
Regressioni lineari e filtri 
digitali

Corso di Fondamenti 
Fisici di Tecnologia 
Moderna



Memoria nei processi deterministici
Esempio: equazione dell’oscillatore armonico

d 2x
dt 2

= −ω 2x

x t + Δt( ) + x t − Δt( ) ≈ x t( ) + dx
dt

Δt +
1
2
d 2x
dt 2

Δt 2
⎡

⎣
⎢

⎤

⎦
⎥ + x t( ) − dx

dt
Δt +

1
2
d 2x
dt 2

Δt 2
⎡

⎣
⎢

⎤

⎦
⎥

= 2x t( ) + d
2x
dt 2

Δt 2

d 2x
dt 2

≈
x t + Δt( ) − 2x t( ) + x t − Δt( )

Δt 2

Usando l’espansione: 

si trova
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quindi

x t + Δt( ) − 2x t( ) + x t − Δt( )
Δt 2

≈ −ω 2x t( )

x t + Δt( ) = 2 − Δt 2ω 2( )x t( ) − x t − Δt( )

xn+1 = 2 − Δt 2ω 2( )xn − xn−1
relazione lineare autoregressiva
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In generale

yn = − alyn− l
l
∑ + bmxn−m

m
∑

1. Auto Regressive
(AR)

2. Moving Average
(MA)

3. Auto Regressive 
- Moving Average
(ARMA)

yn = − alyn− l
l=1,q−1
∑

yn = bmxn−m
m=0, p−1
∑

yn = − alyn− l
l=1, p−1
∑ + bmxn−m

m=0,q−1
∑
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La trasformata Z Z xn{ }( ) = xnz
n

n
∑

Proprietà simili a quelle della trasformata di Fourier

1. Traslazione della sequenza

2. Convoluzione

Z xn−d{ }( ) = xn−dz
n

n
∑ = zd xn−dz

n−d

n
∑ = zd xnz

n

n
∑ = zdZ xn{ }( )

Z xlyn− l
l
∑⎧⎨

⎩

⎫
⎬
⎭

⎛
⎝⎜

⎞
⎠⎟
= xlyn− l

l
∑⎛⎝⎜

⎞
⎠⎟
zn

n
∑ = xlz

l yn− l z
n− l

l ,n
∑

= xlz
l

l
∑ yn− l z

n− l

n
∑ = xlz

l

l
∑ ynz

n

n
∑ = X(z)Y (z)
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Collegamento con la trasformata di Fourier discreta 

X z( ) = Z xn{ }( ) = xnz
n

n
∑ z = eiω0Δt

X eiω0Δt( ) = xne
iω0nΔt

n
∑
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Applicazione della trasformata Z 
alle regressioni lineari

yn = − alyn− l
l
∑ + bmxn−m

m
∑

Y (z) = −A(z) ⋅Y (z) + B(z) ⋅ X(z)
quindi

Y (z) = B(z)
1+ A(z)

⋅ X(z) = H (z) ⋅ X(z)
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Y (z) = B(z)
1+ A(z)

⋅ X(z) = H (z) ⋅ X(z)

La funzione

è detta funzione di trasferimento del sistema
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H(z) =
B(z)

1 +A(z)
=

P
k bkz

k

1 +
P

k akz
k



Collegamento con la DFT
Poniamo ora così che la trasformata Z di una 
sequenza di N campioni diventa 

z = e− iωΔt

X(e− iωΔt ) = xne
− inωΔt

n
∑

e quindi lo spettro è 

S(ω ) =
X(e− iωΔt )

2

N 2 =
1
N 2 xne

− inωΔt

n
∑

2
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Per un sistema con funzione di trasferimento H(t)

Y (z) = B(z)
1+ A(z)

⋅ X(z) = H (z) ⋅ X(z)

e quindi 

Sout (ω ) =
Y (e− iωΔt )

2

N 2

=
1
N 2 H (e

− iωΔt )
2
X(e− iωΔt )

2
= H (e− iωΔt )

2
Sin (ω )

Edoardo Milotti - Fondamenti Fisici di Tecnologia Moderna



Esempio: regressione lineare della sequenza  xn = Axn−1 + Bxn−2

χ 2 = xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦
2

n=2

N −1

∑
∂χ 2

∂A
= −2 xn−1 xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦

n=2

N −1

∑ = 0

∂χ 2

∂B
= −2 xn−2 xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦

n=2

N −1

∑ = 0
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χ 2 = xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦
2

n
∑

dχ 2

dA
= −2 xn−1 xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦

n
∑ = 0

dχ 2

dB
= −2 xn−2 xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦

n
∑ = 0

xn−1 xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦
n
∑ = 0

xn−2 xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦
n
∑ = 0

⎧

⎨
⎪

⎩
⎪

A xn−1xn−1
n
∑ + B xn−1xn−2

n
∑ = xn−1xn

n
∑

A xn−2xn−1
n
∑ + B xn−2xn−2

n
∑ = xn−2xn

n
∑

⎧

⎨
⎪

⎩
⎪

xn−1
2

n
∑ xn−1xn−2

n
∑

xn−1xn−2
n
∑ xn−2

2

n
∑

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

A
B

⎛
⎝⎜

⎞
⎠⎟
=

xn−1xn
n
∑
xn−2xn

n
∑

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
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χ 2 = xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦
2

