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12 1. INTRODUCTION

give us some important insights into the concepts we have introduced in the con-
text of polynomial curve fitting and will allow us to extend these to more complex
situations.

1.2. Probability Theory

A key concept in the field of pattern recognition is that of uncertainty. It arises both
through noise on measurements, as well as through the finite size of data sets. Prob-
ability theory provides a consistent framework for the quantification and manipula-
tion of uncertainty and forms one of the central foundations for pattern recognition.
When combined with decision theory, discussed in Section 1.5, it allows us to make
optimal predictions given all the information available to us, even though that infor-
mation may be incomplete or ambiguous.

We will introduce the basic concepts of probability theory by considering a sim-
ple example. Imagine we have two boxes, one red and one blue, and in the red box
we have 2 apples and 6 oranges, and in the blue box we have 3 apples and 1 orange.
This is illustrated in Figure 1.9. Now suppose we randomly pick one of the boxes
and from that box we randomly select an item of fruit, and having observed which
sort of fruit it is we replace it in the box from which it came. We could imagine
repeating this process many times. Let us suppose that in so doing we pick the red
box 40% of the time and we pick the blue box 60% of the time, and that when we
remove an item of fruit from a box we are equally likely to select any of the pieces
of fruit in the box.

In this example, the identity of the box that will be chosen is a random variable,
which we shall denote by B. This random variable can take one of two possible
values, namely r (corresponding to the red box) or b (corresponding to the blue
box). Similarly, the identity of the fruit is also a random variable and will be denoted
by F . It can take either of the values a (for apple) or o (for orange).

To begin with, we shall define the probability of an event to be the fraction
of times that event occurs out of the total number of trials, in the limit that the total
number of trials goes to infinity. Thus the probability of selecting the red box is 4/10

Figure 1.9 We use a simple example of two
coloured boxes each containing fruit
(apples shown in green and or-
anges shown in orange) to intro-
duce the basic ideas of probability.

Preface

Pattern recognition has its origins in engineering, whereas machine learning grew
out of computer science. However, these activities can be viewed as two facets of
the same field, and together they have undergone substantial development over the
past ten years. In particular, Bayesian methods have grown from a specialist niche to
become mainstream, while graphical models have emerged as a general framework
for describing and applying probabilistic models. Also, the practical applicability of
Bayesian methods has been greatly enhanced through the development of a range of
approximate inference algorithms such as variational Bayes and expectation propa-
gation. Similarly, new models based on kernels have had significant impact on both
algorithms and applications.

This new textbook reflects these recent developments while providing a compre-
hensive introduction to the fields of pattern recognition and machine learning. It is
aimed at advanced undergraduates or first year PhD students, as well as researchers
and practitioners, and assumes no previous knowledge of pattern recognition or ma-
chine learning concepts. Knowledge of multivariate calculus and basic linear algebra
is required, and some familiarity with probabilities would be helpful though not es-
sential as the book includes a self-contained introduction to basic probability theory.

Because this book has broad scope, it is impossible to provide a complete list of
references, and in particular no attempt has been made to provide accurate historical
attribution of ideas. Instead, the aim has been to give references that offer greater
detail than is possible here and that hopefully provide entry points into what, in some
cases, is a very extensive literature. For this reason, the references are often to more
recent textbooks and review articles rather than to original sources.

The book is supported by a great deal of additional material, including lecture
slides as well as the complete set of figures used in the book, and the reader is
encouraged to visit the book web site for the latest information:

http://research.microsoft.com/∼cmbishop/PRML
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8 1. Introduction

with computer labs written in the R language. Since then, there has
been increasing demand for Python implementations of the impor-
tant techniques in statistical learning. Consequently, this version has
labs in Python. There are a rapidly growing number of Python pack-
ages available, and by examination of the imports at the beginning of
each lab, readers will see that we have carefully selected and used the
most appropriate. We have also supplied some additional code and
functionality in our package ISLP. However, the labs in ISL are self-
contained, and can be skipped if the reader wishes to use a different
software package or does not wish to apply the methods discussed to
real-world problems.

