3nqhULBAPehxS18cDwfqMYG2kx7vL204sOqWkmy/YRXsKtEyclBQgRbWb/2n3AhL5VGjCsVItxw61G2OpGeE0ybUjRUNMRnhAW4YK7FPlxtODE3RilB7qB9KU0Giq/p2Isa/U2PdMp4/1UC16E/E/rxXp/oUbMxFGmgoyW9SPONIBmnyPekxSovnYEEwkM7ciMsQSE20ymtvisQETWiU5k4yzmMMyqZeKTrlYvj8rVK7SjLJwBMdwCg6cQwVuoAo1IODDC7zCm/VsvVsf1uesNWOlM4cwB+vrF0ZEmO8=</latexit>

N = Ln2
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d11   d12     d13    d14   ...

pixel map
true

pixel vector 

x

Bayesian estimate of 
true pixel vector from 
observed pixel vector

likelihood
posterior pixel 
distribution

prior pixel 
distribution

d21   d22     d23    d24   ...

d31   d32     d33    d34   ...

<latexit sha1_base64="ISoQ0qGejm7BU2iTG1zJ4OwzAFE="></latexit>

P (x|d) = P (d|x)
P (d)

P (x) / P (d|x)P (d)
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Given the number of possible configurations 

we see that even for small image sizes, say n = 100, with binary levels, L = 2, we find

therefore, the problem of finding the MAP estimate in a Bayesian context is a hard computational task. 

<latexit sha1_base64="uCr+yZP2hS3YwMbGewuDRjupEdA=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBcPIhHMQ5JNmJ1MkiGzs8vMrBCWPfsBXvUTvIlXv8Mv8DecJHswiQUNRVU33V1eyJnStv1tZVZW19Y3spu5re2d3b38/kFdBZEktEYCHsimhxXlTNCaZprTZigp9j1OG97oeuI3nqhULBAPehxS18cDwfqMYG2kx7vL204sOqWkmy/YRXsKtEyclBQgRbWb/2n3AhL5VGjCsVItxw61G2OpGeE0ybUjRUNMRnhAW4YK7FPlxtODE3RilB7qB9KU0Giq/p2Isa/U2PdMp4/1UC16E/E/rxXp/oUbMxFGmgoyW9SPONIBmnyPekxSovnYEEwkM7ciMsQSE20ymtvisQETWiU5k4yzmMMyqZeKTrlYvj8rVK7SjLJwBMdwCg6cQwVuoAo1IODDC7zCm/VsvVsf1uesNWOlM4cwB+vrF0ZEmO8=</latexit>

N = Ln2

<latexit sha1_base64="qCc8WkUhg89k2TRdRqGBdpAACPc=">AAACBnicbVDLTgJBEJzFF+IL9ehlIjHxRHYJQS8mRC+eDCbyiLCQ2WEWJszObmZ6TciGux/gVT/Bm/Hqb/gF/oYD7EHASjqpVHWnu8uLBNdg299WZm19Y3Mru53b2d3bP8gfHjV0GCvK6jQUoWp5RDPBJasDB8FakWIk8ARreqObqd98YkrzUD7AOGJuQAaS+5wSMNLj3VWpmzh2tzzp5Qt20Z4BrxInJQWUotbL/3T6IY0DJoEKonXbsSNwE6KAU8EmuU6sWUToiAxY21BJAqbdZHbxBJ8ZpY/9UJmSgGfq34mEBFqPA890BgSGetmbiv957Rj8SzfhMoqBSTpf5McCQ4in7+M+V4yCGBtCqOLmVkyHRBEKJqSFLR4fcAl6kjPJOMs5rJJGqehUipX7cqF6nWaURSfoFJ0jB12gKrpFNVRHFEn0gl7Rm/VsvVsf1ue8NWOlM8doAdbXLzE2mNQ=</latexit>

N = 210
4
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The MAP estimate depends on the prior distribution

Possible priors:

flat prior Maximum Likelihood Estimate 
(MLE)

entropic prior Maximum Entropy Method
(MEM)

<latexit sha1_base64="P9cIAKBQyYoEC9fb2qv9F+QA+QY=">AAACCXicbVDLTsJAFL3FF+ILdelmIjHBDWmNQZdENy4xETCBhkyHKUyYTuvM1EiafoEf4FY/wZ1x61f4Bf6GU+hCwJPc5OSce3NPjhdxprRtf1uFldW19Y3iZmlre2d3r7x/0FZhLAltkZCH8t7DinImaEszzel9JCkOPE473vg68zuPVCoWijs9iagb4KFgPiNYG8ltVnsB1iPPT57S0365YtfsKdAycXJSgRzNfvmnNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZtMQ6foxCgD5IfSjNBoqv69SHCg1CTwzGYWUS16mfif1421f+kmTESxpoLMHvkxRzpEWQNowCQlmk8MwUQykxWREZaYaNPT3BePDZnQKi2ZZpzFHpZJ+6zm1Gv12/NK4yrvqAhHcAxVcOACGnADTWgBgQd4gVd4s56td+vD+pytFqz85hDmYH39AqNBmss=</latexit>