n
∑

dχ 2

dA
= −2 xn−1 xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦

n
∑ = 0

dχ 2

dB
= −2 xn−2 xn − Axn−1 + Bxn−2( )⎡⎣ ⎤⎦

n
∑ = 0

xn−1
2

n
∑ xn−1xn−2

n
∑

xn−1xn−2
n
∑ xn−2

2

n
∑

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

A
B

⎛
⎝⎜

⎞
⎠⎟
=

xn−1xn
n
∑
xn−2xn

n
∑

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

A =
xn−1xn

n
∑ xn−2

2

n
∑ − xn−2xn

n
∑ xn−1xn−2

n
∑

xn−1
2 xn−2

2

n
∑ − xn−1xn−2

n
∑⎛⎝⎜

⎞
⎠⎟

2

n
∑

B =
xn−1
2

n
∑ xn−2xn

n
∑ − xn−1xn−2

n
∑ xn−1xn

n
∑

xn−1
2 xn−2

2

n
∑ − xn−1xn−2

n
∑⎛⎝⎜

⎞
⎠⎟

2

n
∑
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Consideriamo ora la sequenza di 1024 campioni 
mostrati nella figura seguente ... 
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Calcolando le somme e successivamente i coefficienti A e 
B, si trova

A = 1.9994

B = -1

Confrontando con l’espressione AR per un oscillatore 
armonico

yn+1 = 2 − Δt 2ω 2( )yn − yn−1
si ritrova il valore ω = π/128 (con Δt = 1) utilizzato per 
costruire la sequenza
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Confronto tra alcuni metodi di 
analisi spettrale, compresi 
parecchi metodi 
autoregressivi 

(da S.M.Kay and S.L.Marple, 
Proc. of the IEEE 69 (1981) 
1380)
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Si consideri il processo ARMA

yn = a1yn−1 + a2yn−2 + b0xn

e si noti che 
yn−1 = a1yn−2 + a2yn−3 + b0xn−1

quindi 
yn = a1 a1yn−2 + a2yn−3 + b0xn−1( ) + a2yn−2 + b0xn

= a1
2 + a2( )yn−2 + a1a2yn−3 + b0xn + a1b0xn−1

Si può continuare in questo modo, l’iterazione successiva è

yn = a1
2 + a2( ) a1 + a1a2( )yn−3 + a2 a12 + a2( )yn−4 + b0xn + a1b0xn−1 + b0 a12 + a2( )xn−2

la parte AR viene spinta sempre più lontano nel passato, mentre 
cresce la parte MA ...
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Il teorema di decomposizione di Wold afferma la sostanziale 
equivalenza delle rappresentazioni AR, MA e ARMA. 

Si noti comunque che per ottenere una pura rappresentazione 
MA equivalente alla rappresentazione ARMA originale, ci 
vogliono infiniti termini MA.
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Stima numerica dei coefficienti di una sequenza AR

yn = a1yn−1 + a2yn−2

Esempio: due soli coefficienti

valori misurati                                    con errore  y0 , y1, y2 ,…, yN −1{ } σ n

La stima si fa minimizzando la somma

S =
yn − yn( )2
σ n
2

n=2

N −1

∑ =
a1yn−1 + a2yn−2 − yn( )2

σ n
2

n=2

N −1

∑
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∂S
∂a1

= 2 yn−1
a1yn−1 + a2yn−2 − yn( )

σ n
2

n=2

N −1

∑ = 0

∂S
∂a2

= 2 yn−2
a1yn−1 + a2yn−2 − yn( )

σ n
2

n=2

N −1

∑ = 0

yn−1
2

σ n
2

2

N −1

∑ yn−1yn−2
σ n
2

2

N −1

∑
yn−1yn−2
σ n
2

2

N −1

∑ yn−2
2

σ n
2

2

N −1

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

a1
a2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
=

ynyn−1
σ n
2

2

N −1

∑
ynyn−2
σ n
2

2

N −1

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
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Più in generale si può modellizzare con p coefficienti: 

yn = akyn− k
k=1

p

∑

S =
yn − yn( )2
σ n
2

n= p

N −1

∑ =
akyn− k

k=1

p

∑ − yn
⎛
⎝⎜

⎞
⎠⎟

2

σ n
2

n= p

N −1

∑

ak
yn− j yn− k
σ n
2

n= p

N −1

∑
k=1

p

∑ =
yn− j yn
σ n
2

n= p

N −1

∑
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yn−1
2

σ n
2

n= p

N −1

∑ yn−1yn−2
σ n
2

n= p

N −1

∑ …
yn−1yn− p
σ n
2

n= p

N −1

∑
yn−1yn−2
σ n
2

n= p

N −1

∑ yn−2
2

σ n
2

n= p

N −1

∑ …
yn−2yn− p
σ n
2

n= p

N −1

∑
   

yn−1yn− p
σ n
2

n= p

N −1

∑ yn−2yn− p
σ n
2

n= p

N −1

∑ …
yn− p
2

σ n
2

n= p

N −1

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

a1
a2

ap

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

=

yn−1yn
σ n
2

n= p

N −1

∑
yn−2yn
σ n
2

n= p

N −1

∑

yn− pyn
σ n
2

n= p

N −1

∑

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

... e in forma matriciale ...
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In generale si considera un’espressione AR a cui si 
aggiunge un termine di rumore bianco Gaussiano

yn = − alyn− l
l
∑ + un

allora in termini di trasformata Z si ottiene

Y z( ) = −A z( )Y z( ) +U z( )

Y z( ) = U z( )
1+ A z( ) = H z( )U z( )

quindi

Sy (ω ) = H (e− iωΔt )
2
Su (ω ) = H (e− iωΔt )

2 σ 2

N
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Quindi, partendo da un segnale campionato

1. si trovano i coefficienti del modello autoregressivo

• NB: il numero di coefficienti del modello va aumentato finché il 
residuo è un rumore bianco