Who Should Read This Book?
This book is intended for anyone who is interested in using modern statis-
tical methods for modeling and prediction from data. This group includes
scientists, engineers, data analysts, data scientists, and quants, but also less
technical individuals with degrees in non-quantitative fields such as the so-
cial sciences or business. We expect that the reader will have had at least
one elementary course in statistics. Background in linear regression is also
useful, though not required, since we review the key concepts behind linear
regression in Chapter 3. The mathematical level of this book is modest,
and a detailed knowledge of matrix operations is not required. This book
provides an introduction to Python. Previous exposure to a programming
language, such as MATLAB or R, is useful but not required.

The first edition of this textbook has been used to teach master’s and
PhD students in business, economics, computer science, biology, earth sci-
ences, psychology, and many other areas of the physical and social sciences.
It has also been used to teach advanced undergraduates who have already
taken a course on linear regression. In the context of a more mathemat-
ically rigorous course in which ESL serves as the primary textbook, ISL
could be used as a supplementary text for teaching computational aspects
of the various approaches.

Notation and Simple Matrix Algebra
Choosing notation for a textbook is always a difficult task. For the most
part we adopt the same notational conventions as ESL.

We will use n to represent the number of distinct data points, or observa-
tions, in our sample. We will let p denote the number of variables that are
available for use in making predictions. For example, the Wage data set con-
sists of 11 variables for 3,000 people, so we have n = 3,000 observations and
p = 11 variables (such as year, age, race, and more). Note that throughout
this book, we indicate variable names using colored font: Variable Name.

In some examples, p might be quite large, such as on the order of thou-
sands or even millions; this situation arises quite often, for example, in the
analysis of modern biological data or web-based advertising data.

https://www.statlearning.com 
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A. Naive Bayesian Classifiers
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P C X( ) = P X C( )
P X( ) P C( )

1. Bayesian classification

data X, classes C
this likelihood is defined by 
training data

Ck = argmax
Ck

P X Ck( )
P X( ) P Ck( ) = argmax

Ck
P X Ck( )P Ck( )

we can use the prior learning to assign a class to new data

the prior is also defined by 
training data

12Edoardo Milotti - Advanced Statistics - A.Y. 2023-24



Consider a vector of N attributes given as Boolean variables  x = {xi} and classify the 
data vectors with a single Boolean variable. 

The learning procedure must yield: 

  it is easy to obtain it as an empirical distribution from
  a histogram of training class data: y is Boolean, the 
  histogram has just two bins, and a hundred examples 
  suffice to determine the empirical distribution to better 
  than 10%. 

  there is a bigger problem here: the arguments have 2N+1 
  different values, and we must estimate 2(2N-1) 
  parameters ... for instance, with N = 30 there are more 
  than 2 billion parameters!

P y( )

P x y( )
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How can we reduce the huge complexity of learning? 

   we assume the conditional independence of the xn’s:
   naive Bayesian learning
 
for instance, with just two attributes

with more than 2 attributes

P x1, x2 y( ) = P x1 x2 , y( )P x2 y( ) = P x1 y( )P x2 y( )
conditional independence assumption

P x y( ) ≈ P xk y( )
k=1

N

∏
14Edoardo Milotti - Advanced Statistics - A.Y. 2023-24



P yk x( ) = P x yk( )
P x( ) P yk( ) = P x yk( )

P x yj( )P yj( )
j
!

P yk( )

"
P xn yk( )

n=1

N

#

P yj( ) P xn yj( )
n=1

N

#
j
!

P yk( )

F4/%/2#%/H

$-"&@/&$11(C-&*4/&.)$11&$..#%"(-C&*#&*4/&%A)/&M'+3N

y = argmax
yk

P xn yk( )
n=1

N

!