P (x)

<latexit sha1_base64="P9cIAKBQyYoEC9fb2qv9F+QA+QY=">AAACCXicbVDLTsJAFL3FF+ILdelmIjHBDWmNQZdENy4xETCBhkyHKUyYTuvM1EiafoEf4FY/wZ1x61f4Bf6GU+hCwJPc5OSce3NPjhdxprRtf1uFldW19Y3iZmlre2d3r7x/0FZhLAltkZCH8t7DinImaEszzel9JCkOPE473vg68zuPVCoWijs9iagb4KFgPiNYG8ltVnsB1iPPT57S0365YtfsKdAycXJSgRzNfvmnNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZtMQ6foxCgD5IfSjNBoqv69SHCg1CTwzGYWUS16mfif1421f+kmTESxpoLMHvkxRzpEWQNowCQlmk8MwUQykxWREZaYaNPT3BePDZnQKi2ZZpzFHpZJ+6zm1Gv12/NK4yrvqAhHcAxVcOACGnADTWgBgQd4gVd4s56td+vD+pytFqz85hDmYH39AqNBmss=</latexit>

P (x)

<latexit sha1_base64="ll7n322ZFED9EUBs8fUlwAqKClw="></latexit>

P (x|d) / P (d|x)P (d) / P (d|x)
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Notice also that

therefore, the MAP estimate is equivalent to maximizing the likelihood with a penalty 
function 

Experiments have been tried with many different penalties, many of them barely justified 
on probabilistic grounds (or not at all!)

<latexit sha1_base64="SDDx066fT/ci1LhXP2vfxkfdwHo="></latexit>

lnP (x|d) ⇡ lnP (d|x)� [� lnP (d)]

<latexit sha1_base64="JrDf8qullvJdZI0x1OdNfY3FvAo=">AAACIHicbVDLSsNAFJ3UV62vqEs3Q4tQF5ZEpLosunFZwT6gCWUynbRDJ5MwcyOUkL3f4Qe41U9wJy71B/wN0zYL23rgwuGce7n3Hi8SXINlfRmFtfWNza3idmlnd2//wDw8auswVpS1aChC1fWIZoJL1gIOgnUjxUjgCdbxxrdTv/PIlOahfIBJxNyADCX3OSWQSX2zfO4IiZOmI5gPVewEBEaenwxS7Cg+HMFZWuqbFatmzYBXiZ2TCsrR7Js/ziCkccAkUEG07tlWBG5CFHAqWFpyYs0iQsdkyHoZlSRg2k1mv6T4NFMG2A9VVhLwTP07kZBA60ngZZ3TW/WyNxX/83ox+NduwmUUA5N0vsiPBYYQT4PBA64YBTHJCKGKZ7diOiKKUMjiW9ji8SGXoGfJ2Ms5rJL2Rc2u1+r3l5XGTZ5REZ2gMqoiG12hBrpDTdRCFD2hF/SK3oxn4934MD7nrQUjnzlGCzC+fwFV9KMA</latexit>

� lnP (d)
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Now, let x be the vector of “true values” (uncorrupted intensities of an image, a spectrum, etc. ...), and 

translate these values into counts

(i = 1, ..., M). The least informative prior corresponds to a structureless image, and pixelwise it is once again 

the uniform prior. Then, the probability of one count at the i-th position is just 1/M. 

Likewise, the probability of a given vector of values where the total number of counts is N, is given by the 

multinomial probability

<latexit sha1_base64="v8fFpUNttJI1BsExGZhN4hXm7qY="></latexit>

P (n) =
N !

n1!n2! . . . nM !

✓
1

M

◆N

;
X

k

nk = N

<latexit sha1_base64="X1GHD0H1syOP4EDpa1Ey7hwv1rY=">AAACH3icbVDLSsNAFJ3UV62vqEs3o0VwVRKR6kYounFZwT6gCWEynbRDJzNhZiKUkLXf4Qe41U9wJ277Bf6GSZqFbT1w4XDOvdx7jx8xqrRlzYzK2vrG5lZ1u7azu7d/YB4edZWIJSYdLJiQfR8pwignHU01I/1IEhT6jPT8yX3u956JVFTwJz2NiBuiEacBxUhnkmeeco/CW+iwgAkhEwexaIzg0KOpIwup5pl1q2EVgKvELkkdlGh75o8zFDgOCdeYIaUGthVpN0FSU8xIWnNiRSKEJ2hEBhnlKCTKTYpXUnieKUMYCJkV17BQ/04kKFRqGvpZZ4j0WC17ufifN4h1cOMmlEexJhzPFwUxg1rAPBc4pJJgzaYZQVjS7FaIx0girLP0Frb4dES5VmmejL2cwyrpXjbsZqP5eFVv3ZUZVcEJOAMXwAbXoAUeQBt0AAYv4A28gw/j1fg0vozveWvFKGeOwQKM2S9xMaMi</latexit>

ni = b↵dic
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lnP (n) ⇡ (N lnN �N)�
X

k

(nk lnnk � nk)