2. si calcola la funzione di trasferimento del sistema da

3. si calcola lo spettro dalla funzione di trasferimento 

Sy (ω ) = H (e− iωΔt )
2 σ 2

N

H (z) = B(z)
1+ A(z)

=
bkz

−k
k∑

1+ akz
−k

k∑
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Un'implementazione in LabView dello schema autoregressivo
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Filtri digitali
Le formule

Y (z) = B(z)
1+ A(z)

⋅ X(z) = H (z) ⋅ X(z)

Sout (ω ) = H (e− iωΔt )
2
Sin (ω )

mostrano che il comportamento di un sistema AR, MA o ARMA 
è del tutto analogo a quello di un filtro, quindi sistemi come 
quelli che abbiamo studiato possono essere usati per costruire 
filtri.
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I filtri digitali si realizzano normalmente con sistemi ARMA 
oppure sistemi MA

1. Auto Regressive
(ARMA)

2. Moving Average
(MA)

yn = − alyn− l
l=1,q−1
∑ + bmxn−m

m=0, p−1
∑

yn = bmxn−m
m=0, p−1
∑

• filtri realizzati a partire da una rappresentazione a media mobile (MA): in questo caso i filtri sono 
detti anche filtri non ricorsivi o filtri FIR (Finite Impulse Response) perché la loro rappresentazione 
nel dominio del tempo è definita usualmente da un numero finito di campioni del segnale di 
ingresso.

• filtri realizzati a partire da una rappresentazione autoregressiva (ARMA): in questo caso i filtri 
sono detti anche filtri ricorsivi o filtri IIR (Infinite Impulse Response) perché la loro 
rappresentazione nel dominio del tempo richiede un numero infinito di campioni del segnale di 
ingresso. 

• L’ordine di un filtro è determinato dal numero di valori a tempi precedenti necessari a calcolare il 
valore attuale
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Per studiare il comportamento del filtro digitale dobbiamo 
calcolare la funzione di trasferimento in corrispondenza alle 
frequenze del pettine della DFT

ω k = kΔω; Δω = 2π T = 2π NΔt( )

quindi

H zk( ) = H e− ikΔωΔt( ) = H e−2π ik /N( )
=

B(zk )
1+ A(zk )

=
B e−2π ik /N( )

1+ A e−2π ik /N( )
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Esempi di filtri FIR
a. Filtro a guadagno unitario

yn = xn

La sequenza di uscita è uguale alla sequenza di ingresso. Questo è un filtro 
di ordine 0.

b. Filtro a guadagno G

yn = Gxn
Semplice cambio di ampiezza. Anche questo è un filtro di ordine 0
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c. Ritardo

yn = xn−m

Questo è un filtro di ordine m e troviamo immediatamente che

Y (z) = ynz
n

n
∑ = xn−mz

n

n
∑ = zm xnz

n

n
∑ = zmX(z)

H z( ) = zm; H zk( ) = e−2π ik /N( )m = e−2π imk /N

Si vede quindi che il filtro produce uno sfasamento.
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d. Differenza a due termini

yn =
xn − xn−1
2

Questo è un filtro di ordine 1 e troviamo che

Y (z) = ynz
n

n
∑ =

1
2
X(z) − zX(z)( ) = 1

2
(1− z)X(z)

H z( ) = 1
2
(1− z)

H zk( ) = 1
2
1− e−2π ik /N( ) = e−π ik /N

2
eπ ik /N − e−π ik /N( ) = ie−π ik /N sin πk

N
⎛
⎝⎜

⎞
⎠⎟

H e−2π ik /N( ) = ie−π ik /N sin πk
N

⎛
⎝⎜

⎞
⎠⎟

H e−2π ik /N( ) 2 = sin2 πk
N

⎛
⎝⎜

⎞
⎠⎟
=
1
2
1− cos 2πk

N
⎛
⎝⎜

⎞
⎠⎟

e infine
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La rappresentazione della risposta si fa di solito in unità di 
frequenza di Nyquist (che è N/2), quindi k va da 0 a N/2.

come si vede questo filtro si comporta come un filtro passa-
alto (è l’equivalente di un filtro differenziatore analogico).

Hk
2
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e. Media di due termini

yn =
xn + xn−1
2

Anche questo è un filtro di ordine 1 e troviamo che 

Y (z) = ynz
n

n
∑ =

1
2
X(z) + zX(z)( ) = 1

2
(1+ z)X(z)

H z( ) = 1
2
(1+ z)

H zk( ) = 1
2
1+ e−2π ik /N( ) = e−π ik /N

2
eπ ik /N + e−π ik /N( ) = e−π ik /N cos πk

N
⎛
⎝⎜

⎞
⎠⎟

H e−2π ik /N( ) = e−π ik /N cos πk
N

⎛
⎝⎜

⎞
⎠⎟

H e−2π ik /N( ) 2 = cos2 πk
N

⎛
⎝⎜

⎞
⎠⎟
=
1
2
1+ cos 2πk

N
⎛
⎝⎜

⎞
⎠⎟

e infine
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Hk
2

come si vede questo filtro si comporta come un filtro passa-
basso (è l’equivalente di un filtro integratore analogico).
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f. Media di più termini

questo è un filtro di ordine p-1, e si trova immediatamente quanto segue

yn =
1
p

xn− l
l=0, p−1
∑
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<latexit sha1_base64="11bjL3zpy8MrEVb1Vx8BMNf0GS4="></latexit>

Y (z) =
X

n

ynz
n =

0

@1

p

X

`=1,p�1

z
`

1

AX(z)

