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1.2.

Preface

Pattern recognition has its origins in engineering, whereas machine learning grew
out of computer science. However, these activities can be viewed as two facets of
the same field, and together they have undergone substantial development over the
past ten years. In particular, Bayesian methods have grown from a specialist niche to
become mainstream, while graphical models have emerged as a general framework
for describing and applying probabilistic models. Also, the practical applicability of
Bayesian methods has been greatly enhanced through the development of a range of
approximate inference algorithms such as variational Bayes and expectation propa-
gation. Similarly, new models based on kernels have had significant impact on both
algorithms and applications.

Probability Theory

A key concept in the field of pattern recognition is that of uncertainty. It arises both
through noise on measurements, as well as through the finite size of data sets. Prob-
ability theory provides a consistent framework for the quantification and manipula-
tion of uncertainty and forms one of the central foundations for pattern recognition.
When combined with decision theory, discussed in Section 1.5, it allows us to make
optimal predictions given all the information available to us, even though that infor-
mation may be incomplete or ambiguous.
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Who Should Read This Book?

This book is intended for anyone who is interested in using modern statis-

tical methods for modeling and prediction from data. This group includes A | t t.

scientists, engineers, data analysts, data scientists, and quants, but also less n n ro u c I O n
technical individuals with degrees in non-quantitative fields such as the so-
cial sciences or business. We expect that the reader will have had at least

- »
one elementary course in statistics. Background in linear regression is also tO Stat | Stl Ca I

useful, though not required, since we review the key concepts behind linear "
regression in Chapter 3. The mathematical level of this book is modest,
and a detailed knowledge of matrix operations is not required. This book Lea rn I n g
provides an introduction to Python. Previous exposure to a programming
language, such as MATLAB or R, is useful but not required.
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A. Naive Bayesian Classifiers



1. Bayesian classification

this likelihood is defined by
training data

data X, classes C /

P(C|X)= PIX|C)

P(C)

P(X) \

the prior is also defined by
training data

we can use the prior learning to assign a class to new data

Pl X|C
Ckzargcmax I(D(‘X)k)P(Ck)zarggnaxP(X\Ck)P(Ck)



Consider a vector of N attributes given as Boolean variables x = {x;} and classify the
data vectors with a single Boolean variable.

The learning procedure mustyield:

it is easy to obtain it as an empirical distribution from

P(y) a histogram of training class data: y is Boolean, the
histogram has just two bins, and a hundred examples
suffice to determine the empirical distribution to better
than 10%.

there is a bigger problem here: the arguments have 2N*'
P (X‘ ) different values, and we must estimate 2(2N-1)
Y parameters ... for instance, with N = 30 there are more

than 2 billion parameters!

Edoardo Milotti - Advanced Statistics - A.Y. 2023-24 13



How can we reduce the huge complexity of learning?

we assume the conditional independence of the x,,’s:
naive Bayesian learning

for instance, with just two attributes

P(x.x|y) = Px[x.y) P(x|y)= P(x]y)P(x]y)

conditional independence assumption

with more than 2 attributes

P(xly) = T1P(xy)

k=1

Edoardo Milotti - Advanced Statistics - A.Y. 2023-24
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Therefore:

y = arg max
Yk




More general discrete inputs

If any of the N xinputvariables has J differentvalues, and if there are K classes,
then we must estimate in all NK(J-1) free parameters with the Naive Bayes
Classifier (this includes normalization) (compare this with the K(J"-1) parameters

needed by a complete classifier)

Edoardo Milotti - Advanced Statistics - A.Y. 2023-24 16



Continuous inputs and discrete classes - the Gaussian case

2
1 X, — M,
P(xn yk): 210 =P _( 262:)
nk | n _

here we must estimate 2NK parameters + the shape of the distribution P(y) (this adds up

to another K-1 parameters)



Gaussian special case with class-independent variance and Boolean classification (two
classes only):

P(X|y = O)P(y = O)
X|y = O)P(y = O)+P(X|y = l)P(y = 1)

P(y=O|X): P(

1 ('xn o aLLnO )2
P(x |y=0)= _
(%[y=0) 2no? exp_ 20, |
1 _ (xn _ ILLnl )2 -
P :1 — —_







logistic shape

N
W, + anxn)

ex
P(y=1x)=1-P(y=0Jx)= =
1+ exp(wo + anxnj
n=1

Edoardo Milotti - Advanced Statistics - AY. 2023-24
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Finally, an input vector belongs to class y =0 if

P(y=0[x) .