P yj( ) P xn yj( )
n=1

N

!
j
"

P yk( )

>9"#$%&#$'()*$++)', -#.%/01#'2+%+)3+)03', -454'!6!7,!8



More general discrete inputs

If any of the  N x input variables has   J   different values, and if there are  K classes, 

then we must estimate in all   NK(J-1)    free parameters with the Naive Bayes 

Classifier (this includes normalization) (compare this with the K(JN-1) parameters 

needed by a complete classifier)
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Continuous inputs and discrete classes – the Gaussian case

here we must estimate 2NK parameters + the shape of the distribution P(y) (this adds up 

to another K-1 parameters)

P xn yk( ) = 1
2πσ nk

2
exp −

xn − µnk( )2
2σ nk

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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Gaussian special case with class-independent variance and Boolean classification (two 
classes only):

P y = 0 x( ) = P x y = 0( )P y = 0( )
P x y = 0( )P y = 0( ) + P x y = 1( )P y = 1( )

P xn y = 0( ) = 1
2πσ n

2
exp −

xn − µn0( )2
2σ n

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

P xn y = 1( ) = 1
2πσ n

2
exp −

xn − µn1( )2
2σ n

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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P y = 0 x( ) = P x y = 0( )P y = 0( )
P x y = 0( )P y = 0( ) + P x y = 1( )P y = 1( )

=
1

1+
P x y = 1( )P y = 1( )
P x y = 0( )P y = 0( )

=
1

1+ P y = 1( )
P y = 0( ) exp −

xn − µn1( )2
2σ n

2 +
xn − µn0( )2
2σ n

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥n=1

N

∏

=
1

1+ exp ln P y = 1( )
P y = 0( )

⎛
⎝⎜

⎞
⎠⎟
+

µn1 − µn0( )xn
σ n
2 + µn0

2 − µn1
2

2σ n
2

⎡

⎣
⎢

⎤

⎦
⎥

n=1

N

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
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w0 = ln
P y = 1( )
P y = 0( )

⎛
⎝⎜

⎞
⎠⎟
+

µn0
2 − µn1

2

2σ n
2

⎡

⎣
⎢

⎤

⎦
⎥

n=1

N

∑

wn =
µn1 − µn0( )

σ n
2

P y = 0 x( ) = 1

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

P y = 1 x( ) = 1− P y = 0 x( ) =
exp w0 + wnxn

n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

logistic shape
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Finally, an input vector belongs to class  y = 0  if 

P y = 0 x( )
P y = 1 x( ) > 1

exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟
< 1

P y = 0 x( ) = 1

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

P y = 1 x( ) =
exp w0 + wnxn

n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

1+ exp w0 + wnxn
n=1

N

∑⎛
⎝⎜

⎞
⎠⎟

w0 + wnxn
n=1

N

∑ < 0
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B. The Expectation-Maximization (EM) algorithm
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The EM algorithm is used to maximize likelihood with incomplete information (e.g., "latent variables"), 
and it has two main steps that are iterated until convergence:

E. expectation of the log-likelihood, averaged with respect to missing data:

M. maximization of the averaged log-likelihood with respect to parameters:

Q θ ,θ n−1( )( ) = Ey log p x,y θ( ) x,θ n−1( )⎡⎣ ⎤⎦

= log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
n−1( )( )dy

Y
∫

θ n( ) = argmax
θ

Q θ,θ n−1( )( )

likelihood

measured 
data

missing
data

parameters (with respect to 
which we want to maximize 
the expression

previous parameter 
estimate (constant 
values)

23Edoardo Milotti - Advanced Statistics - A.Y. 2023-24



Example: an experiment with an exponential model 
(Flury and Zoppè)

Light bulbs fail following an exponential distribution with mean failure time 

To estimate the mean two experiments are performed 

1. n light bulbs are tested, all failure times ui are recorded 
2. m light bulbs are tested, only the total number r of bulbs failed up to time t are recorded

1. 

2.