H(z) =
1

p

X

`=1,p�1

z
k

H(zk) =
1

p

X

`=1,p�1

(e2⇡ik/N )` =
1

p
⇥ 1� e

2⇡ipk/N

1� e2⇡ik/N
=

1

p
e
2⇡i(p�1)k/N sin(⇡pk/N)

sin(⇡k/N)

|H(zk)|2 =
1

p2

sin2(⇡pk/N)

sin2(⇡k/N)



Hk
2

(p=10). Questo filtro si comporta come un filtro passa-basso più stretto del 
precedente, e la cui larghezza di banda è regolabile per mezzo del valore di p (è 
l’equivalente di un filtro integratore analogico, e ha una funzione di risposta 
simile all’irradianza di un reticolo di diffrazione ottico)

Edoardo Milotti - Fondamenti Fisici di Tecnologia Moderna

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

1.0



Esempi di filtri IIR
a. Filtro passa-basso

yn = (1−α )xn +αyn−1
Questo è un filtro di ordine 1 e troviamo che

Y (z) = (1−α )X(z) +αzY (z)

H z( ) = 1−α
1−αz

H zk( ) = 1−α
1−αe−2π ik /N

=
1−α

1−α cos 2πk
N

− iα sin 2πk
N

H zk( ) 2 = 1−α( )2

1−α cos 2πk
N

⎛
⎝⎜

⎞
⎠⎟
2

+α 2 sin2 2πk
N

=
1−α( )2

1+α 2( ) − 2α cos 2πkN
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Hk
2

come si vede questo è un filtro passa-basso. Inoltre se si prende N >> k e f = k/N
si può espandere il coseno in serie e si trova

H ( f ) 2 ≈ (1−α )2

1+α 2( ) − 2α 1− 1
2
2πk
N

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

=
(1−α )2

1−α( )2 +α 2π f( )2
=

1

1+ α
1−α( )2

2π f( )2

e quindi il filtro approssima il comportamento 
di un filtro RC con costante di tempo RC =

α
1−α( )2
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b. Filtro generico di secondo ordine

yn = a0xn + a1xn−1 + a2xn−2 − b1yn−1 − b2yn−2

Y (z) = a0 + a1z + a2z
2( )X(z) − b1z + b2z

2( )Y (z)
H (z) = a0 + a1z + a2z

2

1+ b1z + b2z
2

Hk
2 = H e−2π ik N( ) 2 = a0 + a1e

−2π ik N + a2e
−4π ik N

1+ b1e
−2π ik N + b2e

−4π ik N

2

e si vede immediatamente che è possibile regolare la risposta del filtro scegliendo 
opportunamente gli zeri del numeratore (in corrispondenza ai quali il filtro ha il 
massimo assorbimento) e gli zeri del denominatore (detti poli della funzione di sistema, 
in corrispondenza ai quali il filtro ha la massima trasparenza). È possibile avere filtri 
con più zeri e più poli, ovviamente, ed è possibile progettare filtri molto complessi.
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Sfasamento prodotto dai filtri

Esempio: media a due termini

H z( ) = 1
2
(1+ z)

H e−2π ik /N( ) = e−π ik /N cos πk
N

⎛
⎝⎜

⎞
⎠⎟

argH e−2π ik N( ) = arg 1+ e
−2π ik N( )
2

= − arctan sin2πk N
1+ cos2πk N

= − arctan 2sinπk N cosπk N
2cos2 πk N

= −
πk
N

nel caso di questo semplice filtro, lo sfasamento cresce 
linearmente con la frequenza.
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Filtri a sfasamento zero
yn =

xn+1 + xn + xn−1
3

Y (z) = 1
3
z−1 +1+ z( )X(z)

H (z) = 1
3
z−1 +1+ z( )

H e−2π ik N( ) = 1
3
1+ e2π ik N + e−2π ik N( ) = 1

3
1+ 2cos 2πk

N
⎛
⎝⎜

⎞
⎠⎟

Hk
2 = H e−2π ik N( ) 2 = 1

9
1+ 2cos 2πk

N
⎛
⎝⎜

⎞
⎠⎟
2

argHk = 0
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Filtro a sfasamento zero di ordine più alto

Anche in questo caso è facile calcolare la funzione di trasferimento:

Hk = H(e�2⇡ik/N ) =
pX

l=�p

ale
�2⇡ikl/N

= a0 + 2
pX

l=1

al cos(2⇡kl/N)

yn =
pX

l=�p

alxn�l (a�l = al)
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Edoardo Milotti - Fondamenti Fisici di Tecnologia ModernaEdoardo Milotti - Corso di Metodi di Trattamento del Segnale

Windowed-sinc filter

al = sinc(2⇡lfc)
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Applicabilità del formalismo 
delle serie temporali

Edoardo Milotti - Fondamenti Fisici di Tecnologia Moderna

Questo tipo di formalismo ha vasta applicabilità in campi 
diversi dall’analisi spettrale o dalla sintesi dei filtri digitali.

Ad esempio in economia molti processi vengono campionati 
con passi equispaziati in tempo e viene prodotta 
un’impressionante mole di dati che poi vengono di solito 
analizzati con metodi formalmente analoghi a quelli qui 
adottati.  
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exponents of X0(t) and gω(X0(t)) as Hraw and Ho
amp. Thus Hraw is a measure of how much X0(t)

fluctuates over long-time scales, whereas Ho
amp is a measure of how much the amplitude enve-

lopes of narrowbands of X0(t) fluctuate over long-time scales; note that there is no a priori rea-
son that these fluctuations should be related—this is because a long-range correlated time-
series (with high H) can be generated by filtering white noise whose narrow subbands have
amplitudes with negligible autocorrelations) [30] but equally may be generated as the superpo-
sition of narrow subbands with long-range autocorrelations in their ampltiude envelopes.