P(y=1|x)

B

1

N
1+ exp(wo + anxnj

n=1

N
> e +
exp (WO + Z w X j » AP (WO nz:} Wy

P(y: O|X):

n=1

N
1+ exp(wo + anxn)

P(y: 1|X):

n=1

N
» wo+ Y wx <0
n=1

Edoardo Milotti - Advanced Statistics - AY. 2023-24
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B. The Expectation-Maximization (EM) algorithm



The EM algorithm is used to maximize likelihood with incomplete information (e.g., "latent variables”),
and it has two main steps that are iterated until convergence:

E. expectation of the log-likelihood, averaged with respect to missing data:

parameters (with respect to
which we want to maximize
the expression

measured missing
data data previous parameter
llkellhood estimate (constant
values

logp X y\O

ofo.0")

E,
j | log p(x,y|0) |p y‘x@”l) y
Y

M. maximization of the averaged log-likelihood with respect to parameters:

0" = arg max Q(0,0(”_l))
0

Edoardo Milotti - Advanced Statistics - AY. 2023-24 23



Example: an experiment with an exponential model
(Flury and Zoppe)

Light bulbs fail following an exponential distribution with mean failure time v
To estimate the mean two experiments are performed

1. n light bulbs are tested, all failure times u; are recorded
2. m light bulbs are tested, only the total number r of bulbs failed up to time ¢ are recorded

( A
1. ] ( u) 1 2“ 1 ( n<u>j
L = Eexp —— [=—exp| — = —exXp| —

0" 0 0"
\ J

missing data!



combined likelihood

log-likelihood

—nlné



expected failure time for a bulb

that is still burning at time t t+0

expected failure time for a bulb 0_ texp(—t/@)
that is not burning at time t 1— exp(—t/@)




Note on mean failure time for a bulb that is not burning at time ¢

P(l")‘x%e_t'/e 0<t' <t
normalization = j p(t')dt' — jd_t, o0 —1— /0
) v
. : ’ ’ ’ y /g GL dt
mean failure time = _[t p(t )dt = = J}

— - —z/e |:1 e—t/O (t/a)e—t/e:l

te”?

1 . e—t/@

.



P

average log-likelihood

0= E{—nln@— ”g"> +i(—ln9—%ﬂ
n(u) 1(0_ feXP(—f/H))j_(m;”)(ew)

= — Ino— _
(n-+m)In 1—exp(—1/6

0

this ends the expectation step

Edoardo Milotti - Advanced Statistics - AY. 2023-24
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the max of the mean likelihood

1
Q——(n+m)ln9—5

n<u>+r(9—

1—exp(—1/6

can be found by maximizing the approximate expression

texp(—t/G(k))

0 z—(n+m)ln9—l
ili—gz—(n+m)%+i2 n<u>+r[9

(0 texp(—t/Q(k))

- exp (— t/H(k)

Edoardo Milotti - Advanced Statistics - A.Y. 2023-24

)]+<m_r>(e<k>+t)

texp(—f/e))]+(m—r)(9+f)

5 n<u>—|—r[9(k) — 1—exp(—t/G(k))]—l_(m_r)(Q(k) —|—t)
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40 11
E = —(I’l+ m)5+—2
9(k+1) — 1

n+m

n<u>+ rl 0% —

n<u>+r[9

n texp(—t/e(k))

- exp(— t/G(k)

-

texp(—t/ 9("))

)]+(m—r)(9(k)+t) =0

exp(—1/0")

+ (m — r)(Q(k) + t)

this formula summarizes expectation and maximization:
therefore, the recipe is to iterate this until convergence ...
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Example with mean failure time = 2 (a.u.), and randomly generated data (n = 100; m = 100).

In this example r = 36.

20

00

05
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The EM method is often used to estimate the parameters of “mixture models”.