θ

 
L = 1

θ
exp − ui

θ
⎛
⎝⎜

⎞
⎠⎟i=1

n

∏ = 1
θ n exp −

ui
i
∑
θ

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
= 1
θ n exp −

n u
θ

⎛
⎝⎜

⎞
⎠⎟

 
L = 1

θ
exp − vi

θ
⎛
⎝⎜

⎞
⎠⎟i=1

m

∏
missing data!
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log-likelihood

−n lnθ −
n u
θ

− lnθ +
vi
θ

⎛
⎝⎜

⎞
⎠⎟i=1

m

∑

1
θ n exp −

n u
θ

⎛
⎝⎜

⎞
⎠⎟
· 1

θ
exp −

vi
θ

⎛
⎝⎜

⎞
⎠⎟i=1

m

∏

combined likelihood
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expected failure time for a bulb 
that is still burning at time t t +θ

expected failure time for a bulb 
that is not burning at time t θ −

t exp − t θ( )
1− exp − t θ( )
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Note on mean failure time for a bulb that is not burning at time t

p ′t( )∝ 1
θ
e− ′t θ 0 ≤ ′t ≤ t

normalization = p ′t( )d ′t
0

t

∫ = d ′t
θ
e− ′t θ

0

t

∫ = 1− e−t θ

mean failure time = ′t p ′t( )d ′t
0

t

∫ = 1
1− e−t θ

′t e− ′t θ d ′t
θ0

t

∫

= θ
1− e−t θ

1− e−t θ − t θ( )e−t θ⎡⎣ ⎤⎦

= θ − te−t θ

1− e−t θ
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Q = E −n lnθ −
n u
θ

+ − lnθ − vi
θ

⎛
⎝⎜

⎞
⎠⎟i=1

m

∑⎡
⎣⎢

⎤
⎦⎥

= − n +m( ) lnθ −
n u
θ

− r
θ

θ −
t exp − t θ( )
1− exp − t θ( )

⎛

⎝⎜
⎞

⎠⎟
−
m − r( )
θ

θ + t( )

average log-likelihood

this ends the expectation step
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Q = − n +m( )lnθ − 1
θ

n u + r θ −
t exp − t θ( )
1− exp − t θ( )

⎛

⎝⎜
⎞

⎠⎟
+ m − r( ) θ + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

the max of the mean likelihood 

can be found by maximizing the approximate expression

Q ≈ − n +m( )lnθ − 1
θ

n u + r θ k( ) −
t exp − t θ k( )( )
1− exp − t θ k( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ m − r( ) θ k( ) + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

dQ
dθ

≈ − n +m( ) 1
θ
+ 1
θ 2 n u + r θ k( ) −

t exp − t θ k( )( )
1− exp − t θ k( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ m − r( ) θ k( ) + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 0
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θ k+1( ) = 1
n +m

n u + r θ k( ) −
t exp − t θ k( )( )
1− exp − t θ k( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ m − r( ) θ k( ) + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

dQ
dθ

≈ − n +m( ) 1
θ
+ 1
θ 2 n u + r θ k( ) −

t exp − t θ k( )( )
1− exp − t θ k( )( )

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ m − r( ) θ k( ) + t( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 0

this formula summarizes expectation and maximization: 
therefore, the recipe is to iterate this until convergence ...
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k

θ k( )

0 5 10 15 20
0.0

0.5

1.0

1.5

2.0

Example with mean failure time = 2 (a.u.), and randomly generated data (n = 100; m = 100). 
In this example r = 36.
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The EM method is often used to estimate the parameters of “mixture models”.

p xn θ( ) = α i pi xn θ i( )
i=1

M

∑

�1 0 1 2 3
0.0

0.1

0.2

0.3

0.4

0.5

0.6 Example: a Gaussian 
mixture model (M=2)

 

θ = α1,…,α M ;θ1,…,θM( )

α i = 1
i=1

M

∑

32

"hidden parameters" 
(also "latent parameters")
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direct maximization of log likelihood

logL x,θ( ) = log p xn θ( )
n
∏ = log p xn θ( )

n
∑

= log α i pi xn θ i( )
i=1

M

∑⎡
⎣⎢

⎤
⎦⎥n

∑

difficult numerical treatment ... however we can manage with a reinterpretation of the 
mixture model parameters ... 