Typically in neuroscientific applications Hurst exponents are measured with Detrended
Fluctuation Analysis (DFA) [31]. Applying DFA allows us to quantify the fluctuations dis-
played in the bottom three panels of Fig 2. See Section: Materials and Methods: Detrended
Fluctuation Analysis for a review of DFA.

The detrended cross correlation coefficient [32]ρDCCA(n, Y1, Y2) is a measure of correlation
between two time-series Y1(t) and Y2(t) at a time-scale n, which is invariant to non-stationary
trends of a fixed polynomial degree. Informally ρDCCA(n, Y1, Y2) measures to what degree fluc-
tuations on the time-scale n co-occur between Y1 and Y2 and measures correlation but by
ignoring non-stationary trends. When context leaves no room for ambiguity we abbreviate
ρDCCA(n, Y1, Y2) to ρDCCA(n). Applying ρDCCA(n) to pairs of amplitudes of narrowband activity

Fig 4. Overview of analysis steps. (A) The neural signal is extracted from the data. (B) Its power-spectum takes the form of a
power-law. (C) Narrowband components in two frequency ranges (red on power-spectrum) are extracted from the signal by
filtering and the amplitude envelope is extracted using the Hilbert transform (in red).

https://doi.org/10.1371/journal.pone.0175628.g004

Long-range temporal correlations in neural narrowband time-series arise due to critical dynamics

PLOS ONE | https://doi.org/10.1371/journal.pone.0175628 May 4, 2017 9 / 28

Esempio di segnale nervoso (tratto da Blythe DAJ, Nikulin VV (2017) Long- range temporal 
correlations in neural narrowband time-series arise due to critical dynamics. PLoS ONE 12(5): 
e0175628. https://doi.org/10.1371/ journal.pone.0175628)
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Causalità di Granger

Uno dei concetti legati alle 
serie temporali economiche è 
quello della “causalità di 
Granger”, introdotto da C. 
Granger nel 1967. 



Edoardo Milotti - Fondamenti Fisici di Tecnologia Moderna

L’idea è che se ci sono due processi X e Y in un universo U 
allora si calcolano le probabilità

in modo da vedere se la presenza di uno o l’altro processo 
influenza la probabilità di ottenere la serie temporale 
dell’altro.

<latexit sha1_base64="Q4aACjH7ocHITSiliaMbuXI3RJU=">AAACH3icbVBJS8NAFJ7UrdYt6tHLYBHqoSURN/BS9OKxgmlT2lAmk0k7dLI4MxFK7T/x4l/x4kER8dZ/4zTNoYsPBr7lPd68z40ZFdIwxlpuZXVtfSO/Wdja3tnd0/cP6iJKOCYWjljEbRcJwmhILEklI3bMCQpcRhpu/27iN54JFzQKH+UgJk6AuiH1KUZSSR39slZqvlinN7D9lCAPpqxsz3B7zlWs3FS8oxeNipEWXAZmBoogq1pH/217EU4CEkrMkBAt04ilM0RcUszIqNBOBIkR7qMuaSkYooAIZ5jeN4InSvGgH3H1QglTdXZiiAIhBoGrOgMke2LRm4j/ea1E+tfOkIZxIkmIp4v8hEEZwUlY0KOcYMkGCiDMqforxD3EEZYq0oIKwVw8eRnUzyrmRcV4OC9Wb7M48uAIHIMSMMEVqIJ7UAMWwOAVvINP8KW9aR/at/Yzbc1p2cwhmCtt/AdxdZ7h</latexit>

P (Y |U); P (Y |U �X); P (X|U); P (X|U � Y );



Edoardo Milotti - Fondamenti Fisici di Tecnologia Moderna

Esempio: due serie temporali dei processi e e c

un processo NON influenza l’altro se i conefficienti beta (nel 
primo caso) o alfa (nel secondo) sono nulli.

en = µ (e) + α i
(e)en−i

i=1

L

∑ + βi
(e)cn−i

i=1

L

∑ + εn
(e)

cn = µ (c) + βi
(c)cn−i

i=1

L

∑ + α i
(c)en−i

i=1

L

∑ + εn
(c)
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Nel 1988 Thurman e Fisher hanno applicato queste idee ad un 
problema molto importante e da lungo tempo irrisolto... 

-- 

Chickens, Eggs, and Causality, or Which 
Came First? 
Walter N. Thurman and Mark E. Fisher 

Time-series evidence from the United States indicates unidirectional causality from eggs 
to chickens. 

Key u~ords:causality, chickens, eggs. 

Granger's seminal paper entitled "Investi-
gating Causal Relations" has spawned a vast 
and influential literature. In macroeconomics, 
for example, the causal relationship between 
money and income has been investigated time 
(Sims) and again '(Barth and Bennett; Wil- 
liams, Goodhart, and Gowland; Ciccolo; Feige 
and Pearce; Hsiao). Some authors have taken 
exception to Granger's definition of causality 
qua causality (Zellner; Jacobs, Learner, and 
Ward; Conway et al.), and even Granger has 
suggested "a better term might be temporally 
related" (Granger and Newbold, p. 225). We 
find ourselves in agreement with the temporal 
ordering interpretation of Granger causality. 
In fact, we believe that the most natural appli- 
cation of tests for Granger causality (temporal 
ordering) has until now been overlooked. We 
refer, of course, to: "Which came first, the 
chicken or the egg?" Our purpose in this study 
is to provide an empirical answer to this ven- 
erable question, which theory alone has not 
resolved. 