"hidden parameters"
(also "latent parameters")
|

9:(051,...,051;;01,...,91”)

M
p(xn 9)=Zocipi(xn Hi)
=l i(xi =1
=1

Example: a Gaussian
mixture model (M=2)




direct maximization of log likelihood

0) = 210gp(xn
— M " —_
— ZlOg Zaipi (xn
n L i=1

log £(x,0) = long(xn 0)

0)

difficult numerical treatment ... however we can manage with a reinterpretation of the
mixture model parameters ...

O, = probability of drawing the k-th component of the mixture model

» new ("hidden" or "latent") variable: y = index of component (integer values only)

therefore, we must redefine data and parameters.

Edoardo Milotti - Advanced Statistics - AY. 2023-24 33



new likelihood which includes the hidden variables

log £'(x,y,0) = logp(x,y\ﬂ)
=log] ] p(x,.»,

=2 log| p(x,

=Y log| e, p, (x,

6)

0)]

v,.0)p (>,

0.}

(6. is the parameter vector restricted to the i-th component)

The structure is simpler now, there is no sum in the argument of the logarithm, however
there are new hidden variables y.



Now we proceed by averaging the likelihood
(Expectation step)

Q(G,G(’_l)) =E, :logp(x,y\e)‘x,e(i_l)]

= [logp(X,Y\G)]p(Y\X,O(i‘l))dy
—> Z[logp(x,y\@)]p(y‘x,e(i_l))

\

sum instead of integral, because the y
variates are discrete




prior probabilities in the expression of the averaged log-likelihood

0(6.6"")=>[log p(x.yl6)]p(y[x.6"")

y
and now we use Bayes' theorem:

o,

0, )
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Therefore, using log £ ’(x,y,H) - Zlog[aynpyn (xn‘ey” )}

N
and p(y/x.0)=]]r(v.|x,.0)
n=1

we find

> | logp(x.y6) | P(y‘x,e(i‘l))
ilog[ay py }Hp(y]

k=1

(S S S ol

=ly,=1 yy=lk=1

0(0.0)

x,.67)

Mi%M

X, ’9(1'—1) )

~



b'hg
M:

-2

N

izﬁzﬁj}g log[aepf(xk|9£):|ﬁp(yj‘xj’6(il))
v _f— j=

to decouple the variables, we add one sum and one Kronecker’s delta...

1

o oo

J

0(6.6"") o, p, (xk

N
2 log
k=

1

=
Il
p—
<
[\S}
Il
p—
<
p—

=
Ma

[aay

<
[any

<
Il
[uny

<

1 2

after the decoupling, we can use the normalization of conditional probabilities




D <€|$k,0(i_1)>

:iim laupe(zk]0¢)] § ﬂ f: (y3|:173,¢9<Z 1)) >p(€|xk,0(i—1))

j=1y;
Ak ‘
M N \
=303 nfarpe(wrl60)] p (¢, 64)

these sums all add to 1 (hormalization
(=1 k=1 of conditional probabilities)
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M N
Q (9, H(i_l)) = Z Zln laep(l|zi, 0)] pe(zi, 80 D)
(=1 k=1
M N M N
=3 > g pi(ek, 0 )+ > > Inp(llxy, ) pe(wx, 07 )
(=1 k=1 (=1 k=1
this depends only on the a parameters this term depends on the parameters of the

component distributions

Thus, there are two terms that can be maximized separately.
Moreover, the first term must be maximized with the normalization constraint, i.e.

p M N 1) M
g{zzlog%p(f‘xkﬁ )+ 1(20@ — lﬂ =0

(=1 k=1
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This is as far as we can go without introducing an explicit form for the component distributions: to evaluate
the other term we explicitly consider the 1D Gaussian mixture model:

1 (x_.uz)z

pe(xwwge): Wexp 267
p /

N
0 i Lk — Um i— i—
—— > > Inpi(w, 0) p(llzy, 807) = =2 Lk — ) p(mlag, ply ", 0l) =0

2
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T — ,um)

(i=1) 5(=1)) —

p(m|zi, 0

moreover, if we let ¢, =1/c>

M N
i 0 1 (zr — f1e)? i—1) _(i—1
(90 ZZlnpg 5, 0) p(f)zr, 00D = 8722 [—gln(%mg)— o2 p(ﬁ\xk,ué ),aé ))
™ =1 k=1 ™ op=1 k=1 £
N -
_ 1 1 2 (i-1) (1)
—;_E—§(xk—um)] p(m|zg, pgy, 500 )