= N lnN �
X

k

nk lnnk

⇡ �↵
X

k

dk ln dk + const.

P (n) ⇠ exp

 
�↵

X

k

dk ln dk

!
⇠ exp

 
�↵0

X

k

pk ln pk

!
= exp [↵0S(d)]
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Using Stirling’s approximation

we find, with the definition 

entropic prior

<latexit sha1_base64="Ay0jubepzeOdeTTma7amgVBDGdI=">AAACIHicbZDLSsNAFIYnXmu9RV26GVoEVyURqW4KRTduhAr2Ak0Mk8mkHTKZhJmJUEL2PocP4FYfwZ241BfwNZxeFrb1h4Gf/5zDOfP5KaNSWdaXsbK6tr6xWdoqb+/s7u2bB4cdmWQCkzZOWCJ6PpKEUU7aiipGeqkgKPYZ6frR9bjefSRC0oTfq1FK3BgNOA0pRkpHnllJPQob0AkFwnng0SJ3ZBZ7edSwi4dbGHhR4ZlVq2ZNBJeNPTNVMFPLM3+cIMFZTLjCDEnZt61UuTkSimJGirKTSZIiHKEB6WvLUUykm0/+UsATnQQwTIR+XMFJ+nciR7GUo9jXnTFSQ7lYG4f/1fqZCi/dnPI0U4Tj6aIwY1AlcAwGBlQQrNhIG4QF1bdCPEQai9L45rb4dEC5kkVZk7EXOSybzlnNrtfqd+fV5tWMUQkcgwo4BTa4AE1wA1qgDTB4Ai/gFbwZz8a78WF8TltXjNnMEZiT8f0LRlujkg==</latexit>

pi =
diPM

k=1 dk

<latexit sha1_base64="VpGoTl/ZQNZL1GteibprdUVSADs="></latexit>

n! → nne→n; lnn! → n lnn↑ n
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Image likelihood: 1. the observation model

(example from Eric Thiebaut)

true image 
of a galaxy

PSF
(Point Spread 

Function

Noise

“dirty image”
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PSF from atmospheric turbulence 

h r( )∝ 1+ r2

R2
⎛
⎝⎜

⎞
⎠⎟

−β

In general, the effect of the PSF is 
modeled by a linear operator

"true" pixel 
vector

the action of the optical 
system on the "true 
image" is modeled by the 
matrix H

<latexit sha1_base64="HCyIFtJ1BkPUdsEmtumEj8gw+T0=">AAACJHicbVC7TsMwFHXKq5RXgJHFogIxVQlCBYmlgqUjSBSQmqhyXKe16jiRfQOtovwB38EHsMInsCEGFlZ+A6dk4HUkS+eec6/u9QkSwTU4zptVmZmdm1+oLtaWlldW1+z1jUsdp4qyDo1FrK4DopngknWAg2DXiWIkCgS7CkanhX91w5TmsbyAScL8iAwkDzklYKSevetFBIZBmI1z7xh7ig+GQJSKb4uqtNrjvGfXnYYzBf5L3JLUUYmznv3h9WOaRkwCFUTrrusk4GdEAaeC5TUv1SwhdEQGrGuoJBHTfjb9T453jNLHYazMk4Cn6veJjERaT6LAdBYn6t9eIf7ndVMIj/yMyyQFJunXojAVGGJchIP7XDEKYmIIoYqbWzEdEkUomAh/bAn4gEvQec0k4/7O4S+53G+4zUbz/KDeOikzqqIttI32kIsOUQu10RnqIIru0AN6RE/WvfVsvVivX60Vq5zZRD9gvX8Cphil7g==</latexit>

x ! Hx
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The Hubble PSF before the first servicing mission
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Image likelihood: 2. the noise model (degradation model)

Gaussian noise model

Poisson noise model

Poisson noise mostly from detection process, Gaussian noise mostly from electronics or from approximation of Poisson 
noise. Sometimes we can use the Gaussian approximation of Poisson noise

<latexit sha1_base64="GC/83loRSqvcH1+7flFiteZ1txg="></latexit>
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