Empirical Results 

We examine annual U.S. time series from 1930 
to 1983 of egg production and chicken popula- 
tion. We count as chickens the 1 December 
population of all U.S. chickens except for 
commercial broilers. This definition is relevant 
in a study of the chicken-egg ordering because 
it includes all chickens that lay or fertilize 
eggs; i.e., all chickens capable of causing eggs. 

Walter N. Thurman is an assistant professor, and Mark E. Fisher 
is a lecturer, both in the Department of Economics and Business, 
North Carolina State University. 

The authors thank Paul Godek for a useful suggestion. 

This measure excludes chickens raised only 
for meat. Eggs are measured in millions of 
dozens and include all eggs produced annually 
in the United States. All are potentially fer- 
tilizable. 

The notion of Granger causality is simple: If 
lagged values of X help predict current values 
of Y in a forecast formed from lagged values of 
both X and Y, then X is said to Granger cause 
Y. We implement this notion by regressing 
eggs on lagged eggs and lagged chickens; if the 
coefficients on lagged chickens are significant 
as a group, then chickens cause eggs. A sym-
metric regression tests the reverse causality. 
We perform the Granger causality tests using 
one to four lags. The number of lags in each 
equation is the same for eggs and chickens. 

To conclude that one of the two "came 
first," we must find unidirectional causality 
from one to the other. In other words, we must 
reject the noncausality of the one to the other 
and at the same time fail to reject the noncau- 
sality of the other to the one. If either both 
cause each other or neither causes the other, 
the question will remain unanswered. The test 
results are presented in table 1. They indicate 
a clear rejection of the hypothesis that eggs do 
not Granger cause chickens. They provide no 
such rejection of the hypothesis that chickens 
do not Granger cause eggs. Therefore, we 
conclude that the egg came first.2 

' Feige and Pearce describe and distinguish among the several 
Granger causality tests. The validity of our test statistic requires 
lack of serial correlation, homoskedasticity, and normality of the 
disturbances in the distributed lag equations, which we of course 
assume. 

We recognize that the annual sampling period conditions our 
results. In fact, the identification of a Granger causal relationship 
sheds no light whatsoever on chicken and egg interactions within 
the sampling period. While our test is agnostic regarding this 
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Table 1. Granger Causality Tests 
Part 1: Did the Chicken Come First? 
The following equation was estimated by OLS: 

H, : P ,  = . . . pL = 0 (chickens do not Granger cause 
eggs). 
L = no. F- R2 of the 
of lags statistic P-value regression 

1 .04 .85 .96 
2 1.71 .19 .97 
3 1.10 .36 .97 
4 .79 .54 .97 

Part 2: Did the Egg Come First? 
The following equation was estimated by OLS: 

Chickens, = p + a. Chickens,.. + 28. Eggs,-,: 
,=I !=I 

H, : P ,  = . . . = pL = 0 (eggs do not Granger cause 
chichens). 

L = n o .  F- R2 of the 
of lags statistic P-value regression 

1 1.23 .27 .73 
2 10.36 ,0002 .81 
3 5.85 ,0019 .81 
4 4.71 ,0032 .82 

Data source: U.S. Department of Agriculture, 1983 and others. 
Note: The data are annual, 1930-83. 

Suggestions for Future Research 

The structural implications of our results are 
not yet clear. To draw them out fully will 
require collaboration between economists and 
poultry scientists. The potential here is great. 
As to other questions of temporal ordering, 
the chicken and egg question is only the most 

instantaneous causality, we suspect that eggs are endogenous in 
the sense that chickens cause eggs within the sampling period. A 
Wu-Hausman test of the predeterminedness of eggs could address 
the issue and would require a valid instrumental variable (corn- 
lated with eggs and uncorrelated with the chicken forecast error), 
perhaps bacon. 

Amer. J .  Agr. E w n .  

obvious application of causality testing. Other 
fruitful areas of research include the testing of 
"He who laughs last laughs best" and the 
multivariate "Pride goeth before destruction, 
and an haughty spirit before a fall." 
[Recril,ed Junr 1987; Jinal revision rrcrivrd 

September 1987. ] 

References 

Barth, J .  R., and J .  T. Bennett. "The Role of Money in the 
Canadian Economy: An Empirical Test." Can. J. 
Econ. 7(1984):306-11. 

Ciccolo, J .  H., Jr. "Money, Equity Values, and Income: 
Tests for Exogeneity." J .  Money, Credit, and Bank- 
ing 10(1978):46-64. 

Conway. Roger K. ,  P. A. V. B. Swamy, John F. 
Yanagida, and Peter von zur Muehlen. "The Impos- 
sibility of Causality Testing." Agr. Econ. Res. 
36(1984):1-19. 

Feige, E .  L . ,  and D. K .  Pearce. "The Casual Causal 
Relationship Between Money and Income: Some 
Caveats for Time-Series Analysis." Rev. Econ. and 
Statist. 61(1979):521-33. 

Granger, Clive W. "Investigating Causal Relations by 
Econometric Models and Cross-Spectral Methods." 
Econometricu 37(1969):424-38. 

Granger, Clive W., and Paul Newbold. Forecasting Eco- 
nomic Time Series. New York: Academic Press, 
1977. 

Hsiao, C. "Autoregressive Modeling and Money-Income 
Causality Detection." J .  Monetun Econ. 7(1981): 
85-106. 