I
1] =
Il\D‘gqt\;
N |

T um)2] p(mlzp, 1D, 6i=D) — o
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N

=1 k=
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Finally, we find the following set of recursive formulas, that combine the E and M steps:

1 (x—u,)
Paltn.0) = Jroz | 20

(-1) (=) ag_l)pm(xn‘ﬂii_”ﬁiﬁ_l))
danp, (xn ‘u,(;_l) ,Gf;‘l))
k=

1

N k=1
Y .
(1) — Zkap(m‘Xk’uZ_l) G’(n_l)) (G(i))z _ g(xk —H,(n))zp(m‘xk u,, G,E,fl))
m ip (m T Cf,(,,i_l)) m gl’(m‘xk ui ol



We remark that the probabilities

are an estimate of the frequencies of the y, using the observed data x,, and this amounts
to a classification result (selection of one of the component distributions).
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Straightforward example: waiting times between eruptions of the Old Faithful Geiser
(Yellowstone National Park — Wyoming)

25¢ =

20¢

15¢ =

Here we analyze the waiting times 101

assuming a 2-Gaussian mixture ol

model for the waiting time

distribution ’ 50 60 70 80 o
(data taken from an R example) Waiting time (min)
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In this case, the mixture model has two Gaussian components
p(w‘e) — CMN(U); :ulvo_l) + (1 - a)N(w;M% 02)

where the vector of parameters is

0 = (047/1'17/1'270-170-2)

The resulting log likelihood with n waiting times w; is

In L = Zln aN(w;; p1,01) + (1 — )N (wg; po, 02)]

Edoardo Milotti - Advanced Statistics - AY. 2023-24
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Again, we substitute the likelihood with the new one

L=]]a¥ (=) ¥ N (ws; pr, 00)]V [N (wi; pa, 09))

where the new, unobserved data y; are indicator variables that select extraction from the first (y; = 1) or the
second (y; = 0) Gaussian.

Then




The probability that a given
time interval belongs to the
first Gaussian s

Di =

this probability is also equal to the mean
K value of the indicator variable

a X N(wg; p1,01)

a X N(wg; p1,01) + (1 —a) X N(wg; pi2, 02)

oM expl—(wi — ")/ 201"/ 2m(07")?

a® expl—(w; — p)2/2(a)2] /121 (07)2 + (1 — a®) exp[—(w; — p)2/2(a5)2] /1) 27 (057)2
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Now, averaging the log likelihood with respect to the missing data we find

)y (k) (k) k) [ 1 (w; — p1)?
Q(e, 0 )) _ ZL: [pz. Ina+(1—-p;7)In(l —a)+p, (—5 1n(27m%) — 20%

+1-p) (g nened) - Wl

2
205

(the mean value of the indicator variable is equal to the current estimate probability «)

Next, we maximize with respect to all the remaining parameters, and we find:

1
ol = =5

k k k
(U(kz+1))2 _ Zng )(w,- - /ig ))2, (k+1) _ Zng )’wq;
! 5 pth) ’ ! 5 pl)
k k k
(U(k+1))2 _ 2.0 — ") (wi — p§)? LD 5.1 = piw
’ Sa-py i 5,1 -pM)



Finally, we find the following set of equations:

a® exp[—(w; — pi)2/2(o!

N2/ 2 (02

o =

ok expl—(w; — p”)2/2(07)2)/\/2m(01))2 + (1 -

QD) — Z pth)

<O§k+1)>2 _ Zz-p-z(: e

(k))Q

?

(1) = il P ) (wi = py”)?

>, (1 —pi)
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alk)) exp[—(w; —

Hq

(k+1) _

o

AY. 2023-24

$N2/2(a8)2] /1 /27 (0572

(k1) _ S M w,

S pt)
>, (1= p
>, (1 —pi)

52



0.40 : ! Convergence of the & |
parameter ]

0.39} '-
0.38}
0.37F _
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Comparison of the original data with the mixture model obtained with the EM algorithm

14}
12}

10}

)

1\

50 60 70 80

Waiting time (min)
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