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Recall the expression of the Riemann tensor as a sum of Christoffel symbols and
their derivatives
Ry = 3T — 0Ty + Tg.Id, — TopLe (1)
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so that, lowering the d index, and evaluating the expression at the origin of a LIF in
spacetime, we find

Ruapy = gus (%Féaw - aﬂ%ﬁ) (2)

(the last two terms in (1) vanish at the origin of the LIF, because they are made up of
derivatives of the metric tensor). Next, notice that at the origin of the LIF the Christoffel
symbols vanish and
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85F‘Zw = Egég (8@804907 + 8/3879004 — agﬁggo,y)

and .
8’Yriﬁ = 5960 (87804905 + a’yaﬁgaa - a’yaogaﬁ)
so that
1
R,uaﬁ'y = §g6agms (8ﬁao<ga'y - aﬁaagcw - 87611905 + avaagaﬁ) (3)
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= 560 (aﬂaag(r'y - 6ﬁaaga'y - ayaaggﬁ + 87(909&5) (4)
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=3 (08009 — 980u9gary — OyOagus + 0y0u9ap) (5)
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D) (0a089vu — 080ugary — 0a0vgpu + 070.9a8) (6)

(the last step is just an alphabetical reordering of symmetrical indexes).

Now we use expression @ to prove a handful of useful symmetries of the Riemann
tensor

e exchanging the first two indexes, p and «, and using the symmetry of the metric
tensor, we find

1
Roupy = 9 (980ugary — 0009y — 040ugap + 0a0v9pu) = —Rpapy; (7)
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e exchanging the third and fourth indexes, 8 and -, we find
1
Ryanp = 9 (0a0v981 — 0y019ap — 0aOpgyu + 080ugary) = —Ruapy; (8)

e exchanging the first and third indexes (@ and ) AND the second and fourth
indexes (a and 7), we find

1
Raypa = ) (0y0u9ap — 080ugay — 0adv9gpu + 0008gyu) = Ruapy; (9)

e considering the cyclic permutations of the last three indexes, fya and ~vaf in
addition to the original afv, we find

1
Rypya = ) (080vgap — 9v0ugap — 0a0pGyu + 0aOugpy) , (10)

and
1
Rynap = ) (0a0v981 — 0a0u9py — 980yJap + 980ugay) , (11)

therefore, summing @, , and , we find the cyclic identity

Ruopy + Bupya + Bymap = 0. (12)
e now recall that at the origin of the LIF the Christoffel symbols vanish, so that the

covariant derivative equals the common derivative, and we find (also reordering
symbols in alphabetical order, using symmetry)

1
vaRuaﬁ'y = 5 (aaaﬁaagv,u - aﬁauaaga7 - 8a8’yaagﬁ,u + a’ya,uaagaﬁ) ; (13)

similarly, when we cyclically permute o, 8 and -, we find

VsRyuaryo = % (000+089op — 0v0u089ac — 0005089~y + 050u089ay) ; (14)
and

VyRyaop = % (000501981 — 050u0+9ap — 0a080ygop + 030u0v9ac);  (15)
Finally,

VoRuapy + VaRuaro + VyRyass =0 (16)
The last equation is called Bianchi identity.
While these equations have been proved true at the origin the LIF, their tensor form is

independent of the particular choice of frame of reference, and therefore they are always
true.