    = probability of drawing the k-th component of the mixture model

           new ("hidden" or "latent") variable: y = index of component (integer values only)

therefore, we must redefine data and parameters.

α k
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new likelihood which includes the hidden variables

log ′L x,y,θ( ) = log p x,y θ( )
= log p xn , yn θ( )

n
∏

= log p xn yn ,θ( ) p yn θ( )⎡⎣ ⎤⎦
n
∑

= log α yn
pyn xn θ yn( )⎡

⎣
⎤
⎦

n
∑

(     is the parameter vector restricted to the i-th component)

The structure is simpler now, there is no sum in the argument of the logarithm, however 
there are new hidden variables  y. 

θ i
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Q θ ,θ i−1( )( ) = Ey log p x,y θ( ) x,θ i−1( )⎡
⎣

⎤
⎦

= log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
i−1( )( )dy

Y
∫

→ log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
i−1( )( )

y
∑

Now we proceed by averaging the likelihood 
(Expectation step)

sum instead of integral, because the y 
variates are discrete

new parameter 
estimate

previous parameter 
estimate
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prior probabilities in the expression of the averaged log-likelihood

Q θ ,θ i−1( )( ) = log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
i−1( )( )

y
∑

and now we use Bayes' theorem:

p yn xn ,θ( ) = p xn yn ,θ( ) p yn θ( )
p xn θ( ) =

α yn
pyn xn θ yn( )
α k pk xn θ k( )

k=1

M

∑

p y x,θ( ) = p yn xn ,θ( )
n=1

N

∏ =
α yn

pyn xn θ yn( )
α k pk xn θ k( )

k=1

M

∑n=1

N

∏
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Therefore, using

and

we find 

Q θ ,θ i−1( )( ) = log p x,y θ( )⎡⎣ ⎤⎦ p y x,θ
i−1( )( )

y
∑

= log α yk
pyk xk θ yk( )⎡

⎣
⎤
⎦

k=1

N

∑ p yj x j ,θ
i−1( )( )

j=1

N

∏
y
∑

= …
y2 =1

M

∑
y1 =1

M

∑ log α yk
pyk xk θ yk( )⎡

⎣
⎤
⎦

k=1

N

∑
yN =1

M

∑ p yj x j ,θ
i−1( )( )

j=1

N

∏

p y x,θ( ) = p yn xn ,θ( )
n=1

N

∏
 
log ′L x,y,θ( ) = log α yn

pyn xn θ yn( )⎡
⎣

⎤
⎦

n
∑
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Q ! ,! i"1( )( ) = …
y2=1

M

#
y1=1

M

# log $ yk
pyk xk ! yk( )%

&
'
(

k=1

N

#
yN =1

M

# p yj x j ,!
i"1( )( )

j=1

N

)

= …
y2=1

M

#
y1=1

M

# * !,yk log $ !p! xk ! !( )%& '(
!=1

M

#
k=1

N

#
yN =1

M

# p yj x j ,!
i"1( )( )

j=1

N

)
!=

M

#

!)%*(3)52&(%!"(%:0/#0-&($C%7(%0**%),(%$54%0,*%),(%D/),(3'(/E$%*(&!0FFF%

p yj x j ,!
i"1( )( )

yj =1

M

# = 1

$2*/%&*4/&"/.#AB)(-C>&@/&.$-&A1/&*4/&-#%G$)(Q$*(#-&#2&.#-"(*(#-$)&B%#D$D()(*(/1
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Q θ ,θ i−1( )( ) = …

y2=1

M

∑
y1=1

M

∑ δ ,yk log α p xk θ ( )⎡⎣ ⎤⎦
=1

M

∑
k=1

N

∑
yN =1

M

∑ p yj x j ,θ
i−1( )( )

j=1

N

∏

these sums all add to 1 (normalization 
of conditional probabilities)
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this depends only on the a parameters this term depends on the parameters of the 
component distributions

Thus, there are two terms that can be maximized separately. 
Moreover, the first term must be maximized with the normalization constraint, i.e. 