Jacobs, R. L. ,  E.  E .  Leamer, and M. P. Ward. "Difficul- 
ties with Testing for Causation." Econ. l nyu in  
17(1979):401-13. 

Sims, Christopher. "Money, lncome, and Causality." 
Amer. Econ. Rev. 62(1972):540-55. 

U.S. Department of Agriculture.  Ayricult~irul Statistics. 
Washington DC, various issues. 

Williams, D., C. A. Goodhart, and D. H. Gowland. 
"Money, Income and Causality: The U.K. Experi-
ence." Amer. Econ. Re), .  66(1976):417-23. 

Zellner, Arnold. "Causality  and Econometrics." Three 
Aspects of' Policy and Policymaking: Knowledge, 
Data and Institutions ed. K .  Brunner and A. H. 
Meltzer, pp. 9-54. Carnegie-Rochester Conference 
Series on Public Policy, vol. 10, 1979. 



Edoardo Milotti - Fondamenti Fisici di Tecnologia Moderna

238 May 1988 

Table 1. Granger Causality Tests 
Part 1: Did the Chicken Come First? 
The following equation was estimated by OLS: 

H, : P ,  = . . . pL = 0 (chickens do not Granger cause 
eggs). 
L = no. F- R2 of the 
of lags statistic P-value regression 

1 .04 .85 .96 
2 1.71 .19 .97 
3 1.10 .36 .97 
4 .79 .54 .97 

Part 2: Did the Egg Come First? 
The following equation was estimated by OLS: 

Chickens, = p + a. Chickens,.. + 28. Eggs,-,: 
,=I !=I 

H, : P ,  = . . . = pL = 0 (eggs do not Granger cause 
chichens). 

L = n o .  F- R2 of the 
of lags statistic P-value regression 

1 1.23 .27 .73 
2 10.36 ,0002 .81 
3 5.85 ,0019 .81 
4 4.71 ,0032 .82 

Data source: U.S. Department of Agriculture, 1983 and others. 
Note: The data are annual, 1930-83. 

Suggestions for Future Research 

The structural implications of our results are 
not yet clear. To draw them out fully will 
require collaboration between economists and 
poultry scientists. The potential here is great. 
As to other questions of temporal ordering, 
the chicken and egg question is only the most 

instantaneous causality, we suspect that eggs are endogenous in 
the sense that chickens cause eggs within the sampling period. A 
Wu-Hausman test of the predeterminedness of eggs could address 
the issue and would require a valid instrumental variable (corn- 
lated with eggs and uncorrelated with the chicken forecast error), 
perhaps bacon. 

Amer. J .  Agr. E w n .  

obvious application of causality testing. Other 
fruitful areas of research include the testing of 
"He who laughs last laughs best" and the 
multivariate "Pride goeth before destruction, 
and an haughty spirit before a fall." 
[Recril,ed Junr 1987; Jinal revision rrcrivrd 

September 1987. ] 

References 

Barth, J .  R., and J .  T. Bennett. "The Role of Money in the 
Canadian Economy: An Empirical Test." Can. J. 
Econ. 7(1984):306-11. 

Ciccolo, J .  H., Jr. "Money, Equity Values, and Income: 
Tests for Exogeneity." J .  Money, Credit, and Bank- 
ing 10(1978):46-64. 

Conway. Roger K. ,  P. A. V. B. Swamy, John F. 
Yanagida, and Peter von zur Muehlen. "The Impos- 
sibility of Causality Testing." Agr. Econ. Res. 
36(1984):1-19. 

Feige, E .  L . ,  and D. K .  Pearce. "The Casual Causal 
Relationship Between Money and Income: Some 
Caveats for Time-Series Analysis." Rev. Econ. and 
Statist. 61(1979):521-33. 

Granger, Clive W. "Investigating Causal Relations by 
Econometric Models and Cross-Spectral Methods." 
Econometricu 37(1969):424-38. 

Granger, Clive W., and Paul Newbold. Forecasting Eco- 
nomic Time Series. New York: Academic Press, 
1977. 

Hsiao, C. "Autoregressive Modeling and Money-Income 
Causality Detection." J .  Monetun Econ. 7(1981): 
85-106. 

Jacobs, R. L. ,  E.  E .  Leamer, and M. P. Ward. "Difficul- 
ties with Testing for Causation." Econ. l nyu in  
17(1979):401-13. 

Sims, Christopher. "Money, lncome, and Causality." 
Amer. Econ. Rev. 62(1972):540-55. 

U.S. Department of Agriculture.  Ayricult~irul Statistics. 
Washington DC, various issues. 

Williams, D., C. A. Goodhart, and D. H. Gowland. 
"Money, Income and Causality: The U.K. Experi-
ence." Amer. Econ. Re), .  66(1976):417-23. 

Zellner, Arnold. "Causality  and Econometrics." Three 
Aspects of' Policy and Policymaking: Knowledge, 
Data and Institutions ed. K .  Brunner and A. H. 
Meltzer, pp. 9-54. Carnegie-Rochester Conference 
Series on Public Policy, vol. 10, 1979. 

+



238 May 1988 

Table 1. Granger Causality Tests 
Part 1: Did the Chicken Come First? 
The following equation was estimated by OLS: 

H, : P ,  = . . . pL = 0 (chickens do not Granger cause 
eggs). 
L = no. F- R2 of the 
of lags statistic P-value regression 

1 .04 .85 .96 
2 1.71 .19 .97 
3 1.10 .36 .97 
4 .79 .54 .97 

Part 2: Did the Egg Come First? 
The following equation was estimated by OLS: 

Chickens, = p + a. Chickens,.. + 28. Eggs,-,: 
,=I !=I 

H, : P ,  = . . . = pL = 0 (eggs do not Granger cause 
chichens). 

L = n o .  F- R2 of the 
of lags statistic P-value regression 

1 1.23 .27 .73 
2 10.36 ,0002 .81 
3 5.85 ,0019 .81 
4 4.71 ,0032 .82 

Data source: U.S. Department of Agriculture, 1983 and others. 
Note: The data are annual, 1930-83. 

Suggestions for Future Research 

The structural implications of our results are 
not yet clear. To draw them out fully will 
require collaboration between economists and 
poultry scientists. The potential here is great. 
As to other questions of temporal ordering, 
the chicken and egg question is only the most 

instantaneous causality, we suspect that eggs are endogenous in 
the sense that chickens cause eggs within the sampling period. A 
Wu-Hausman test of the predeterminedness of eggs could address 
the issue and would require a valid instrumental variable (corn- 
lated with eggs and uncorrelated with the chicken forecast error), 
perhaps bacon. 

Amer. J .  Agr. E w n .  

obvious application of causality testing. Other 
fruitful areas of research include the testing of 
"He who laughs last laughs best" and the 
multivariate "Pride goeth before destruction, 
and an haughty spirit before a fall." 
[Recril,ed Junr 1987; Jinal revision rrcrivrd 

September 1987. ] 

References 

Barth, J .  R., and J .  T. Bennett. "The Role of Money in the 
Canadian Economy: An Empirical Test." Can. J. 
Econ. 7(1984):306-11. 

Ciccolo, J .  H., Jr. "Money, Equity Values, and Income: 
Tests for Exogeneity." J .  Money, Credit, and Bank- 
ing 10(1978):46-64. 

Conway. Roger K. ,  P. A. V. B. Swamy, John F. 
Yanagida, and Peter von zur Muehlen. "The Impos- 
sibility of Causality Testing." Agr. Econ. Res. 
36(1984):1-19. 

Feige, E .  L . ,  and D. K .  Pearce. "The Casual Causal 
Relationship Between Money and Income: Some 
Caveats for Time-Series Analysis." Rev. Econ. and 
Statist. 61(1979):521-33. 

Granger, Clive W. "Investigating Causal Relations by 
Econometric Models and Cross-Spectral Methods." 
Econometricu 37(1969):424-38. 

Granger, Clive W., and Paul Newbold. Forecasting Eco- 
nomic Time Series. New York: Academic Press, 
1977. 

Hsiao, C. "Autoregressive Modeling and Money-Income 
Causality Detection." J .  Monetun Econ. 7(1981): 
85-106. 

Jacobs, R. L. ,  E.  E .  Leamer, and M. P. Ward. "Difficul- 
ties with Testing for Causation." Econ. l nyu in  
17(1979):401-13. 

Sims, Christopher. "Money, lncome, and Causality." 
Amer. Econ. Rev. 62(1972):540-55. 

U.S. Department of Agriculture.  Ayricult~irul Statistics. 
Washington DC, various issues. 

Williams, D., C. A. Goodhart, and D. H. Gowland. 
"Money, Income and Causality: The U.K. Experi-
ence." Amer. Econ. Re), .  66(1976):417-23. 

Zellner, Arnold. "Causality  and Econometrics." Three 
Aspects of' Policy and Policymaking: Knowledge, 
Data and Institutions ed. K .  Brunner and A. H. 
Meltzer, pp. 9-54. Carnegie-Rochester Conference 
Series on Public Policy, vol. 10, 1979. 

Edoardo Milotti - Fondamenti Fisici di Tecnologia Moderna

The egg came first !!! 



Edoardo Milotti - Fondamenti Fisici di Tecnologia Moderna

238 May 1988 

Table 1. Granger Causality Tests 
Part 1: Did the Chicken Come First? 
The following equation was estimated by OLS: 

H, : P ,  = . . . pL = 0 (chickens do not Granger cause 
eggs). 
L = no. F- R2 of the 
of lags statistic P-value regression 

1 .04 .85 .96 
2 1.71 .19 .97 
3 1.10 .36 .97 
4 .79 .54 .97 

Part 2: Did the Egg Come First? 
The following equation was estimated by OLS: 

Chickens, = p + a. Chickens,.. + 28. Eggs,-,: 
,=I !=I 

H, : P ,  = . . . = pL = 0 (eggs do not Granger cause 
chichens). 

L = n o .  F- R2 of the 
of lags statistic P-value regression 

1 1.23 .27 .73 
2 10.36 ,0002 .81 
3 5.85 ,0019 .81 
4 4.71 ,0032 .82 

Data source: U.S. Department of Agriculture, 1983 and others. 
Note: The data are annual, 1930-83. 

Suggestions for Future Research 

The structural implications of our results are 
not yet clear. To draw them out fully will 
require collaboration between economists and 
poultry scientists. The potential here is great. 
As to other questions of temporal ordering, 
the chicken and egg question is only the most 

instantaneous causality, we suspect that eggs are endogenous in 
the sense that chickens cause eggs within the sampling period. A 
Wu-Hausman test of the predeterminedness of eggs could address 
the issue and would require a valid instrumental variable (corn- 
lated with eggs and uncorrelated with the chicken forecast error), 
perhaps bacon. 

Amer. J .  Agr. E w n .  

obvious application of causality testing. Other 
fruitful areas of research include the testing of 
"He who laughs last laughs best" and the 
multivariate "Pride goeth before destruction, 
and an haughty spirit before a fall." 
[Recril,ed Junr 1987; Jinal revision rrcrivrd 

September 1987. ] 
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