∂
∂αm

logα 
k=1

N

∑
=1

M

∑ p  xk ,θ
i−1( )( ) + λ α  −1

=1

M

∑⎛⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = 0

1
αm

p m xk ,θ
i−1( )( )

k=1

N

∑ + λ = 0

40

Q
⇣
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MX
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NX
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MX
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NX

k=1
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(i�1))
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p m xk ,θ
i−1( )( )

k=1

N

∑ = −λαm

1
αm

p m xk ,θ
i−1( )( )

k=1

N

∑ + λ = 0

p m xk ,θ
i−1( )( )

k=1

N

∑
m=1

M

∑ = −λ αm
m=1

M

∑ λ = −N αm = 1
N

p m xk ,θ
i−1( )( )

k=1

N

∑
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This is as far as we can go without introducing an explicit form for the component distributions: to evaluate 
the other term we explicitly consider the 1D Gaussian mixture model:

p x µ,σ ( ) = 1
2πσ 

2
exp −

x − µ( )2
2σ 

2

⎛

⎝
⎜

⎞

⎠
⎟

42
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moreover, if we let cm = 1 σ m
2
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Finally, we find the following set of recursive formulas, that combine the E and M steps: 
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i−1( ),σm
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i−1( )( )

k=1

M

∑
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2
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⎜
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⎠
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We remark that the probabilities 

p yn xn ,θ( ) =
α yn

pyn xn θ yn( )
α k pk xn θ k( )

k=1

M

∑

are an estimate of the frequencies of the yn using the observed data xn, and this amounts 
to a classification result (selection of one of the component distributions).
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In this case, the mixture model has two Gaussian components

where the vector of parameters is

The resulting log likelihood with n waiting times wi is 

 

✓ = (↵, µ1, µ2,�1,�2)

lnL =
X

i

ln [↵N(wi;µ1,�1) + (1� ↵)N(wi;µ2,�2)]

p(w|✓) = ↵N(w;µ1,�1) + (1� ↵)N(w;µ2,�2)
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Again, we substitute the likelihood with the new one

where the new, unobserved data yi are indicator variables that select extraction from the first (yi = 1) or the 
second (yi = 0) Gaussian.  

Then 

L =
Y

i

↵yi(1� ↵)1�yi [N(wi;µ1,�1)]
yi [N(wi;µ2,�2)]

1�yi

lnL =
X

i


yi ln↵+ (1� yi) ln(1� ↵) + yi
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2
ln(2⇡�1)�

(wi � µ1)2

2�2
1

◆

+(1� yi)

✓
�1

2
ln(2⇡�2)�

(wi � µ2)2

2�2
2

◆�
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The probability that a given 
time interval belongs to the 
first Gaussian is

this probability is also equal to the mean 
value of the indicator variable

pi =
↵⇥N(wi;µ1,�1)

↵⇥N(wi;µ1,�1) + (1� ↵)⇥N(wi;µ2,�2)

=
↵(k) exp[�(wi � µ(k)

1 )2/2(�(k)
1 )2]/

q
2⇡(�(k)

1 )2

↵(k) exp[�(wi � µ(k)
1 )2/2(�(k)

1 )2]/
q
2⇡(�(k)

1 )2 + (1� ↵(k)) exp[�(wi � µ(k)
2 )2/2(�(k)

2 )2]/
q
2⇡(�(k)

2 )2
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Now, averaging the log likelihood with respect to the missing data we find

(the mean value of the indicator variable is equal to the current estimate probability a)

Next, we maximize with respect to all the remaining parameters, and we find: 
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i
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P
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Finally, we find the following set of equations: 
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